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ON THE DIMENSION OF PRODUCT SPACES.* 


By Morita. 


Let X and Y be normal spaces of finite dimension. It is well known 
that the relation 
(A) dim (X¥ X Y) SdimX + dim Y 


holds for the three cases: (a) X and Y are separable metric spaces, (b) X 
and Y are compact (= bicompact) spaces (E. Hemmingsen [6]) and (c) 
X is an S-space and Y is compact (E. G. Begle [1]). Here a Hausdorff 
space R is said to be an S-space or to have the star-finite property if every 
open covering of F has a star-finite refinement (see [1], [3], [9]), and 
dim R = n means that every finite open covering of R has a refinement of 
order not greater than n+ 1. 

In the present paper we shall prove the relation (A) for the following 
three cases : 


I. The topological product of X and Y is an S-space. 
IJ. X is a fully normal space and Y is a locally compact fully normal 
space. 
III. X is a countably paracompact normal space and Y is a locally 
compact metric space. 


Separable metric spaces have the Lindelof property and the Lindelof 
property implies the star-finite property for regular spaces [9], and the 
topological product of an S-space and a compact space is an S-space [1]. 
Hence the known cases mentioned above are all included in Case I. It is to 
be noted that a locally compact topological group, regarded as a space, has 
the star-finite property [9]. Our proof for Case I is based on the fact that 
if a subspace A of a normal space R is an S-space we have dim A < dim R. 

A topological space R is called paracompact or countably paracompact 
whenever every open covering or every countable open covering has a locally 
finite (— neighbourhood-finite in the sense of S. Lefschetz) refinement. It is 
known that, for Hausdorff spaces, paracompactness is equivalent to full nor- 


mality [14] and that the topological product of a fully normal space and a 
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compact normal space is fully normal [2]. Recently it has been proved by 
C. H. Dowker [5] that (1) a topological space R is a countably paracompact 
normal space if and only if the topological product R X I of R with the closed 
line interval J [0,1] is normal, (2) fully normal spaces and perfectly 
normal spaces are countably paracompact and (3) the topological product of 
a countably paracompact normal space and a compact metric space is count- 


ably paracompact and normal. 

It will be shown that for Case II or III the product space X X Y is a 
paracompact or countably paracompact normal space respectively. Thus II 
and III are the important cases for which the topological product X X Y is 
normal, and a question raised by E. G. Begle [1] is solved hereby in its wider 
sense. Our proof of (A) for Case II rests on an addition theorem (8) 
which is a generalization of W. Hurewicz’s addition theorem (cf. [10]). As 
an application of the relation (A) for Case III we note here that the cohomo- 
topy group 7”(X, A) in the sense of Borsuk-Spanier [13] can be defined for 
a countably paracompact normal space X with dim (¥ — A) < 2n—1. 

The relation stronger than (A) is 


(B) dim (X XK Y) = dim X + dim Y. 
It will be shown that (B) holds for the following cases: 


IV. X is a locally compact fully normal space of dimension = 0 and Y 
is a fully normal space of dimension 1. 

V. YX is a fully normal space of dimension = 0 and V is a locally finite 
polytope of dimension = 0. 


In case X and Y are separable metric spaces the relation (B) for Case IV 
was established by W. Hurewicz [7]. It follows also from our results that 
(B) holds for the case where X is a locally compact fully normal space of 
dimension = 0 and Y is an arbitrary (finite or infinite, but non-empty) 
polytope assigned with the topology due to J. H. C. Whitehead [16]. 


1. Dimension of subspaces. 


THEOREM 1. If a subspace A of a normal space X is an S-space, then 
we have dim A = dim X. 


Proof. Let {AN G;|i—1,2,---,s} be a finite open covering of a 
subspace A with open sets G; of X. For each point p of A there exists an 
open neighbourhood V(p) whose closure is contained in some G;. Then the 
family of sets {AM V(p)|peA} is an open covering of A and hence, by 
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assumption, it has a star-finite refinement §. Because of star-finiteness the 
open covering § can be written in the form {AN Ha|aeQ,i—1,2,- - -} 
with open sets Ha; of X such that 


(1) AN Hun Hg =0, for 


By construction we have AN Ha CANV (pai) for some point pa: of A, and 
hence we may assume without loss of generality that HuCV(pa). It 
follows then from the property of V(p) that Ho: C some Gj. 
8 
Now let dim¥—=n. Then dim Hyun and U HuC UG;. Hence 
4=1 


by the sum theorem (see [6], [10], [15]) there exist open sets Ua; 
(j=1,2,- --,s) such that 


8 
(3) U Ha C U Ua; 
q=1 j=1 
(4) order of {Ua;|j=—1,2,---,s}Sn+1. 
If we put 
W;=U Wa; Way = N( U iia); 
then {AM W; | j =1,2,--+-+,8} is an open covering of A and we have 
(5) W; C j= 1,2,°: 8, 
(6) order of {AN W;|j=—1,2,:--,s}Sn+1, 


by virtue of (1), (2) and (4). Since {A N G;} is an arbitrary open covering 
of A we see that dim A S dim X. 


Remark. It seems that the relation dim A=dim-Y is not true in 
general for a fully normal subspace A of a normal space X; for, since a 
Hausdorff space A of dimension zero in the sense of Menger-Urysohn is 
imbedded in a compact Hausdorff space XY with dim X — 0, the validity of 
the relation mentioned above implies the equivalence of dimension zero in 
our sense and dimension zero in the sense of Menger-Urysohn for fully 
normal spaces, and this equivalence is rather doubtful. 


2. The relation (A) for Case I. For the sake of completeness we shall 
first give a simple proof to the relation (A) for the case (c); the more 
general Case II will be treated in 5. Our proof given here, contrary to the 
existing proofs [1], [6], presupposes no properties of finite polytopes. 
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Let X be an S-space and Y a compact Hausdorff space, and let 
dim X¥ =m, dimY¥Y=n. Then any open covering of the product space 
X X Y has a refinement Q of the form 


(7) {Ga X H(j; @, t)| 0,1—1,2,-- ;H(j; 4,4) Sas} 


where {Gu | «€0,i1—1,2,- - -} is a star-finite open covering of X of order 
<= m-+1 such that Ga MN Gg; = 0 for and 


$a = {H(j; 4,1) | j—1,- ; 0) } 


is a finite open covering of Y. 
For each covering Sa: we construct a closed covering 


{K(j; 4, t)| 7=1,- *,«(a,%)} 


of Y such that K(j;«,1)C H(j;«,%) and we apply Theorem 3.4 in our 
previous paper [10] to a countable number of pairs of sets 


{K(j; 4), H(j; 2,- x(a, 4), 
where a is fixed. Then we can find open sets W(j; 4,7) of Y such that 
(8) K (j3 2,1) C W(j; 4,1) C 4,1) C H(j34,4), 
(9) order of {W(j; a, i) — W(j;,i)| i=1,2,--- 3 Sn. 


We construct a closed covering {Fa | «e9,i—1,2,---} of X such 
that Fo; C Gai and put 


M — {Fa XK V(j;a,%)| «(a,t)}, 


where 
Then 2 is a closed covering of X & Y and 
Foi X V(j;%,%) C Gai X H(j34, 4). 
Hence if we prove 


(11) order of M=m+n-+1, 


we have dim (X X Y) SdimX + dim Y by [11, Theorem 1. 3]. 
Since Fai Fg; = 0 for «8, a non-empty intersection of sets of M 
is of the form 


(Pax, X 5 hi)). 
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where 1S7(1) S x(a,&), and 1 <= ky 
The order of the covering {Ga | «¢0,i—1,2,- - -} being not greater than 
m-+1, we have r= m-+41. On the other hand we have by (10) 


8i- 


(1) — W (re(9) ) 


1 
j=1 


8 
i=1 j 


2 


and hence we obtain > (s; 1) Sn from (9). Consequently we get 
é=1 


which proves (11). 

Thus the relation (A) is established for Case (c). 

Now let the topological product of X and Y be an S-space. If we 
denote Cech’s compactifications of X and Y by B(X) and B(Y) respectively, 
then we have dim X = dim 6(X), dim Y = dim B(Y), since by assumption 
X and Y are S-spaces and hence normal. The relation 


dim (8(X) X B(Y)) dim + dimg(¥) 
being established above, we obtain from Theorem 1 
dim (X Y) Sdim (@(X) X SdimX + dim. 
Hence we have 


TuHrorEM 2. If X and Y are spaces such that the topological product 
of X and ¥ is an S-space, then dim (X XK Y) Sdim X + dim Y. 

Remark. The space § defined by Sorgenfrey [12] is an S-space with 
the Lindeléf property such that S X S is not normal, and moreover dim S = 0. 
Thus the relation (A) does not hold in general unless XY X Y is normal. 


3. An addition theorem. We shall prove an addition theorem which 
plays an important role in 5. 


THEOREM 3. Let Ag, «€ be closed sets of a normal space X and G 
a locally finite open covering of XY. If 


1) (G) —dim Ag =n for every «eQ, 
2) dim Ag = n—1 for any distinct Bea, 


3) there is a locally finite system {Ha |e} of open sets of X such 
that Aa C Hg for each 2, 


i=1 
im 
| 
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then we have (@) —dim Ll) Aan. In case X is a fully normal space the 
a 
condition 3) can be replaced by 
3)’ {Aq | «eQ} is a locally finite system in X. 


Remark. Here by (®) —dim A =n we mean that there exists an open 
covering of a subspace A which is a refinement of © and has order [n+ 1. 


Proof. The second part of the theorem follows readily from [11, Lemma, 
p. 22]. We assume that the set © of indices @ consists of all transfinite 
ordinals less than a fixed ordinal which will be denoted by a, that is, we 
write {4 | « < a}, and similarly we assume that © = {G | A < Ao} where 
Ao is an ordinal. The proof will be carried out along the same line as that 
of Theorem 2.6 in [10]. 

Suppose that for any ordinal f less than some ordinal « < a we have 
constructed closed sets Pg,(A < A.) such that 


Ps Ap ‘a Gy, 
(Ts) U UPnr =U Ay 


YSB 
order of { 


By the assumption 1) of the theorem such Pg) exist certainly for B=1. We 
shall now prove the existence of Pa, satisfying (Ta). If we put Qy Pad Pp, 
a 

XA < Ao, then Qy are closed, since Pg, C Ag and {Ag} is locally finite by 3). 
We then have 
(12) order of {Q, |A< A} Sn+1. 
Because, if there is a point p such that pe Qy, for 11, 2,- - -,n-+ 2, then 
pe for some < « and, since there exists B such that Bj = B < for 
every 1, we have pe Py,, for 2,- - -,n +2; this contradicts the 
condition (Ts). 

Since Q) C G), there can be found open sets Uy, by [11, Theorem 1. 3], 
such that 


(14) order of {U,|A<A}Sn+1. 


On the other hand, it follows from the assumption 1) that there exist open 
sets V, and closed sets B\(A < A.) such that 


(15) B, C Vx C G4, 


(13) aN Uy G), 
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(16) LJ By = Ag, 
ACNo 
(17) order of ]A<A}Sn+1. 
By the assumptions 2), 3) and the generalized sum theorem [11, Theorem 3. 1] 
we have 
(18) dim 44N( U 4g) Sn—1. 
B<a. 


Since (J Ag are closed, there exists a locally finite system {W, | 7 < 70} of 
B<a 
open sets such that 


(19) 4aN(U 4p) C U Wr, 
B<a. T<T0 


(20) {W, |+< 7} is a refinement of each of the following coverings: 
G, (Un, X — Qn}, (Va, X —- By} for A< Ad, 
(21) order of {W, | rm} SN, 


where 7) is an ordinal. This is assured by (18), [8, Theorem 3.5] 
[11, Theorem 2.1] and [11, Theorems 1.2, 1.3]. Let us put 


(22) C=UQ, Oy 1X We 
A<Ao 
and 


M Ag= Q). 
B<a 


Then C and are closed sets and MN C0. Since —M,X—C} 
can be regarded as an open covering of a normal space W, there are closed 
sets #, and F, such that 


Then by an inductive process we can construct closed sets H;, F, (7 < 1) 
so that 


Because, in case we have constructed H,, F, satisfying (24) for every r less 
than some ordinal o < 7, LU (£, F,) is closed since {W,} is locally finite, 
TO 


and ( U (#,9 F,)U C)N M =O, and hence the existence of Ho, Fo satis- 
TKO 


fying the condition analogous to (24) can be verified. 


By the above construction we have 
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then we have (G) —dim ) Aan. In case X is a fully normal space the 
a 


condition 3) can be replaced by 
3)’ {Aq | «eQ} is a locally finite system in X. 


Remark. Here by (G) —dim A =n we mean that there exists an open 
covering of a subspace A which is a refinement of © and has order = n-+ 1. 


Proof. The second part of the theorem follows readily from [11, Lemma, 
p. 22]. We assume that the set © of indices @ consists of all transfinite 
ordinals less than a fixed ordinal which will be denoted by a, that is, we 
write {4 | « < a}, and similarly we assume that © = {G) | A < Ao} where 
A» is an ordinal. The proof will be carried out along the same line as that 
of Theorem 2.6 in [10]. 

Suppose that for any ordinal £8 less than some ordinal ¢ < a we have 
constructed closed sets Pg,(A < Ao) such that 


Ps C G), 
(Ts) U UPr =U Ay 


A<No YSB 
order of { 


By the assumption 1) of the theorem such Pg) exist certainly for B=1. We 

shall now prove the existence of P,) satisfying (Tg). If we put 0, = LU Pay, 
B<a 

A < A, then Qy are closed, since ?’g, C Ag and {Ag} is locally finite by 3). 

We then have 

(12) order of {Q, |A <A} 


Because, if there is a point p such that pe Q), for 11, 2,- --,n-+ 2, then 
pePs,, for some Bi < « and, since there exists 8 such that Bj S B < «@ for 
every 1, we have Py,, for i this contradicts the 
condition (Tg). = 

Since Q, C G), there can be found open sets Uy, by [11, Theorem 1. 3], 
such that 
(13) C Un C 


(14) order of {U,|A<A}Sn41. 


On the other hand, it follows from the assumption 1) that there exist open 
sets V, and closed sets B\(A < Ao) such that 


(15) B, C Vx C G4, 
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(16) 
(17) order of {V, ]A<A}Sn+1. 
By the assumptions 2), 3) and the generalized sum theorem [11, Theorem 3. 1] 
we have 
(18) dim 4gN( U Ag) Sn—1. 
B<a. 


Since J Ag are closed, there exists a locally finite system {W, | r < ro} of 
B<a 
open sets such that 


(19) 4s) U Ws, 
B<a 1<To 
(20) {W,|+< 7} is a refinement of each of the following coverings: 
OF — Or}; { Vy, X —- By} for < Xo, 
(21) order of {W; | T< to} SN, 


where z) is an ordinal. This is assured by (18), [8, Theorem 3.5] 
[11, Theorem 2.1] and [11, Theorems 1.2, 1.3]. Let us put 
(22) C= (JC), Ch = N(X — U W,) 
A<Ao 
and 
B<e. 
Then C and are closed sets and MN Since {X —M,X—C} 
can be regarded as an open covering of a normal space W, there are closed 
sets #, and F, such that 


Then by an inductive process we can construct closed sets E,, F, (7 < 1) 
so that 


(24) We=—F,UF, F,CX—M. 


Because, in case we have constructed H,, Ff; satisfying (24) for every 7 less 
than some ordinal ¢ < 7, U (#, F,) is closed since {W,} is locally finite, 
TO 


and F,)U C)N M = 0, and hence the existence of Ho, Fo satis- 
TKO 
fying the condition analogous to (24) can be verified. 


By the above construction we have 


(25) MNC=0, E,NC=0, M=0 for + < 1, 
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(26) (Lp N Fp) N (£,N Fr) =0 for p¥r. 

We prove 

(27) order of 
Let 


L=1 (1) Fr,) 0 


and let us denote by o,,:--+,0; the distinct ordinals among pi,- - -, pr, 


Then we have L C Wo, and hence tn by (21). If there 


i=1 

were two distinct o;, oj which are contained in {p.,---,p,} as well as in 
*,7s}, then we would have L C Fo,N Eo, Fo,, contrary to 
(26). Thus we have r-+s—1S# and hencer+sSt¢+15n-+1, which 
proves (27). 

Now let us denote by HZ’ the sum of the sets HZ, which do not intersect 
Q, for every p» less than A and do intersect Q, and by F)’ the sum of the 
sets Ff’, which do not intersect C, for any » < A and do intersect Cy. The 
family of sets #, (or F;) which do not intersect M (or C) shall be denoted 
by {Ep” | p< po} (or {Fo” | o < o0}), where po, oo denote some ordinals. 
Then 
(28) (M UC) =0, Fo” N (MU C) =0 


and by (20) we have 


(29) CU, 
Let 
{Qy U (Aa Ey’), Cy, U (Ag Fy’), 


AaN Ep”, AaN Fo” |X < doy p < po < Go}. 
Then Yt is a closed covering of MU 4o= A,, since 
Ey))U(U (Cr U(4aN Fy’))) 
U(Aa(U Bp”) )U (U Fo”)) 
= U Q.U(U Cr)U (4a (U F,)) 
=MUCU(AEN(U W,-)) =MU(AagN(X —U W,)) 


U(AaN(U W,)) =MU Ag. 
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To prove 
(30) order of MN=n+1, 
suppose that 


11 Ua OLA (Cn, U (Aa 
j=1 


i=1 
1) (1) Aa 0. 
Then it is sufficient to prove r+s+u+vSn+1. We distinguish three 
cases. 
Case 1). w=1. By (28) we have 
L= (1 Fo,”)] N Aa 


and hence r-+st+tu+vuSn-+1 by (27). 
Case 2). vi. Similarly as in Case 1). 


Case 3). u—v=0. In this case we have 


U (4a Bx’) OLA (4a 
Case 3),. r21,s21. Then by (25) we have 
and hence r-+sn-+1 by (27). 
Case 3)2. r=0. We have then by (29) C V,, and hences =n-+ 1 
by (17). 
Case 3)3. s=0. Similarly as in Case 3)>. 
Thus (30) is proved. 
We put 


where U’ means the sum extending over all p such that A is the least ordinal 
for which Ep” C Gy, and the meaning of U” is analogous. Then Pa, (A < Ao) 
are closed and satisfy the condition (Ta), and the existence of P., satisfying 
(T,) is thus established for any a by transfinite induction. 


Let us put finally 


P, = U Pay. 
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Then we can prove 


order of {P, |A<A}Sn+1 


similarly as in the proof of (12). Since P, C G, and {P,} is a closed 


covering of (J) Aa, we obtain (G)—dim Ag n. This completes our 
a 
proof. 


4, Infinite polytopes. As a preparation to the following section we 
shall discuss some properties of infinite polytopes. 

Let K be an abstract simplicial complex, finite or infinite; local finiteness 
is not assumed here. Let K be the polytope corresponding to this complex; 
the space K is a collection of closed Euclidean si:nplexes, each corresponding 
to a simplex of K (or an affine realization ,-, p. 6]), and the topology of K 
is defined by the method of J. H. C. Whitehead [16]: 


1) Kach finite subpolytope has the usual Euclidean topology. 


2) <A subset of K is defined to be open if its intersection with every 
finite subpolytope Z is open in the ordinary Euclidean topology of L. 


This topology is finer than (in general, but equivalent to in the case of 
locally finite complexes) the topology induced by the natural metric as well 


as the topology of geometric complex (cf. [8]).? 


According to [16, Theorem 35] K is a normal space and every open 
covering of K has a refinement which consists of open stars O(a, K*) of all 
vertices of a suitable simplicial subdivision K* of K. By [8, p. 37] the open 
covering {O(a, K*)} is point-finite and analytic. According to [4, Theorem 1 
and Corollary 3], a point-finite open covering of a normal space is analytic 
if and only if it has a locally finite refinement (and hence it is a normal 
covering in the sense of J. W. Tukey). Therefore K is paracompact or 
equivalently fully normal. If the (combinatorial) dimension m of K, the 
least upper bound of dimensions of all simplexes in K, is finite, then the 
above consideration shows at the same time that dim K = dim K, and, since 
k contains an m-simplex, we have dim K = dim K and hence dim K = dim K. 
Thus 


LemMMA 1. Any polytope K is a fully normal space and the topological 
dimension of K coincides with the combinatorial dimension of K. 


1 Cf. also C. H. Dowker, “Topology of metric complexes,” American Journal of 
Mathematics, vol. 74 (1952), pp. 555-577, which arrived at our university after the 
present work was completed. 
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Now let dim K = dim K = m be finite and let K’ be a barycentric sub- 
division of K. Here we consider K to be a polytope determined by an affine 
realization of K and make use of barycentric coordinates (see [8, pp. 6-8]). 
If we denote by N(a, K’) the closed star of a, that is, the sum of closed 
simplexes of K’ which contain a, and by {da | «€ Q} the totality of all vertices 
of K, then the family {N (aa, K’)} is a closed covering of K. We prove 


LemMA 2. {N (da, K’)} ts a locally finite closed covering of K tm case 
the dimension of K 1s finite. 


To prove Lemma 2, let x be any point of K with the barycentric coordi- 
nates {tq | «e2}. Then the set 


V (a) = {y | (ta — Ya)? < 1/(m + 1)*} 


is easily shown to be an open neighbourhood of z. If x is contained in an 
open simplex o” = (da °;4a,) of K, we have V(x)N N (ag, K’) =0 
for any vertex ag which does not belong to the simplex o”. Because, for such 
B every point y of V(x) has the coordinate yg < 1/(m +1), while for any 
point z of N(ag,K’) we have zg=1/(m-+1) as is shown by a simple 
calculation. This proves Lemma 2. 

Let X be a fully normal space and 11—{U.|aeQ} a locally finite 
open covering of X. Then there exists an open covering {Va | a#eQ} such 
that Va C Ug, for every a. For each « there exists a non-negative bounded 
continuous function of X such that = 1 for re V, and fa(x) = 0 
for ce X —U,. Let N(U) be the nerve of U and let us denote by ug the 
vertex of V(11) corresponding to Ua of Ul. Then a mapping ¢ of X into 
the polytope N (11) defined by 


= {Ya}, Ya = fa(2)/ fa(z), 


where {y.} means the barycentric coordinates of a point y of N(\), is con- 
tinuous. Because for a point av of X there exists an open neighbourhood 
V(ao) such that V(a ) meets only a finite number of sets of 11; these sets 
will be denoted by i=0,1,---,7. Then maps into a closed 
simplex o” of N (1) whose vertices are Since a partial 
mapping ¢| V(x): is evidently continuous, ¢ itself is con- 
tinuous. It is easy to see that 61(O(wa,N(U))) C Uq for each a, that is, 
¢@ is a canonical mapping with respect to U. 
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5. The relation (A) for Case II. 


THEOREM 4. Let X be a fully normal space and Y a locally compact 
fully normal space. Then the topological product of X and Y 1s fully normal, 
and 
(A) dim (X KX Y) SdimX + dim Y. 


Proof. 1) First we shall prove (A) for the case where Y is compact. 
In case dim X — 0, X is an S-space and (A) holds for this case by Theorem 
2; but in this case the covering g defined below (see (31)) has order 
<= n-+ 1 and thus we have a direct proof. Suppose that (A) has been proved 
for at most (m—1)-dimensional X. Under this assumption of induction 
we shall prove (A) for an m-dimensional XY. We let dim Y —n. 


Any open covering & of the product space XY X Y has, as is well known, 
a refinement @ of the form 


(31) {Ue x Wa, | aeQ, Wa, € Wa} 


where 11 = {U,. | a€Q} is a locally finite open covering of X of order 
= m-+ 1 and W, is a finite open covering of Y of order = n+ 1 for each « 
(cf. [3, p. 220]). Let N(U) be the nerve of U1 and let us make use of the 
same notations concerning N(U) as in the preceding section 4. We put 
further K — N(U). As is shown in 4 there is a continuous mapping ¢ of 
X into K such that ¢*(O(ug,K)) C Ua for every a Then a mapping & 
of X X Y into K X Y defined by ®(z,y) = (¢(2),y), for re X, ye Y is 
clearly a continuous mapping and 


(32) ©-1(O(ua, K)X Wa,) C Ua X Way- 


If we denote by K’ the barycentric subdivision of K, then by Lemma 2 
in 4 {N (ug, K’)| «© K} is a locally finite closed covering of K. Hence, since 
N (ug, K’) C O(ua, K), there is a locally finite open covering {H, | «eQ} of 
K such that N (ug, K’) C Ha C O(ta, K), by virtue of Lemma 1 and [11, 
Lemma, p. 22]. Then the family 


M {Ha X Wa, | 0, Wa, Ba} 


is a locally finite open covering of K XY. Since N(ug, K’) C Hq and 
WW, has order = n+ 1, we have 


(33) (M) — dim [N (ug, K’) X Sn. 


On the other hand, in case «8 the intersection N (ua, K’) N N(ug, K’) 


| 


¥ 
4 
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is a sum of simplexes of dimension =[ m—1. Hence by Lemma 1 we have 
dim NV (ua, K’) N(ug, K’) m—1 and consequently by the assumption 
of induction we get 


(34) dim [(N (ug, K’) X ¥) (N(ug, K’) X Y)] Sm+n—1. 


Therefore, since K X Y is fully normal, we obtain from (33), (34) and 
Theorem 3 
(M) —dimK X Yim-+n. 


Thus there exists an open covering {V1} of K X Y which is a refinement of 
Mt and has order [m+n+1. Then {*(V,,)} is clearly a refinement 
of in view of (32) and has order S[m-+n-+1. Hence we have 
(G)—dim (X KX Y) Sm+n. Consequently the relation (A) is estab- 
lished by induction for the case where Y is compact. 


2) Let Y be a locally compact fully normal space. Then there exists 
a star-finite open covering {G4 | ye T} of Y such that the closure of each Gy 
is compact. Let U be any open covering of XY X Y. Then for each y there 
is a locally finite open covering WU, of X X G, which is a refinement of U1. 
If we denote by By the family {(X X G,) NU | Ue} it is easy to see 
that the collection ¥ of all By: B= {V | VeB,, yeT} is a locally finite open 
covering of XY & Y. Since & is clearly a refinement of U, this proves that 
the product space X X Y is fully normal. 

The covering {X XK G,|yeT} is locally finite and by the proof given 
in 1) we have 


dim (X X Gy) S dim X + dim G, S dim X + dim Y. 


Hence from the generalized sum theorem [11, Theorem 3. 2] it follows that 
dim (X X Y) Sdim X + dim Y. 
Thus the theorem is completely proved. 


6. The relation (A) for Case III. 


THeorEM 5. If X is a countably paracompact normal space and Y a 
locally compact metric space, then the topological product X KX Y of X with 
Y is a countably paracompact normal space and the relation dim (X X Y) 
<= dim X + dim Y holds. 


Proof. 1) First we shall deal with the case where Y is compact. Let 
dim X =m, dim Y =nands=m+n-+1. Let P, QM 
be s pairs of closed sets of the product space X X Y such that PN QM =0 


» 
% 
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for 1—1,2,---,s. We shall prove that there exist open sets U“), 
#==1,---,8 of X X Y such that 


(35) P® CUM CUMCXKY— Qe, 
& 

(36) =0. 
4=1 


Here B(A) means the boundary of a set A. 


Since Y is a compact metric space, there is a countable basis for open 
sets of Y. We take s arbitrary countable bases , 1—1,2,---,s of Y 
and denote by {M;, L,®}, 7 = 1, 2,- - - the totality of pairs of sets of £@ 
such that 7; C L,. We now apply our Theorem 3.4 in [10] to 
{M1 Gow 1, - 1,2,°°-. 
Then we can find open sets G; such that Mj; C G{® C L, and 
(37) order of the family {B(G;) | i=1,2,- - 


We note that {G; | 71, 2,- - -} is a countable basis of Y for each i. 


Denoting by T the totality of all finite subsets of the set of natural 


numbers, we put Gj, for yeT. For each point of X let 
jey 

be the closed set of Y defined by + & P, = (4 KX Y) N P™; similarly let 

tX Q,% = X Y) N Q®. Let us put further 


(38) V, = | Pe) C C —Q,}. 


Then {V,‘ | yeT} is an open covering of X as is shown by C. H. Dowker 
[5, p. 222]. Since by assumption XY is countably paracompact and the 
cardinal number of T is countable, there is a locally finite countable open 
covering {W, | yeT} of X such that W, C V, for ye. It follows 
further that there is a closed covering {Fy | ye T} such that F, C W,. 
We now apply our Theorem 3.4 in [10] again to 


W,}, 1,2,---,8;yeP. 
Then we can find open sets U.,“ of X such that 
(39) FLO Cc U0, C W,®, 
(40) order of {B(U,) |] i=1,2,---,s;yeT} Sm. 
Now let us put H,). Since K H,® | 


is locally finite, we have VU‘ = |) U, & H, and hence 


F 


F 
(: 
( 
al 
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41) B(U®) C U B(U,® X H,). 
( 


For any point (z,y) of P® we have re U, for some yeT and hence 
(z,y) © U, H,, and consequently 


(42) PH CUM, 


On the other hand, U, H,®n Q® =(0, X H,) QO =0, 
and hence 


(43) CXK Y — Qu. 
We now prove 
8 
(44) () B(U™) =0. 
i=1 


For this purpose it is sufficient, in view of (41), to prove that 


8 
L B(U,, K H,,) for 


é=1 
Denoting by A the family of all subsets 8 of {1, 2,- - -,s} we have 
L= Fs), 


where 


X Hy), (On X B(Hy,)). 


In case the cardinal number of 6 is greater than or equal to m+ 1, we see 

by (40) that Hs—0, and in case the cardinal number of 8 is less than 

m-+1, we have by (37) since B(H,™) C U B(G;). Hence we 
je 

have Hs M I's =0 in every case and consequently LZ saci This proves (44). 

Thus the existence of open sets U satisfying (35), (36) is established, 

and hence, according to a generalization of Hilenberg-Otto’s theorem (see [6], 


[10]) we see that dim (X Y) + dim Y for a compact metric 
space Y. 


2) Let Y be a locally compact metric space. Then there exists a star- 
finite open covering {Ga | «e2} of Y such that the closure of each Gq is 
compact [9]. Similarly as in 2) of the proof of Theorem 4 we can prove 
that the product space X & Y is countably paracompact. 

We next prove the normality of X X Y. Let P, Q be disjoint closed 
sets of Y &X Y. Since ¥ X Gq is normal [5], there exists an open set H, of 
XX Ga such that PN (X Ga) C Ha, HaNQN (X X Ga) =0. If we 
put Ka =H. (X G,), then Kg is an open set of X K Y and we have 
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PN (X X Ga) C Ka, and hence PC K, KNQ=0O where 
K = U Ka, since {Kg} is locally finite. This proves that X < Y is normal. 


Finally we construct a closed covering {Fg | ae} of Y such that 
Fa C Ga. Then, as is proved in 1), we have 


dim (X X Fa) Sdim X + dim Fg S dim X + dim Y. 


Since X K F, C X KX Gaand {X X Gq} is locally finite, we have dim (X X Y) 
<= dim X + dim Y by virtue of the generalized sum theorem [11, Theorem 
3.1]. Thus Theorem 5 is completely proved. 


7. The relation (B) for Cases IV and V. Let X be a fully normal 
space and let dim X —n (n finite). In the following we assume n= 1 and 
apply Hurewicz’s method [7]; in case n = 0 the relation (B) is clearly true. 
Since dim XY — n, there exist a closed set A and a continuous mapping f of A 
into an (n—1)-sphere S"-* such that f is not extensible over X (see [3], 
[6], [10]). Assuming that S"-* is a boundary of an n-simplex o” we extend 
f to a continuous mapping F from X into o. There is no loss of generality 
in assuming that A = F-1(S""). We denote by X, the space obtained from 
X by contracting the closed set A to a point py (that is, X, is the decom- 


position space determined by the decomposition X = |) wU A) and by 8," 
vweX-A 


the space obtained from o" by contracting S"* to a point qo; the continuous 
mappings associated with these decompositions will be denoted by ¢: X¥ > Xo; 
y:o"— S," respectively. So" is clearly homeomorphic to an n-sphere and 
X, is fully normal. If we define a continuous mapping f, of X, into So” by 
fo(z) for cre Xo— po, fo(Po) =o, then fp is an essential 
mapping of X, into Sy". This result is established by C. H. Dowker [3, p. 235]. 

We observe that dim X¥,—n. Since A= /'-1(8""), A is a G5-set of X 
and hence there exist a countable number of closed sets Ai, 11, 2,- °° 
such that 


(45) Aj. 

Since dim A; = n for every 7 and 

(46) Xo— Po = U A; 


we have dim X, <n by the sum theorem (see [6], [10], [15]). On the 
other hand, f, is an essential mapping of X, into So" and hence dim X, = n. 
Thus we have dim X,—n. 


ce 
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Now we prove 

(47) dim (X,X Y) 2n+1 

for the following cases: 
IV. X is compact and Y is a fully normal space of dimension = 1. 


V. X is fully normal and Y is the closed line interval J = [0,1]. 


Case IV. In this case Xo is compact. Suppose, contrary to (47), that 
dim (Xo X Y) Sn. Since dim Y = 1, there exist disjoint closed sets P, Q 
such that V — V £0 for any open set V satisfying PC VC Y—Q. Let 
us define a continuous mapping ® from X, X (PU Q) into So" by 


®)(z,y) for reXo,yeP, 


Since dim (Xo X Y) Sn, ®o can be extended to a continuous mapping ® 
from 1) X Y into So" by a well-known theorem ([3], [6], [10]). Let us put 


= y) 


and denote by V the set of points y of Y such that ®,:X,— Sp," is an 
essential mapping. Then we have obviously PC VC Y—Q. For each 
point y of Y there is an open neighbourhood U(y) such that ®, and %, 
are homotopic for any point y’ of U(y), since X, is compact. Therefore V 
and Y — V are open sets, that is, V-— V0. Thus we have arrived at a 
contradiction and (47) is established. 


Case V. YX, is fully normal and Y is the closed line interval J. Suppose 
that dim (X, XJ) =n. Then a continuous mapping ® of (Xo X 0) 
U (Xo X 1) into So” defined by 


®,(7,0) for reX, 
= qo for 


can be extended to a continuous mapping ® of XY, X Y into S,". But the 
existence of such a mapping ® means that the mapping fy is homotopic 
(in the ordinary sense; see [3, p. 204]) to a constant mapping. This contra- 
dicts the fact that f, is essential. This proves (47). 


2 
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The relation (47) is thus established for both cases. The product space 
X X Y is normal and in view of (46) 


XX Y= (m XY) U ( U (A: Y)). 


Since po) X Y is homeomorphic to a closed subset of A; X Y for any non- 
empty A;, by virtue of the sum theorem there exists some A; (j = 1) 
such that dim (X,) XK Y) =dim (A; X Y). Hence we have, for Cases IV 
and V, dim (X X Y) 2dim (A; X Y) =dim (X, X Y) 2n+1. 

In case X is a locally compact fully normal space, there is a locally 
finite closed covering {F,} of X such that I’, is compact, and hence by the 
generalized sum theorem [11, Theorem 3.2] we have dim X = dim F,—n 
for some a Therefore 


dim (X X Y) 2dim (F, X Y) 2n+1, 
where Y is a fully normal space of dimension 21. Thus we obtain 
THeorEM 6. If X is a locally compact fully normal space of dimen- 


sion n (n=O) and Y a fully normal space of dimension =1, then 
dim X Y) 2n+1. 


Our Theorem 6 clearly establishes the relation (B) for Case IV (see 
Introduction) in view of Theorem 4. 

The discussion for Case V, together with Theorem 4, leads to the 
following theorem. 


TueEorEM 7%. If X is a fully normal space of dimension 20 and Y 
is a locally finite polytope of dimension = 0, then 


dim (X KX Y) =dim XY + dim Y. 


Finally we obtain from Theorems 4, 7 and Lemma 1: 


TueEorEM 8. If X is a locally compact fully normal space of dimension 
= 0 and Y is an arbitrary (finite or infinite) polytope of dimension = 0 
(see 4), then we have dim (X X Y) =dim X + dim Y. 
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COMPACTNESS CONDITIONS AND UNIFORM STRUCTURES.* 


By DICKINSON. 


In a completely regular topological space there exists at least one uniform 
structure compatible with the topology of the space. In this paper, relations 
between certain compactness conditions on a space and the set of compatible 
uniform structures on a space are considered. The terminology follows closely 
that of Bourbaki [2]. 

A uniform structure with filter %, is finer than a uniform structure with 
filter 3. if 3, is finer than %.. With respect to this relation the uniform 
structures on a space form a partially ordered set. Weil [9], p. 16, showed 
that there is always one compatible uniform structure finer than all the others. 
This upper bound on the set of uniform structures is called the universal 
uniform structure of the space. 

Consider the set of uniform structures compatible with the topology of a 
given space. Let a uniform structure in this set, less fine than all the other 
elements in the set, be called the crude uniform structure of the space. 


THEOREM 1. Let E be a locally compact space. Then the uniform 
structure induced by the uniquely defined compactification E* = E U & ts the 
crude uniform structure of the space. 


Proof. Alexandroft and Urysohn [1], p. 68, proved that a locally com- 
pact space can be compactified by the addition of a single point in a unique 
manner. Let % be a symmetric fundamental system of entourages of the 
uniform structure induced by this compact space, EU € Let & be a sym- 
metric system of entourages of an arbitrary uniform structure compatible 
with the topology of #. Suppose the filter of B is not finer than that of B. 


Then there exists an entourage W such that for every V, in %, the set Va — W 
is not empty. Let Fz, —=Va—W. Then the sets {F,} form the basis of a 
filter on H X EH. The filter basis {F,} has no contiguous point in ZX &, 
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of Michigan, 1952. Much of the dissertation was written while the author held a fellow- 
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since any such point would be contained both in {]V,—A and in the 


a 
complement of W; but these are disjoint sets. However, the filter basis {4} 
does have a contiguous point in the compact space H* XK H*. There are 
two cases to consider. First, suppose (€,€) is contiguous to the filter basis 
{F,}. The entourage W is the trace of an entourage W* in E* X E*. The 
entourage W* contains an open set containing (é,&), and hence intersects 
every a. It follows that W intersects every /’4, which is contrary to the 
definition of the F’,. On the other hand, suppose the point (é, 2») is con- 
tiguous to {F.}, and thus also (2 ,é) since the fundamental systems are 
symmetric. In H#* there exist disjoint neighborhoods N,(2,) and N2(&). 
Since the uniform structure defined by ¥8 is compatible with the topology of 
FE, there is an entourage V, such that V,(x.)C Ni(%). And by the 
uniform structure axioms there is an entourage Vg such that Vgo Vg C Vy. 
Let (r,s) be a point in VgN[Vg(a) X N2(é)] which is not empty since 
(%, €) is contiguous to {Fg}. It follows that (2,7) is in Vg since r is in 
Thus (2,8) Vg C Vy which implies that se Hence 
V(%o) A N2(é) is not empty. This is a contradiction. 

Conversely, if the space H# is not locally compact, then no uniform 
structure induced by a compactification is a crude uniform structure. In a 
space which is not locally compact, any compactification requires the addition 
of an infinite number of points. The identification of any two of these added 
points gives a compactification which induces a uniform structure which is 
less fine than that induced by the original compactification. This statement 
will be demonstrated by the construction in the proof of Theorem 2. 


THEOREM 2. If a space E has a unique uniform structure, then tt has 
a unique compactification. This compactification consists of the addition of 
a single point. The unique uniform structure 1s, of course, induced by the 
compactification. 


Proof. Let E* be a compactification obtained by the addition of points 
including y; ~ ys. Let 8 be a symmetric system of entourages defining the 
compatible uniform structure on Et. Let B’ = {V’,} be a new fundamental 
system of entourages, where 


Va VaU[Valyi) X Valy2)] U [Va(y2) X Valy:)] 


for all V,ce%. Each V’,. is symmetric and contains At. Thus the satis- 
faction of the uniform structure axioms may be established by showing that 
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Vg°VgC Vq implies V’g° V’g C V’g. If the points (a,b) and (b,d) are 
in V’g, then one of the following combinations of elements, where 17 take 
on the values 1 and 2, is in Vg: (1) (a,b), (0, d); (2) (yi, @), (yj, 0), (Ys d); 
(3) (yi, @), (Yj, 5), (6, d) ; (4) (a, 6), (yi, 5), (yj, 4) 5 (5) (yi, 4), (Yj, 4). 
If Vg° Vg C Vg, (1) and (2) imply that (a,d) is in Vg, while (3), (4), 
and (5) imply that (yi,a) and (y;,d) are in Vg. Im either case (a,d) is 
in V’g. Hence V’g° V’g C V’, and the {V’g} define a uniform structure. 
Although this new uniform structure is not compatible with the topology 
of its trace on is useful. For any point in there is a Vye% 
such that V(x) does not contain or yx. Then V’,(2)C V(x). Hence 
the uniform structures on FH defined by the traces of B and BW’ on EXE 
are both compatible with the topology of #. Since ¥ defines the filter of 
all neighborhoods of A‘, there is an entourage V, and a neighborhood W(y,, y2) 
in Ht X Et which are disjoint. The trace of V, on EF X E does not contain 
the trace of any V’,. Thus the two uniform structures induced on FE are 


distinct. 


THEOREM 3. If a space has a unique uniform structure it is countably 


compact. 


Proof. If the space is not countably compact there exists an ordered 
set {x,} of distinct points without a limit point. Since the space is com- 


pletely regular there exists an open set W(2,) such that W(2,) MN Uaj=0. 


j=2 
For each n = 2, there exists an open set W’(z,) such that W’(a%,)N U a; =0. 
j=n+1 


Let W(z,) be an open set in the intersection of W’(z,) and the complement 


of (J W(a). Then the [J W(aan) and (J form disjoint open sets 
n=1 n=1 
whieh separate two closed sets, {%2n} and {224}, neither of which is compact. 
However, according to the condition given by Doss [5], this contradicts the 
hypothesis. 
The converse is not true. Consider a space consisting of two distinct 
sets of the ordinal numbers of the first and second classes with the usual 


topology on each set. This space is countably compact but does not have a 


unique uniform structure. 

A space is compact if and only if it has a unique uniform structure 
relative to which it is complete. The question of determining which topological 
spaces (weaker than compact spaces) always admit a uniform structure 
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relative to which they are complete, was raised by André Weil [9], p. 38. 
Dieudonné [4] showed that normality was not sufficient. In his paper on 
paracompact spaces [3] he posed the problem of whether or not the universal 
uniform structure of a paracompact space is the uniform structure of a com- 
plete space. The affirmative answer is given here. 


THEOREM 4. <A paracompact space E is complete with respect to its 
universal uniform structure. 


Proof. Suppose the universal uniform structure of # is not complete. 
Then there exists a Cauchy filter % which does not converge; that is, for 
every « in #, there exists an open set W(x) which does not contain any I’, 
in %. Consider the covering W consisting of all the open sets W(x) for 
every x in F. Since £ is paracompact, there exists a covering U = {U,} 


such that, for every x in FH, the star (x, UU) = LU U, is contained in some set 
veUa 


of W% [6]. Then the open set U(A) = LU) (Ua X Ua) is an entourage of the 
a 
universal uniform structure of #. Since % is a Cauchy filter, there is a set I’, 
in § such that Fo X Fo C U(A). Let p be any fixed point in Fy. For 
every point y in /’y there is a covering set Ug containing p and y. Since 
(p,y) © (Po X Fo) C U(A), the point (p,y) must be an element of some 
set Ug X Ug. Thus FC star (p, UW) C W(x) for some 2, which is absurd. 
This gives as immediate corollaries some known [8] relations. 


CorotuaRy 1. Jf a paracompact space is precompact in all its uniform 
structures it 1s compact. 


CoRoLLARY 2. A paracompact space with a unique uniform structure 
is compact. 


A converse statement for Theorem 4 poses an interesting problem. 
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ON THE ESSENTIAL SPECTRA OF SYMMETRIC OPERATORS 
IN HILBERT SPACE.* 


By Puitip HARTMAN. 


The object of this paper is to obtain some results concerning the relation- 
ships between the spectra of the self-adjoint extensions of a closed, symmetric 
operator 7’ on Hilbert space (having equal deficiency indices). These results 
are known in the case of certain second order, ordinary differential operators 
T. The proofs in these cases, however, usually depend on functions and 
operations having no analogues in Hilbert space and, consequently, are not 
valid in the general case. 


1. Point spectra. Let § denote a Hilbert space; 7 a closed, sym- 
metric operator in § with domain D(7), range R(T), adjoint T* and the 
deficiency indices (m,m). If 1 is a complex number, Yt(l) will denote the 
manifold of elements x of § satisfying (T*—1J)a=0. If &(1l) AO, then 
the manifolds R(7—JUI) and M1) are closed, orthogonal and span §. In 
addition, D(7'), Mt(1), Mt(z) are in D(T*) and every element z in D(T*) 
has a unique representation of the form 


(1) +2(1) +2(I), 3(1) £0, 


where 2, x(1), are in D(T), respectively. 

For a fixed non-real 1, there is a one-to-one correspondence between the 
self-adjoint extensions A of T and the norm-preserving (linear, continuous) 
transformations V = V(l) of Mt(l) onto Mz) such that if A—V, then 
(A) consists of those elements of the form 


(2) +2(1) + Vz(l), £0, 


where ao, x(/) are arbitrary elements of D(7'), Mt(l), respectively (and 
isin M(l)). Cf. e.g., [12], Chap. IX or [9], Chap. VI. 


(~) Let x be an element of D(T*) with the representation (1) and 
satisfying, for some real number 4X, 


(3) (T* = 0. 


* Received September 3, 1952. 
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Then 
(4) | |] =| 

Proof. Without loss of generality it can be supposed that A= 0. 
According to (1) and (3), —lz = (T* (T — 
Hence || |? = || (7 —1Z) 2p ||? + (28(1))? || Similarly, 


| ||? == || ao||? + (28 (1) )? || x(2) 


Since the symmetry of 7 implies || (7 = ||(T —UZ)2o||, the result 
(4) follows. 
It is clear from the relationship of D(A) to Mt(1) chat (a) implies the 


following assertion: 


Corotuary. Jf x in D(T*) satisfies (3), then there exist self-adjoint 
extensions A of T for which x is in D(A), (and, hence, satisfies (A — AI)x = 0). 


The next lemma corresponds to a part of Weyl’s theorem [14], p. 238, 
which states that, in his case of differential operators, the deficiency index m 
can be determined by the consideration of 7* — I for real A; cf. (y) below. 


(8) If the dimension of the manifold of elements x in D(T) satisfying 
(T —rAl)x = 0 is x, where 0 =a Som, then there are at most m + x linearly 
independent solutions of (3); so that, if » 1s in the point spectrum of a self- 
adjoint extension A of T, its multiplicity is at least « and at most m + rz. 


Proof. It can be supposed that z and m are finite, for otherwise (8) is 
trivial. Let m<o and (the proof for > 0 is similar). Suppose 
that x satisfies (3) and has the representation (1) for some non-real J. Then 
~0, for otherwise x(/) = 0, by (a), and z is in (7), which contradicts 
the hypothesis, r= 0. Since there are only m linearly independent elements 
x(1), it follows that if there were m--1 linearly independent solutions of 
(3), then there would exist a linear combination of them, say x, for which 
the corresponding is 0. This proves 


The following assertion is an analogue of results on differential operators ; 
e.g., Weyl [14], pp. 221-227 and Hartman and Wintner, [1]. The proof is 
adapted from the proof in Stone [12], pp. 489-491, of Weyl’s theorem in [14], 
p. 238. 


(y) Let A be a self-adjoint extension of T and X a complex, possibly 
real, number in the resolvent set of A, then there exist exactly m linearly 
independent elements x in D(T*) satisfying (3) (and no such element is 
in D(T)). 
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Proof. Only the case of a real A has to be considered. Let g be an 
element of the manifold M(1,), where AO. Let w= (A—1,)-1. Then 
w is in the resolvent set of the bounded, normal operator (A —1,J)-* and, 
therefore, the equation 


(5) 


has a unique solution x=<a,. This equation can be written as (A —1,l)~a 
Since wx-+g is in D(A) (hence, 
in D(7*)) and g is in D(T*), it follows that z is in D(7T*). Thus the 
last equation gives (7*—J1,I)wa or (3), since w= (A—1,)* 
Thus, to every g in Mt(J,), there corresponds an x = a, of D(T*) satisfying 
(3). It is clear from (5) that to linearly independent g there correspond 
linearly independent xz, Hence (3) has at least m linearly independent 
solutions Zy. 

No element 0 satisfying (3) is in D(7), for otherwise (A —Al)z 
= (T —Al)x=0 contradists the fact that » is in the resolvent set of A. 
Thus (y) follows from (f). 


Remark. The reality of A was used in the proof above only to assure 
that A—1, 0. Thus A, J, can be any pair of numbers in the resolvent set 
of A with the restriction &(l,)) AO and AA. Writing 7 in place of A 
in w, it follows that —2,(l), for a fixed g, depends analytically on 1 
(in the sense that for a fixed element y of §, the scalar product (2,(1), y) 
is a regular analytic function of 7). Clearly, there exists a set of m ortho- 
normal elements x'(l),7°(1),- - - spanning and depending continuously 
on 1. Hence, if H; is the projection on Mt(1), then, for a fixed y, HL; y depends 
continuously on 7 on the resolvent set of any self-adjoint extension A of T 
(in particular, on the half-planes &(1) A0). Cf. [3], [6]. 


(8) Let Ai, As be self-adjoint extensions of T and let 1 belong to 
the resolvent set of both A,, As (for example, let &(1) AO) and let 
D=D(l) = (A, —U)1*— (A, — UU). Then D= = DE; 


In other words, to a complete orthonormal set 2*, 7?,- - - in Mt(1), there 
corresponds a set of elements hi, in Mt(l) such that 


In particular, if m <0, then D is completely continuous. 
(8) and the last remark are generalizations of the result of Weyl [14], 
p. 251, deduced from the Green kernel representations of (A,—JI)-*, 


— 


232 PHILIP HARTMAN. 


(A,—IU)+, when 2(1) A0; ef. [2], pp. 314-315 or [6], p. 782, for the 
corresponding case of a real 1. 

A modification of the proof of (8) shows that if (1) ~0 and V,, V, 
are the isometric mappings of Yt(J) onto Mt(l) associated with A,, As, 
respectively, then — 2& (1) Dy = — 


(ce) If 1 is real in (8), then D is bounded, self-adjoint and commutes 
with E,. Conversely, if 1 is real and in the resolvent set of A, and D is a 
bounded, self-adjoint operator which commutes with then (A, —U)*+ D 
is the inverse of a self-adjoint operator, say A,—-lU, where A, is an extension 
of T. 

If 7 is real and m —1, then D = cE), where c is an arbitrary real con- 


stant; for the ordinary differential operator case, see [6], p. 782. 


Proof of (8). Let y be any element of § and put (A;—Ul)"y¥ =a. 
Then z; is in D(A;—TU/), hence in D(T7*); so that y= (T*—U1)a;. On 
letting 7 = 1, 2 and subtracting these relations, it is seen that 


0 = —2,). 


In other words, Dy = 2.—2, is in Mt(l). Hence D— LD. 

In order to prove D = DEj, it is sufficient to verify that Dy = 0 when- 
ever y is orthogonal to M¢(7). If y is such an element and X(1) #0, then y 
is in the range, R(T of say y= It follows that 
(A; for 7 =1, 2, and, consequently, Dy—0. If is real, then 
y is in the closure of the linear manifold R(T —JUZ), and Dy =0 follows 
from continuity considerations. This proves (8). 


Proof of (e). If1is real, D is the difference of two bounded, self-adjoint 
operators; so that the first assertion of (e) is trivial, since 1 =/. 


Let J and D satisfy the assumptions of the last part of («). It can be 
supposed that J/=0. Define an operator A, by Az=T™*, where D(A:;) 
consists of those elements x representable in the form 7 = (A,-'+ D)y for 
some y in §. An element x has at most one such representation. In order 
to see this, note that x= (A,*+D)y and «= (A,?+ D)z imply that 
(2 Dy) — Dz) = A, (2—y) is in, D(A,). Since D=EF,D, 
A,D(z— y) =T*D(z— y) =0; so that D(z—y) =0 since A, is non- 


singular. Thus 0 =2—z == A,*(z—y) implies that z—y=—0. It is clear 
that D(A.) contains (7) and is contained in D(7*) ; so that the definition 
A,—=T* in D(Az) is meaningful. The range of A, is §; thus, if it is 


| 
| 
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shown that A. is symmetric, then (e) will be proved. To this end, let 
u=(A,1+ D)v, x=(Ar*+D)y be two elements of D(A). Then 
(Anu, x) = (v, (Ar*+ D)y) = (u,y) = (u, This proves (e). 

A slight generalization of (e) is given by 


(e’). Let B be a self-adjoint operator such that Br =0 implies x = 0. 
Let M be a (closed) m-dimensional manifold, 0 << mS, with the property 
that the equation Br = y has no solution whenever y~0 is in M. Let D be 
the set of elements x representable in the form x = Bz, where z is orthogonal 
to M, and let T be the operator, with domain D(T) —®, defined by Tx =z 
when x= Bz. Then T is a closed, symmetric operator with deficiency indices 
(m,m) and B* is a self-adjoint extension of T. D(T*) ts the set of 
elements of the form x +-y, where x is in R(B), say « = Bz, and y is in M; 
finally, T* (a + y) =z. 


The proof is straightforward and will be omitted. 


2. Alemma. If A is a self-adjoint operator, let 3(A) denote its 
spectrum, II(A) its point spectrum, 3’(A) its essential spectrum and I'(A) 
its continuous spectrum. By the essential spectrum of A is meant the set of 
finite cluster points of }(A), including the points in the point spectrum of 
infinite multiplicity. Thus 3(A) =I(A) + 3’(A), although and 
3’(A) need not be disjoint. By the continuous spectrum of A is meant 
the set of A for which the multipilicty of » in the continuous spectrum is at 
least 1; cf. [12], p. 267. Thus 3’(A) contains T(A). 

Let XY be a closed operator in Hilbert space § with a domain D(X), 
dense in §. It is not supposed that XY is symmetric. The object of this 
section is to point out the relationships between the spectra of the (non- 
negative) self-adjoint operators X*XY and XX*. Such relationships are of 
interest in view of Toeplitz’s remarks on the existence of “left ” and “ right ” 
inverses of X; cf. [16], pp. 138-139, and will have applications below. The 
results will be based on a theorem of Neumann [10], p. 307, which, in turn, 
is a generalization of the result of Wintner [17], p. 145 (ef. [15], p. 282), 
that if X is non-singular (and bounded), then X can be represented as a 
product of a positive-definite, self-adjoint operator and a unitary operator. 


Lemma. Let X be a closed operator with a domain D(X) which ts 
dense in §. Let E(A), F(A) be the resolutions of the identity belonging to 
X*X, XX*, respectively (where E(Xr), F(A) are continuous from the right). 
Then there exists a unique bounded operator W with the properties that 


(7) W*W =I—E(0) and WW* =I—F(0) 
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and that if OSASup, then 
(8) F(u)— F(A) = W{B(u) — B()}W* and 
E(u) — EQ) = W*{F(n) — 


These relations imply that if y= Wz (or if c= W*y) and OSA < yg, 
then — E(A)}z || = | — FA)}y ||. Hence, every 40 has the 
same multiplicity in the point spectra I(X*X) and Il(XX*) and every A 
has the same multiplicity in the continuous spectra T(X*X) and T(XX*). 
The exceptional standing of AO arises, of course, from the fact that 
although H(— 0) = F(—0) =0, the projections (0), F(0) need not be 0 
and, in fact, their ranges can be manifolds of different dimensionality. Thus 
A} =0 can be in one of the sets I1(X*X), M1(XX*) without being in the 
other or, more generally, the multiplicities of A 0 in the sets 1(X*X), 
1(XX*) can be different. Except for this possibility, the spectra (counting 
multiplicities) of X*X and XX* are identical. 

It is clear from the Lemma (without any appeal to the Hellinger theory 
[8] or its extensions) that X*X and XX* are unitarily equivalent if and only 
if the multiplicities of A=0 in I1(X*X) and M1(XX*) are equal. For if 
these multiplicities are equal, the definition of W (which is 9) on the range 
of #(0) can be altered so that W gives an isometric mapping of the range 
of £(0) onto the range of /(0). The altered W, say U, will be unitary 
and will satisfy YX* = U*X*XU. 

In this case (when the multiplicities of A= 0 in II(X*X) and 
are equal), the theorem of Wintner mentioned above has the extension that X 
is the product of a non-negative self-adjoint operator and of a unitary operator, 
in fact, X (XX*)§U — U*(X*X)3, 

The Lemma and its consequences were suggested to me by a discussion 
with Professor Wintner of the Appendix of [11], pp. 75-78. 


Proof of the Lemma. According to [10], p. 307, there exists a (unique) 
bounded operator W with the properties that it maps #t((X*X)#) isometrically 
onto R((XX*)3) and satisfies (7) and = W(X*X)t = (XYX*)4W*. Further- 
more, for every x in §, the element Wz is in the closed linear manifold 
spanned by R((XX*)3) and, hence, is orthogonal to the range of (0) (that 
is, to the elements satisfying (1 1*)*y = 0 or equivalently X¥*y —0). Thus 
F(0)W=0. From (7), it is clear that W*F(0) =0. These two relations, 
their analogues 7(0)W* = WE(0) =0 and the relations (7) make it clear 
that if G(A) is defined to be 0 or F(0) + WE(A)W* according as 4 < 0 
or A=0, then G(A) is a resolution of the identity. It follows from 
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XX* = WX*XW* that G(A) =F (A), that is, that F(A) is 0 or F(0) 
+ WE(A)W* according as’ <0 orA=0. This implies (8) end completes 
the proof of the Lemma. 


Remark. The theorem of Neumann, referred to above, has also the 
following consequences: For a given y, the existence of a solution @ or z for 


one of the equations 
and (X*X)e—y 


implies the existence of a solution z or x for the other equation. This follows 
from X* = (X*X)3W*. For if z is a solution for the first equation then 
z== W*zx is a solution for the second. If z is the solution of least norm 
of the second equation, so that (I—H#(0))z—z, then += Wz satisfies 
W*x = W*Wz—z, by (7), and is a solution of the first equation. In other 
words, R((X*X)2) =R(X*) (this contrasts with the relation D((X*.1)4) 
= 9(X); [10], p. 304). Thus X¥*z —y fails to have a solution for some 
y if and only if A 0 is in the spectrum 3((X*X)), that is, in 3(X*X). 


3. Essential spectra. As in Section 1, 7 will denote a closed, sym- 
metric operator with deficiency indices (m,m). Let the set of (real) A for 
which there is an x0 in § satisfying 


(9) (T =0, 


be called I1(7’). Correspondingly, let the set of real X for which there is 
an +0 satisfying (3) be called 11,(7*). Let 3,(7*) denote the set of 
real X to which there corresponds at least one element y in H with the 
property that 

(10) (T* 

has no solution 2. 

It can be remarked that Avy is in II(7’) if and only if A=0 is in 
1((7* —pl)(T—pl)), the point spectrum of the self-adjoint operator 
(T* — pl) (T—pl). Similarly, is in if and only if A=0 
is in I1((T — pl)(T* —pl)). In view of the Remark at the end of the last 
section, A= yp is in if and only if A —0 is in — pl)(T — pl)). 

Let 3,’ and 3%,’ denote the sets of yu-values for which AO is in 
— pl)(T — pl)) and 3’((T — pl)(T* — pl)), respectively. Since 
is contained in II,(7*), it follows from the Lemma of the last section that 
3’ is contained in 3’. Furthermore, if m <<, then 3,’ = 3%,’ by virtue of 
(8), since a necessary condition for a Ay in 3,’ to fail to belong to 3%,’ 
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is that A=; be in I1(7’) with a finite, and in 11,(7*) with an infinite 
multiplicity. 
In what follows, A,, A. and A represent self-adjoint extensions of A. 


(i) If0<m<o and if the interval » =A Sv contains m + 1 points 
of the spectrum of A, (where points of the point spectrum are counted with 
their multiplicities), then the same interval contains at least one pownt of 
the spectrum of A». In particular, 3’(A,) = 


The first part of this assertion is clear from (8). The last part is a 
consequence of the first part; in this assertion, “ finite cluster points ” in the 
definition of the essential spectrum %’(A) can be replaced by “finite and 
infinite cluster points.” (This last remark does not follow if one does not 
use the full force of (8), but only its consequence that D is completely con- 
tinuous.) Thus if A, is bounded (or unbounded) from above, so is As. 

The last part of the italicized assertion above is a generalization of a 
result of Weyl [14], p. 251, for differential operators. The generalization (1) 
to arbitrary symmetric operators of the type here considered is due to E. Heinz 
[7%]. Other separation theorems for the case m —1 are given in [4], [6]. 


(ii) A point Xp is in at least one 11(A) tf and only if it ws in 
II,(T*), that is, if and only if X=0 is in I(T —pl)(T* —pl)). A point 
A =p ts in every II(A) if and only if it is in 11(T), that is, if and only tf 
A= 0 is in T1((T* — pl)(T — pl)). 


The situation with respect to essential spectra is somewhat more com- 


plicated, when m = oo: 


(iii) Jf a point \=yp is in at least one 3'(A), then it is in %,’, that ts, 
A=0 is in —pl)(T* —pl)). If a point in that is, tf 
A=0 is in 3((T* —pl)(T —pl)), then it is in every 3/(A). 


When 0 < m <, then 3’(A) is independent of A and is identical with 
the set » — 


(iv) Every point Xp 1s in at least one %(A) and, for every p, the 
point X=0 is in 3((T —pl)(T* —pl)). If a point is in %(T*), 
that is, if is in 3((T* —pl)(T —pl)), then X= yp is in every %(A) ; 
conversely, when 0 < m if a point is in &(A) for every A, then 
1s on 3(T*). 


These assertions are known for certain ordinary differential operators, 
where m 1; Hartman and Wintner [5]. 
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Proof of (ii). Since T* is an extension of A, it is clear that I)(7*) 
contains I1(A). Conversely, if Ay is in II)(7*), then it is in some II(A) 
by the Corollary of («). This proves the first assertion of (11). 


Clearly, if Avy is in I(T), then it is in every I1(A). In order to 
see that if A= vy is not in I(T), then there is an A for which A — p is not 
in IT(A), let 2, 2?,- - - be a complete set of linearly independent elements 
in For some non-real 1, let + xi(l) + be the decom- 
position (1) of Suppose 21,2?,-- - have been selected so that 21(1), 
a?(1),: form an orthonormal sequence. Then, by (a), °° 
is also an orthonormal sequence. Consider an isometric mapping V, of M(/) 
onto for which = Then any isometric mapping V of 
onto Mt(7) can be represented as V —UV,, where U is a unitary 
mapping of Mt(7) onto M (1). Let U be chosen so that A—1 is not in its 
point spectrum. Then it readily follows that no element «~0 in Mt() is 
in D(A), where A is the self-adjoint extension of 7 corresponding to V. 


Thus A = p is not in II(A). 


Proof of (iii). The proof will depend on the following criterion of Weyl, 
[13]: For any self-adjoint operator B, A= 0 is in 3’(B) if and only if there 
exists a sequence 21, in such that || || —1, (weakly) 


and Br, > 0 (strongly), as 


It can be supposed that »—0. The second assertion of (iii) will be 
proved first. Suppose that A= 0 is in %,’, that is, in 3’(7*7'). Then there 
is a sequence 2, %2,° - - with the properties described above, where B = T*T. 
Since || z, ||==1 and 7*7z7,—-0 (strongly), as n—>o, it follows that 
(T*T rn, > 0 as that is, Tr,—>0 (strongly) as Since 
every A is an extension of 7, it follows that Av, 0 (strongly), as n 0. 
Thus A = 0 is in 3’(A) for every A. 

The proof of the first assertion of (iii) is proved similarly. Let »—0 
and let 21, %2,- - - have the properties described in Weyl’s criterion, where 
B=A for some A. Then 2,, which is in D(A), is in D(7*) and satisfies 
T*x, = Az,. Hence > 0 (strongly), which implies that (TT*)3r, > 0 
(strongly) ; cf. [10], p. 304. Thus A= 0 is in 3’((TT*)*) and, hence, in 
»’(TT*). Consequently, A= 0 is in as was to be proved. 


Proof of (iv). If A—wp is not in 3(A), for some A, then A—~p is in 
II,(7T*), by (y). Hence A =p is in II(A,) for some A,, by This proves 
the first part of the first assertion in (iv). 
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In order to prove the second part, note that if AO is not in 
— pl)(T* —pl)), then A=vyp is in for every A, by (y), and 
hence, is in 3’(A), by (ii). Consequently, (iii) implies that AO is in 
>’((T — pl)(T* — pl)); in others words, for every p, A= 0 is in 


— pl)(T* — pl) + —wl)(T* — = — —pl)). 


There remains to prove the second assertion of (iv), that concerning 
Xo(7T*). The last parts of (ii) and (iii) show that if AO is in 
— pl)(T — pl)), then is in for every A. When m <o, 
the converse is true, since m <o implies 3,’—%,’. Hence (iv) follows 
from the Remark at the end of the last section (if Y is identified with T — pl). 


4. Continuous spectra. For a self-adjoint operator A and a real 
number A, let p(A) = p(A, A) and c(A) = c(A, A) denote the multiplicities of 
d in the point and continuous spectra of A, respectively ; ef., e. g., [12], p. 267. 
(The continuous spectrum ['(A) is the set of A for which c(A) = 1.) 

Let T be a closed symmetric operator with deficiency indices (m,m), 


where 0< moo. For a real A, let 
(11) =min p(a, A); (12) (a) = min e(a, A), 
where the minimum is taken over all self-adjoint extensions A of T 
(0Sx(a) Sm, 0S y(a) Sa). 
(1) If A ts a self-adjoint extension of T, then 
(18) (14) Se(a,A) Sy(a) +m. 


Proof. The relation (13) is a consequence of (8) and its proof; in fact, 
a(A) is the number z occurring in that assertion. 
In order to prove (14), let A, be a self-adjoint extension of T such that 


(15) c(A, Ai) = y(A). 
It will be shown that, for every A, 


(16) c(A, A,) 2 c(A; A) —™m. 


It can be supposed that m <o and that c(A,A) 2m; for otherwise (16), 
which is equivalent to (14), is trivial. 

Let F(A), £i(A) denote the spectral resolutions of A, A,, respectively. 
Let y', y*,- - - denote (the possibly empty) set of eigenfunctions of A and 
let 9 denote the closed manifold spanned by them. Let 2,2%.,--- be a 
sequence of elements with the properties that the sets H(A)a,, where 
—o<A<o and k =1,2,- - - span the closed linear manifold orthogonal to 
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MN, that = 0 for —o<rA<o that o,(A) || E(A)zx ||? 
is absolutely continuous with respect to ox,1(A). Then ¢(d, A) is the number 
of (continuous) functions o1,02,: - + which are not constant on any open 
interval containing A. 

Let 9t(a) denote the closed linear manifold spanned by the elements 
where ocArA<o. If are m given elements 
orthogonal to Yt, then it can be supposed that the manifold spanned by 
M(21),°° +, M (am) contains - -,Mt(ym); cf. [12], pp. 247-262. 

Let and let x1, - -,2™ be m linearly independent elements 
in Let the elements y;, y2,- *,;Ym of the last paragraph be chosen 


to be the respective components of z',- - -,2” in the manifold orthogonal 
to 

If k > m, then H(A)a, for every A is orthogonal to z1,- - -,2™; hence, 
the same is true of (A —JUI)-"2, for n=0,1,---. By (8), it follows that 
(A, = (A—U)"2, for n=0,1,- - and so, = E(A) 
for —wo<A<o and k>m. It follows from a standard procedure for 
determining c(A, A), that (16) and, therefore, (14) holds; ef. [12], pp. 247- 
262. 


Remark. Let (A) = max p(A, A) and yo(A) = max c(A, A), where the 
maxima are taken over all self-adjoint extensions A of JT. Then z(A) and 
m(A) are, respectively, the dimensions of the manifolds determined by (7) 
and (3) ; that is, the multiplicities of A in I(T) and 11(7*). For any integer 
k satisfying 7(A) S k S m(A), there is an A = A(k, A) such that p(A, A) =k; 
cf. and 

There naturally arises the question of the determination of y(A) and 
yo(A), say in terms of T and 7*, and whether there exists an A = A(k) such 
that c(A, A) =k when y(A) Sk Syo(A). The answers to these questions 
would, in turn, answer the question raised by Weyl [14], pp. 251-252, in 
connection with his differential operators, as to whether or not the continuous 
spectrum I'(A) is independent of the boundary condition determining the 
self-adjoint extension A. They would also answer the somewhat more general 
question raised by Wintner as to the dependency of the continuous spectra 
T'(A +7) on +, where A is an arbitrary self-adjoint operator, EH is a 
1-dimensional projection and + is a real number. 

In this regard, (ii)-(vi) suggest that if m <oo, then A—vp is in every 
I(A) if and only if A= 0 is in P((7* — pl)(T — pT)) and that y(A) = yo(A). 
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ON THE INFINITESIMAL GEOMETRY OF CURVES.* 


By AvuREL WINTNER. 


1. Let T be an arc of class C” in the X-space, where X = (2, y, 2), 
that is, let T be a rectifiable Jordan arc having the property that the second 
derivative X” of X = X(s), where s is the arc length (| X’ | —1), exists 
and is continuous. In particular, x =| X” | defines a continuous non-negative 
function x(s), the curvature on T. Suppose that X” ~0 on T; so that 


(1) k= |X" | >0, 
and so Frenet’s mutually perpendicular unit vectors 
(2) = KX”, U;= 


(where the bracket refers to vector multiplication, hence det(U,, U2, U3) is 
+1) exist and represent continuous functions U;,(s) of s (in addition, U;(s) 
is of class C’). But Frenet’s differential equations for (2) do not exist under 
the present assumption, since no torsion can be defined for an arbitrary T 
of class C” satisfying (1). 

The classical theory therefore assumes that T is of class C’” (i.e., that 
there exists a continuous third derivative X’’(s)). Then the torsion can 
be defined as det (X’, X”, X’”)/| X” |? and is a continuous function, whereas 
the curvature |X” | >0 (instead of being just continuous as above) is a 
function of class C’. But the restriction of the theory of torsion to curves [ 
of class C’” has disagreeable consequences in the theory of surfaces, for 


instance, if [ is an asymptotic line or a geodesic, since, as pointed out in [2], 
p. 772 and [4], p. 608, respectively, the surface must then be required to be 
unnaturally smooth before the classical facts concerning these two types of 
curves on a surface can be formulated at all. In addition, one would surely 
like to (but, on the classical basis, cannot) say that a plane curve T has a 
torsion (= 0) even if I is of class C” only. 

For these reasons, the following definition was introduced in [2], p. 771 
(and will always be used in what follows): A curve I, of class C” and of 
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non-vanishing curvature (1), is said to have a continuous torsion r= 7(s) 
if the vector functions (2) of s are such that 
(3) 7 = lim det(U,, U2, AU;/As) 

As—0 
where U;,—U;(s) and AU,=U,(s + As) —U,(s), exists and is a con- 
tinuous function of s. The results of [2], pp. 773-774, imply that this will 
be the case if and only if 
(3 bis) lim AU2/As 


As-0 


exists and is continuous, that is, if and only if U; = [U;, U2] is a function 
of class C’. This means that (3) can be simplified to 


(4) r= det(U,, U2, U,’). 


It may be mentioned that the above definition of torsion is the more 
natural from the geometrical point of view as it is the precise analogue of 
the definition of the Gaussian curvature, at non-parabolic points, of a surface 
of class C’” in terms of oriented spherical images. In fact, if a curve of 
class C’” has a non-vanishing curvature (and the latter itself is defined in 
terms of spherical images, those belonging to the tangent vector U,), then 
(2) defines three continuous unit vectors. If the third of them, the binormal, 
is a function of class C’ and s is not a stationary point, so that U,’(s) 0, 
then, near that point, N =U;(s) is a Jordan arc of class C’ on the unit 
sphere | V | 1, and the ratio of the oriented are lengths of the portions 
(s,s + As) of this curve and of the given curve, being equal to 
s+As 
| at/| a8), 

tends to r(s) as As—>0. But nothing in this geometrical definition requires 
the usual assumption of a third derivative for X(s). 


2. We did not emphasize in [2] the following explicit criterion: A 
curve of class C” and of non-vanishing curvature possesses a continuous 
torsion if and only if all three unit vectors U;=U;(s) are functions of 
class C’. In fact, U; is of class C’ whenever T is of class C”, and so the C’- 
character of U; follows from that of U., since Us; = [U,, U2], by (2). 

Note that, in contrast to the situation in the C’’-theory, the curvature 
(i) and the torsion (4) are now of equal smoothness, namely, just continuous. 
As shown in [2], p. 772, the two continuous scalar functions x > 0, 7 and 
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the three continuously differentiable vector functions U; satisfy Frenet’s 
equations 
(5) U,’ = «U2, U,’ = — «U, + U,’ = 


and, conversely, the assignment of any pair of continuous functions « > 0, 
7 of s determines, via (5), a unique curve T: X(s) of class C” satisfying 
(1), (2) and (4) (the uniqueness of this [=I (x,7) is meant modulo the 
group of movements in the Euclidean X-space). 

It was shown in [2] and [4], respectively, that this definition of a 
continuous torsion eliminates the above-mentioned objections to the classical 
theory of asymptotic curves and of geodesics. Furthermore, since U3(s) 
= const. in case of a plane curve of class C” satisfying (2), it is clear from 
(4) that every such curve has the torsion 7(s) =0 (the converse, too, is 
true; it follows from the existence and uniqueness theorems, mentioned after 
(5) above). 

In terms of the approximate expansion of T near a point s of I, the 
replacement of the classical C’”’-assumption by the more inclusive C’-class of 
continuous torsion can be characterized as follows: With reference to a fixed 
s, let the coordinate system X = (a, y,z) be so chosen that X(s) = (0, 0, 0) 
and that the coordinate axes z,y,z are those determined: by the respective 
unit vectors U,(s), U2(s), Us(s). Then, under the assumption that T is of 
class C’” and of non-vanishing curvature, the approximate expressions of the 
three components of V(s-+h) —X(s) =X(s-+h) are known to be 


(5 bis) h—h?/6, /6, 


respectively, with error terms all three of which are o(|h |*) as h—>0 (the 
values of the functions x, 7 and of the continuous derivative x’ refer here to 
the point s). If the more inclusive case of Section 1 is considered, that is 
if T is a curve of class C” having a non-vanishing curvature and a continuous 
torsion, then, while the approximation (5bis), with three o(| h |*)-terms, 
need not hold, it holds in the curtatled form 


(5*) h— + 0(|h|*), + 0(h?),  rxh?/6 + 0(| h 
These asymptotic formulae, which can readily be deduced from (5), (2) and 


(1), suffice for the characterization of the values of x = x«(s) 40 and r = 7(s). 


3. The precise nature of the classical C’’-assumption will now be 
analyzed explicitly, by proving the following criterion: In order that a curve 
l of class C” satisfying (1) be of class C’’, the following pair of independent 
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assumptions is necessary and sufficient: (i) T has a continuous torsion 
t= 71(s) and (ii) the curvature x =«(s) of T is of class C’. 

The necessity of both (i) and (ii) is the statement of the classical 
theory. The insufficiency of (i) alone is shown by the example of plane 
curves I which are of class C” but not of class C’’. The insufficiency of 
(ii) alone can be concluded from the following example: On the closed 
interval 0=s<1, let x(s) be a positive function possessing a continuous 
first derivative (e. g., x(s) ==1), and let r(s) be a function which is bounded 
for 0= s=1, continuous for 0 < s=1 but discontinuous at s = 0 (such as 
7(s) =sin 1/s, where s 40, and, for instance, r(0) = 0). With reference to 
this pair, the linear differential equations (5) define on the intervalO << sS1 
a curve X = X(s) of class C” satisfying (1), (2) and (4), where U; =X’. 
Moreover, if (5;) denotes the k-th of the three equations (5), application of 
two quadratures to (5,) on the interval es = 1, when followed by the 
limit process «> 0, shows that the limit X¥(-+ 0) exists and, if it is declared 
to be X(0), then X(s) is of class C” on the closed interval 0s =1; and 
that (5,), where U,; = X’ and U, = «"*X”, holds at s = 0 also. In particular, 
U, is of class C’, and U, is continuous, for O0=s=1. But this curve 
Tr: X(s) cannot be of class C’” on 0Ss=1. For if it were, it ought to 
possess a continuous torsion at s=0 also. In particular, (5;) would hold 


at s=0 with a continuous U;’. Since (53) implies that r= — U,-U,’, 
this leads to the existence of the limit +(+ 0), which contradicts the 
assumption. 


This proves that (ii) alone is insufficient, and so it only remains to be 
shown that (ii) and (i) together are sufficient, in order that T be of class 
C’”, But this can be seen as follows: As pointed out above, (i) means that 
all three functions U;, of s are of class C’. In particular, U. is of class C’. 
It follows therefore from (5,) and (ii) that U,’ is of class C’. Since U,’ = X”, 
this proves that X is of class C’”. 


4. Let T: XY =—X(s) be an arc of class C’”’ satisfying both (1) and 
(6) 


Then a classical result (cf. [1], pp. 28-40) states that, corresponding to 
every point s of I, there exist an unique “osculating sphere,” that is, one 
and only one sphere having the property that the distance between the point 
X(s + As) of I and that sphere is 0(| As |*) as As-—>0. The vector, say Y, 
representing the center of this sphere is known to be 


(7) 
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(cf. ibid.). Clearly, Y = Y(s) is a continuous function. Let T) be the set 
of points described by ¥ = Y(s) when s ranges over T. In what follows, 
it will be tacitly assumed that the locus 'y) = T)(I) is referred to a sufficiently 
short T. Although Y(s) is a continuous function, [9: Y = Y(s) need not 
be a Jordan are (for instance, I, is a single point when I is a circular arc). 

In order to obtain an explicit condition preventing this contingency, 
suppose that T is of class C*. Then x(s) will have a continuous second, and 
7(s) a continuous first, and so the function (7) a continuous first, derivative. 
In order to obtain the latter, note that the derivative of the first term of (7) 
is \’ = U,, and the derivatives of the factors U2, Us; occurring in the second 
and third terms of (7) are given by (5.) and (53). After trivial reductions, 
this supplies for the derivative Y’ = Y’(s) of Y = Y(s) the representation 


(8) Y’ 
if the scalar o denotes the difference 
(9) o = — 


which, \(s) being a function of class C* satisfying (1) and (6), is a con- 
tinuous function o = o(s). 
If T: X = X(s) satisfies the additional condition 


(10) o ~ 0 


at a point s (hence near that point), then (8) shows that Y’ 0, which 
assures thai Ty: Y = Y(s) is a Jordan are and, what is more, that Ty is an 
are possessing a continuous tangent (in fact, Y’ is a continuous function of s). 

A Jordan are T: X =X(s) will be called a curve of class C" free of 
spherical points + if the function X(s) has a continuous n-th derivative and 
satisfies (10) for every s. This implies that n= 4 and that neither the 
curvature « nor the torsion r vanishes on I, since otherwise the function (9) 


cannot even be defined. 


*In order to arrive at an interpretation of assumption (10), or rather of its 
violation, ¢(s) = 0, at a single point s, it is sufficient to observe that o(s) =0, the 
identical vanishing of the function o(s), is characteristic of those curves T of class C* 
satisfying (1) and (6) which are situated on a fixed sphere (cf. [1], p. 41). A point 
s of TI can therefore be called a “spherical” or a “non-spherical” point according as 
it violates or satisfies condition (10). The situation becomes clear if, corresponding 
to this terminology, a point s of T is called a “planar” or a “non-planar” point 
according as it violates or satisfies condition (6) (where only (1) and the C’”’-character 


of I’ need be assumed). 
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5. If the torsion of a curve is defined in the classical manner (that is 
to say so as to assume the C’’-character of the curve), then, in order to be 
able to speak of the torsion of the curve IT, the curve [ is restricted to be 
of class C*, since 3 degrees of differentiability appear to be sacrificed in the 
passage from X(s) to Y(s); ef. (7). But it turns out that, on the one hand, 
this appearance is misleading, since n = 6 can be reduced to n = 4, and that, 
on the other hand, definition (4) of the torsion allows a reduction by 
one more degree of differentiability. In other words, the restriction to the 
class C*, which is a tacit assumption of Monge’s theory (cf. [1], pp. 42-43), 
can actually be reduced to the class C* which, by the end of Section 4, 
represents the optimum in this context (at least if o—o(s), the “ measure 
of non-spherical character,” is defined by the explicit formula (9)). In fact, 
it will be proved that if a curve T of class C* ts free of spherical points, then 
Ty, the locus of the centers of the osculating spheres of T, 1s a curve of class 
C” possessing a non-vanishing continuous curvature and a non-vanishing con- 
tinuous torsion. If the latter are denoted by xo and 79, respectively, their 
explicit representations in terms of curvature and the torsion of I itself 
prove to be, as in the classical case (cf. [1], pp. 42-43), 


(11) ko |, (12) T =k/o. 

6. The first assertion of the italicized theorem, namely, the C’’-character 
of I, can be proved as follows: In view of (10), the quadrature assigned by 
(13) ds) = ods, 
where ¢ =o(s) is continuous, establishes between the are length s on T and 
the parameter s) a one-to-one correspondence in such a way that the function 
So = So(s) and its inverse s have continuous first derivatives (+ 0) 


with respect to s and so, respectively. It is also seen from (13) and (10) 
that, generally, 


(14) F’ =oF*, where o~0 and dF /dsp, F’ = dF /ds. 
Hence, (8) can be written in the form 


(15) Us. 


In view of | U; | = 1, this implies that] Y‘| —1, which means that s, is the 
are length on Ty. It also follows from (15) that, in order to prove that 
Y = Y(so) is of class C”, it is sufficient to ascertain that U; is of class C’ 
as a function of s). But this is obvious, since U; = U3(s) and s =s(s9) 
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are functions of class C’ of s and s , respectively. This proves that Ty is an 


are of class C””’. 
Since (15) and (14) imply that YS —o"U,’, it follows from (53) that 


(16) Y“ =—o"tH,, 


hence | Y” | —|7/o|. This proves (11). But (11) implies, by (6), that 
ko #0. Consequently, there belongs to Ty: Y —Y(s.) three unit vectors, 
say V;—= V;(So), in the same way as the three unit vectors (2) belong to 
r: X =X(s); so that 


(17) Vi=Vy Vs=([Vi, Ve]. 
But (16) and (11) show that Y“ = + «.U2, where 
(18) + =sgn(—1/c). 


If this and (15), respectively, are substituted into the second and the first 
of the relations (17), it follows that 


(19) V,= Us, Vom U2, —Vz,—=+0,, 


since the matrices || U:, U2, U2 ||, || Vi, V2, Vs || are orthogonal and of deter- 
minant + 1. 

Since every U; is of class C’ (as a matter of fact, of class C*-? = C”) 
as a function of s, and since s<s(s)) is a function of class C’ in Sp, it 
follows from (19) that all three functions V; = V;(s)) have continuous first 
derivatives V;.. In view of the criterion italicized at the beginning of 
Section 2, this proves that Ty has a continuous torsion to = 70(So). 

Accordingly, only the explicit formula (12) remains to be proved. To 
this end, it is sufficient to apply (4) to the present case. In fact, this gives 
= det (Vi, Vo, Vo‘), hence ro = det(Us, Us, U2‘), where by 
(14). It follows therefore from (5.) that r> = det(U3, U2,—o%«U,). In 
view of (4), this proves (12). 


7. In view of the comment at the end of Section 4, it is worth pointing 
out that in the case 


(20) =k, where k = const. > 0, 


a case specifically discussed by Monge (cf. [1], pp. 43-44), the C*-assumption 
of the last italicized theorem case be reduced to a C*%-assumption, and even to 
a C?-assumption with a continuous torsion: Ty is of class C” possessing a con- 
tinuous curvature and a continuous non-vanishing torsion whenever T is of 
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class C” and possesses a constant curvature and a continuous non-vanishing 
torsion. In addition,.(19) holds again, and the curvature xp =x (s) and 
the torsion 7) = 7to(s) of Ty are given, in terms of the curvature (20) and the 
torsion 7 —7(s) of IT, by 
(21) ko(s) =k, (22 =k?/r(s). 

The assumption (20) reduces the definition (9) to 
(23) o =1/k, 
which in turn reduces (11)-(12) to (21)-(22). But this formal conclusion 
is not legitimate, since (23) depends on (9), and therefore on the C'*-assump- 
tion of Section 5-6. But if the continuous function o—o(s) is defined by 


(23) under the assumption (20), then the last italicized statement follows 
by a straightforward repetition of the proof given in Section 6. 


8. Let T: X —X(s) be an are of class C” satisfying (1). Then 
there is at every point s of T an unique osculating circle. The latter has 
the radius 1/x(s), and its center, say Z = Z(s), is situated on the positively 
oriented principal normal U, = U2(s) ; so that 


(24) 


Let I'* denote the locus of all points (24) when s varies on I. It will be 
assumed that IT is sufficiently short. 

If T is of class C’”’, then x’ exists and is continuous (cf. Section 3) and 
the vertices of T (if any) are defined as the points s at which x becomes 
stationary, x’ 0. Let it be assumed that either 


(25) 0 
or (6) holds, i. e., that + and x’ do not vanish simultaneously. Then Z’ ~0 


holds at every point of T. In fact, if (24) is differentiated and \’ and U,’ 
are then substituted from (2) and (5.), it follows that 


(26) Z’ = — rx U3. 


Suppose in particular that T is a plane curve. Then (6) is violated 
identically and (26) reduces to 


(27) = — 


Since (2,) and (1) show that the representation (24) of the evolute I* 
of T is 
(28) re: Z=X+ |X” 


x”, 
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two degrees of differentiability appear to be lost in the passage from I to I*; 
so that I seems to be of class C’ only, if I is just of class C’”. But it turns 
out that one of the two degrees of differentiability is not lost under the 
present assumptions, i.e., that the situation is as follows: If a plane curve T 
of class O’” has a non-vanishing curvature and is free of vertices, then tts 
evolute I* is a curve of class C’. In particular, [* has a continuous curvature 
x* = x*(s). The latter does not vanish, since its explicit representation proves 
to be the same as under the standard assumptions, namely, x* = | x’ |/x. 

All of this can be proved by adapting to (27) the procedures applied in 
Section 6. The proof will be omitted for this reason and also because the 
last italicized statement will follow in Sections 10-12 as a corollary of a more 
general theorem. 

The cusps of the evolute of an ellipse show that the curve [* need not be 
of class C’ (and still less, as claimed by the assertion, of class C’”) if the 
restriction (25) is omitted (if the ellipse is a circle, x’ =0, then I* is not 
even a curve). 

Actually, an easy calculation shows that if (25) is omitted from the 
assumptions of the last italicized theorem, and if P* is the point of I* 
corresponding to a point P of T, then I must have a cusp at P* if x’ 
changes sign at P and does not vanish at points of [ close enough to, but 
distinct from, P. 

It should be noted that, in the last italicized statement, restriction of T 
to plane curves is essential, i.e., that the curve T*: Z=Z(s), defined by 
(24), need not be of class C” if T: X = X(s) is a twisted curve of class C’” 
which has a non-vanishing curvature and is free of vertices. It is understood 
that a vertex can be defined as a point s of I at which the derivative Z’(s) 
of (24) vanishes, which, in view of (26), requires that neither of the con- 
ditions (6), (25) be satisfied. Actually, a counterexample can be chosen so as 
to satisfy both (6) and (25). 


9. Let S: X =X (u,v) be a surface of class C’”. Then the Gaussian 
and mean curvatures are functions, K—K(u,v) and H=H(u,v), of 
class C’ satisfying the inequality H* = K. Let S be free of umbilical points, 
that is, let 
(29) > &. 


Then the principal curvatures k,, k2, being the roots of the quadratic equation 
k? —2Hk + K =0, are distinct and of class C’. Hence, at least one of 
these curvatures does not vanish (if (u,v) is confined to a sufficiently small 


~ 
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vicinity of any fixed (u°,v°)). The corresponding principal radius of 
curvature p= 1/k is a function p(u,v) of class C’. 

The lines of curvature on § are defined, after a suitable rotation of the 
(u, v)-plane, by two differential equations of the form 


(30) dv/du =f (u,v), 


where f is of class C’, and consist of two transversal families, each of class C’ 
and each covering S in a schlicht manner, if S§ is sufficiently small. By virtue 


of the equation of Rodrigues, 
(31) kdX + dN =0, 


there belongs to each principal curvature k one of these two families of curves, 
in the sense that (31) will hold along the curves of the family if sgn H, hence 
sgn k, and the orientation of the unit normal N = N(u, v) are suitably chosen. 
If k ~0 and p=—1/k, then (31) can be written as 


(32) dX + pdN =0. 


While (32) is valid for at least one family of lines of curvature, that belonging 
to a non-vanishing principal curvature, it might not be possible to write the 
equation (31) corresponding to the other principal curvature in the form (32), 
since the vanishing (or even the identical vanishing) of the latter curvature 
is allowed, that is, the Gaussian curvature K —k,kz can satisfy K(u, v) = 0 
(or even K(u,v) =0). 

It will be assumed that sgn p(s40) and the orientation of N have been 
chosen so that (32) holds; in particular, the orientation of pN is uniquely 
determined. The vector Y —Y(u,v) defined by 


(33) Y(u,v) =X(u,v) + p(u, v)N(u, v) 


is of class C’. The locus 7: Y = Y (u,v) need not be a surface of class C’, 


since the condition 
(34) [Y., Y,] #0 


can be violated. However, it will be shown that if this condition is not 
violated, that is, if (33) is a C’-parametrization of a surface T, then T must 
be a surface of class C’’. This does not mean, of course, that the function (33) 
is of class C’’, but merely that the surface 7, which is one of the two classical 
evolutes of the surface S (the evolute belonging to that root p = p(u, v) of the 
quadratic [possibly linear] equation Kp? —2Hp + 1 = 0 which occurs in the 
definition (33) of T) admits of some parametrization, say T: Y = Y (u*; v*), 


in which it becomes of class C”. 


ay 


| 
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Although (33) is a function of class C’, the evolute 7 represented by it 
need not be a surface of class C’, even if distinct points (u,v) correspond 
to distinct points Y(u,v). This is shown by the example of a cylinder 
having an elliptical (not a circular) cross-section; cf. Section 10 below. 

In order to assure that 7 is a surface of class C’, it is sufficient to 
assume (29) and 


(35) py 9, 


where py = 0p/dv denotes the derivative of p—p(u,v) in the direction of 
that line of curvature, passing through the point (u,v) of S, which is in the 
family of lines of curvature belonging to p by virtue of the normalization (32). 
In fact, (34) holds if and only if (29) and (35) hold (cf. [1], pp. 417-418). 
Accordingly, the last italicized statement is equivalent to the case n= 3 of 


the following theorem: 


On a surface S: X =X (u,v) of class C", where n= 3, let (29) hold 
and let p= p(u,v) be a (finite) radius of principal curvature satisfying (35). 
Then the corresponding evolute T: Y = Y (u,v), defined by (35), 1s a surface 
of class C"* (locally). 

This theorem is an analogue of theorem (iii) in [5], p. 368. The 


latter theorem replaces the evolute surface (33) by a parallel surface 


Z=Z(u,v) =Z(u, 


(33*) Z—=X(u,v) +rN(u,v), where r—const. 2 0, 


and claims that, except when the constant r satisfies the quadratic (possibly 
linear) equation K (u, v)r? —2H(u, v)r+ 10 at some point (u,v) of the 
(small) surface S, the parallel surface P,.: Z=Z(u,v;r) is “smoother ” 
than is indicated by the defining equation (33*). Curiously enough, the 
restriction placed on the value of the constant r, a restriction rendering P, 
a surface of class C’ (and playing, therefore, the same réle as do the inequali- 
ties (29) and (35) above), is precisely p(u, v) ~ Tr, where p(u, v) is a (finite) 


principal curvature, as in (33). 


10. The content and the nature of the assertions of the last theorem 
can well be illustrated by the following corollary of it: 


In an X-plane, where X = (x,y), let 8S: X =X (s) be an arc of class 
C", where s is arc length and n= 3, and suppose that the curvature x =| X” | 
(=| N’|, where N denotes (—y’,2’), the normal vector) does not vanish 


and does not become stationary; that 1s, 
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(29 bis) k(s) >0 

and 

(35 bis) (s) €0. 

Then the evolute T: Y =Y(s), defined by 

(33 bis) Y(s) =X(s) + p(s)N(s), where p=—1/k, 


is a curve of class C"* (locally), even though the function Y(s) is of class 
C"-* only (unless X(s) is of class C"**). 


In fact, if V denotes the unit vector (0,0,1) and if the plane vector 
X = (z,y) is thought of as the vector (z,y,0), then X(s,¢) =A (s) + 
is a cylinder of class C”. Condition (29 bis) assures that (29) holds on this 
surface; in fact, the principal curvatures k,, k. on this cylinder are k =x > 0 
and k,==0. The family of lines curvature belonging to p=1/k, =1/k 
are the curves t—const., that is, ¥ —X(s) and its congruent images 
X=X(s) +tV. Hence, condition (35) is equivalent to (35bis). The 
evolute (33) belonging to the principal radius of curvature p—1/« is the 
cylinder having the evolute (33 bis) as it cross-section; that is, the cylinder 


T: ¥(s,t) =Y(s) +tV =X(s) + (s)N(s) +#V. 


11. In the following proof of the theorem italicized in Section 9, it 
will be assumed that n= 3. The proof will be such as to make clear its 
validity for n > 3 also. 

Since S: X¥ =X(u,v) is of class C’’ and (29) holds, a sufficiently 
small neighborhood of a point (u°,v°) can be transformed by a mapping 
(u,v) > (a,8) of class C’ and of non-vanishing Jacobian in such a way 
that the two families of the lines of curvature on S become represented by 
a=const. and 8 =Const.; cf. the above remarks concerning (30). Let 
X = Y(a;f) denote the function which results if the functions u = u(a, 8), 
v= 8) of class C’ are substituted into the function XY(u,v) (of class 
O’’). Thus X = X(a;8) is a C’-parametrization of the surface 8 (of class 
OC”), with the lines of curvature of S as parameter lines. Note that (as 
shown in [3], pp. 168-172) such a parametrization cannot, in general, be of 
class C’”; probably, it need not be even of class C”. 

The normal N(a; 8) = [Xa, Xg]/|[Xa,Xg]|, which apparently is just 
continuous, is actually of class C’ (as a function of (a,8)). For, on the one 
hand, N(a; 8) =+ N(u, v) by virtue of u— u(a, B), v= v(a, B), while, on 
the other hand, V(u, v) is a function of class C’ (as a matter of fact, C’”’) as a 
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function of (u,v), and u=u(a,B), v=v(a,B) are functions of class C’. 


The principal curvatures k,(a; 8), k2(a; 8) and the principal radius of curva- 
ture p(a;f) are defined by invariance (for example, p(a; 8) == p(u, v)) 
and are therefore of class C’. The orientation of pN is chosen so as to 
satisfy (32). 

Although the (non-vanishing) perpendicular vectors X,, Xg might only 


be continuous functions, the corresponding unit vectors Xq/| Xq|, Xg/| Xg 
are of class C’ as functions of (a,8). In order to see this, note that 
Xa =Xiylla + Xvyva. If (30) is the differential equation defining the lines 
of curvature 8 = const., then wag 0, and Xq is parallel to the non-vanishing 
vector + Xy(Va/Ua) = Xof(u,v). The latter is of class as a 
function of (u,v), and so the same is true of it as a function of (a, #). 
Consequently, ¥,/| Xq| (and similarly Xg/| Xg|) is of class C’. 

Let a, B, X(a;8), N(a;8) be renamed u, v, X(u,v), N(u,v), 
respectively. Then X = X(u,v) is just a C’-parametrization of the surface S 
of class C’’, but N(u,v) is of class C’, and w= const., v = Const. are the 
two families of lines of curvature. Let the notation be so chosen that 
v = Const. is the family which, in the sense specified after (32), belongs to 
the root p= p(u,v) occurring in (33). Then (32) shows that the differ- 
ential equation defining the lines of curvature v = Const. is 


(36) Xy + = 0, 
where, according to (35), 
(37) pu ~ 0. 


It also follows from (31) that, if kj —k,(u,v) and k,—k.(u,v) are the 
principal radii of curvature on S, and if the notation is so chosen that 
p=1/k, in (36), then the equation (31) of the family wu = const. is 


Finally, as verified above, 


(39) X,,/| Xy| is of class 0”. 


12. Since all three functions X, N, p of (u,v) are of class C’, the same 
is true of the function (33). But differentiation of (33) shows that 


(40) Fe = puNV and Fe = (1 pkz)Xy 


by virtue of (36) and (38), respectively. Hence it is easy to see that (34) 
holds. 
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In fact, the vector product of the derivatives (40) is 
(41) [Y., = pu (1 — pkz)[N, 


The vector [N, X,] does not vanish; in fact, since wu = const. and v = Const. 
are lines of curvature, the non-vanishing vectors X,, X,, N are mutually 


perpendicular. Hence, 
(42) [N,X,] is parallel to X,/| X, |. 


The factor 1— pk. in (41) is not 0, since the principal curvatures k, = 1/p, 
k. are distinct. Hence (34) follows from (41) and (37%) and, since (41) 
and (42) imply that 


T is a surface of class C’. 

In addition, (39) shows that 7 is a surface possessing a C’-parametrization 
Y = Y(u,v) in which the unit normal (43) is of class C’.. Hence, in order 
to conclude that, as claimed by the italicized theorem of Section 9, the 
surface 7 is of class C’’, it is sufficient to apply the argument used at the 


end of Section 14 in [3], p. 163. 


13. After the preceding generalization of the italicized statement of 
Section 8, a question complementary to that treated in Sections 4-6 will 
now be considered. In fact, whereas (10) was there assumed for X = X(s) 
at every s, the identical violation of (10) will now be dealt with. 

Assumption (10) for the function « =o(s) defined by (9) is the natural 
condition for the non-degeneracy of the locus of the osculating spheres of a 
curve T: ¥ —X(s) and, correspondingly, the identical violation of (10) 
is the classical condition for a spherical T, that is, for a I satisfying 
| X(s)| —const.; cf. the footnote in Section 4. But this classical charac- 
terization of a T situated on a sphere (that is, the differential equation 


(44) (x-*x’A)’A = 1, where A—x«/r, 


which, in view of (9), is equivalent to c==0) assumes, on the one hand, 
that « and + are of class C” and (’, respectively, implying for T an unnaturally 
strong C*-restriction, and excludes, on the other hand, the cases of clustering 
or isolated zeros of the torsion (not to mention the case r= 0 of a great 
circle T on the sphere | X | —const.) ; needless to say, 7(s) 0 can have 
clustering zeros even if I is of class C*. In what follows, there will be derived 
a criterion which, though entirely explicit, is free of the artificial restrictions 


assumed in the classical criterion (44). 


SU 
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In order to simplify the formulae, suppose first that the radius of the 
sphere containing T: X = X(s) is normalized to be 1, 


(45) 1. 


If T is of class C’” (so that 7 need not even exist), two differentiations 
of (45) give 
(46) X-U,=0, X-U,=—1/. 


In fact, (2) is applicable under the C’’-assumption alone, if the inequality 
(1) is satisfied. But it is, since the second derivative of (45) is X’ + X -X” 
= 0 which, in view of | X’ | 1, prevents the vanishing of X”. Actually, 
since X and U, are unit vectors, it follows from (46,) that the inequality 


(1) can be improved to 


(47) k= 1, 

where the sign of equality holds if and only if X-U,——141 (which means 
that 

(48) x(s°) =1 if and only if X(s°) = — U,(s°) 


at some s=—s°). 
On the other hand, since X is a linear combination of the three vectors 
(2), it follows from (46,) that there exist two (continuous) scalar functions 


a—=a(s), B=£(s) satisfying 

(49.) being a consequence of (49,) and (45) (since | U;| = 1 and U.-U; = 0). 
The coefficients of (49,) are given by 

(50) a =—1/k, + B= (1—x«”?)4; ef. (47). 


In fact, (49,) and (46,) imply (50,), whence (50,) follows by (492). The 
alternative sign in (502) remains undecided and can, by continuity, change 


only at points s = s° at which 
(51) B(s°) =0, ie, x«(s°) =1 or X(s°) =— U2(s8°) ; 


cf. (502) and (48). 


14. Needless to say, (49) and (50) are not only necessary but sufficient 
as well for a T of class C” satisfying (45). It will now be assumed that 
such a I satisfies the additional assumption of possessing a continuous torsion 
7 ==7(s) in the sense of Section 1. Under this assumption, it will be shown 
that 
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(1) TI must be of class C’” (i. e., x’ exists and is continuous) ; 
(II) «’=0 at all those points at which «=1; 


(III) x” exists (and is non-negative) at all those points at which «= 1; 


(IV) the absolute value of r=7(s) can be calculated from x =«(s) ; 
in fact, 
(52) + =x’ / (xt — if > 1, 
(53) if ef. (IIT). 


First, since T is supposed to have a continuous torsion, the functions U; 
of s are of class C’ (Section 2). Hence, scalar multiplication of (49,) by 
U., Us; proves the C’-character of a, 8, respectively. It follows therefore 
from (50,) that «x is a function of class C’, and from (50.2), that the same 
is true of +(x?—1)4 when the choice of the alternative sign is suitably 
made at points s = s° satisfying (48). The first of the latter two conclusions 
proves (I) if use is made of the italicized result of Section 3, while the 
second conclusion assures that, if x(s°) and then 


(54) +(x? —1)4=cs+o(|s|) 


holds for some constant c. The alternative sign in (54) is undecided and 
might change when s passes through 0. In any case x* —1 = c’s? + 0(s?), 
hence 
(55) k= + 0(s?), = 0(1) 
(in fact, (55.) is implied by (55,), since «’ exists and is continuous). 
Clearly, (55,), (552) prove (III), (II), respectively. 

Next, if the identity (49,) is differentiated and X’, U.’, U,’ are then 
substituted from (21), (52), (53), respectively, comparison of the coefficients 
of U,, U2, Uz in the resulting identity supplies the three relations (50,), 


(56) a’ — Br=0, +ar=0. 


But (50) and either (56;) imply assertion (52) of (IV). Finally, assertion 
(53) of (IV) can be proved as follows: 

According to (502), the function B is 1/« times + (x?—1)3. If this 
product is differentiated, it follows from (54) that 


B’ —— (0s + 0(| |)x’/x? + (¢ + 0(1))/e. 


Since x—>1 as s—>0, this implies that B’—>c, which, in view of (562), 
means that ar-—>—c. It follows therefore from (50,) that r—c at s=0, 
which, in view of (55), proves (53). 


Or 
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15. It is now easy to verify the following improvement of the C*- 
criterion (44) (in a way which, in contrast to (44), does not exclude the 
important possibility 7=0):A T: X¥ =X(s) of class C” possessing a con- 
tinuous torsion is a curve on the unit sphere if and only tf it is of class C’” 
and its curvature and torsion satisfy (47) and (52)-(53). 


Needless to say, the normaliaztion of a spherical curve to be of radius 1 
is unessential, since the theorem remains unaltered if + and « in (52)-(53) 
are replaced by rz and rx, respectively, when (45) is replaced by X?(s) =7°, 
where 7 is any positive constant. 

It is clear from (I)-(IV), Section 14, that the last italicized theorem 
will follow if it is ascertained that a Tr: X = X(s) of class C’” must satisfy 
(45) whenever its curvature and torsion are subject to (47) and (52)-(53). 
But (5) and the assignment of any pair of continuous functions r(s), «(s) > 9 
determine for (5) a solution (U,,U.,U;) of orthonormal vectors (of deter- 
minant +1) which is unique modulo the group of euclidean movements. 
On the other hand, if 7(s) is given, in terms of a x(s), by (52)-(53), then, 
by retracing the steps made in Sections 13-14, it can be verified that the 
X = X(s) defined by (49) and (50) must satisfy (2) and (5). This proves 
the last italicized statement. 


16. In the direction of the results of this paper, all of which deal with 
the possibility of savings in the assumed degree differentiability, a final 
remark will now be made on the Legendre transformation of a curve 
T: y=y(z) in an (2,y)-plane, that is, on the replacement of the point 
coordinates of a plane curve by its line coordinates. Formally, this consists 
of the replacement of x, y by &,7, where, if ’=d/dz, 


(571) E=my’, (572) n= ay —y, 

and of the assertion that the inverse of the substitution (2, y) — (&,y) is 
(88) (58) 

where ‘= d/dé. 


In order to formulate conditions under which this formalism is valid, 
it must first be assumed that y(z) has on some az-interval (a,b) a derivative 
y’(x) (in some sense) and that, if (57,) maps (a,b) onto the é-interval 
(a, 8), the functions (57;), (58;) are considered on (a,b), (a, 8), respec- 
tively. Then the classical theorem on Legendre’s transformation can be 
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formulated as follows (cf. [6], pp. 6-8, where 2, y;é,7 are vectors with n 

components; so that the present case results by choosing n —1 loc. cit.) : 
Suppose that y(z) is of class C” and that, in addition, its second derivative 

(the “ Hessian” of y(x), i.e., the “Jacobian” of (57,)) is subject to the 


restriction 


(59) #0 


on (a,b). Then it is clear that (57,) maps (a,b) onto (a, 8) in a one-to- 
one C’-manner and in such a way that the inverse mapping é— 2, too, is of 
class C’. The classical theorem states that if this C’-function c= 2(€) is 
substituted into the C’-function (57.) of x, the resulting function » = (é) 
will be of class C’” on (a, 8), and that (58,)-(58,) is the explicit form of 
the inverse of the mapping (57:)-(572) of (z,y) onto (é,7). 

Notice however that the C’’-assumption on y(z) and the restriction (59) 
are only sufficient in order that the mapping (57,) of (a,b) onto (a, 8) be 
continuous and one-to-one, i.e., for the following condition: 


(60) y (x) is strictly monotone (’ = d/dz) 
on (a,b). In fact, if 
(61:) = | 2° (612) y (x) = 2", 


then both functions (61;) are of class C’ and such as to satisfy (60) but, 
if a<0< b, the function (61,) fails to be of class C’ while the function 
(61.) fails to satisfy (59). These examples reveal the content of the 
following extension (applicable to both (60,) and (60.)) of the classical 
theorem : 


If y(x) is a differentiable function satisfying (60) on (a,b) (which 
implies that y(x) is of class C’), and if the inverse x =2(€) of the function 
(57,) of x is substituted into the function (572) of x, then the resulting 
function n =7(€) ts differentiable on the €-interval (a, 8) which corresponds 
to (a,b), and 


(60 bis) 7 (€) is strictly monotone (‘= d/dé) 


on (a,8) (which implies that y is of class C’ as a function of &); finally, 
the explicit form of the inverse of the contact transformation (x, y) — (én); 


defined by (57,)-(5%2), 1s given by (58,)-(58.). 
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The proof of this somewhat unexpected extension of the classical theorem 
depends only on careful applications of the definition (= lim Av/Au) of a 
derivative, and will be omitted. Actually, this theorem is just a degenerate 
case (dealing with plane curves) of Theorem (II) (dealing with surfaces) in a 
paper of Hartman and myself, to appear in this JOURNAL. 
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ON THE EXISTENCE OF RIEMANNIAN MANIFOLDS WHICH 
CANNOT CARRY NON-CONSTANT ANALYTIC OR 
HARMONIC FUNCTIONS IN THE SMALL.* 


By Puitie Hartman and AvurEL WINTNER. 


A function f = f(x,y) on an open domain D of the real (x, y)-plane is 
said to be of class C"(A), where n = 0 and 0 =A 1, if all partial derivatives 
af /amxa"-"y, where 0 = m =n, exist and are continuous on PD and satisfy 
a uniform Holder condition of index A on every compact subset of D. If the 
assumption of such an index A is omitted, then C”(A) reduces to the class 
c™=C"(0). In particular, C°(1) is the class of functions satisfying a 
locally uniform Lipschitz condition, and C° —C°(0) is the class of all con- 
tinuous functions, on D. In the questions to be dealt with below, there is no 
loss of generality in assuming that D is schlicht, simply connected and small. 
say 


where a > 0 is arbitrarily fixed. 

If 911; 912 = Joi, Jz2 are three real-valued functions of class C"(A) on D 
and have the property that the matrix (gi) is positive definite at every point 
of D, then 
(2) ds* == g,,dx* + 2g,.drdy + goody*, where gir = gix(2, 
will be called a C”(A)-metric (on D). It will be referred to as a C"-metric 
if A= 0, and as a continuous metric if it is a C°-metric. If @ in (1) is 
small enough and if two functions 
(3) u(r, y), v= v(z,y) 
are of class C"*?(A), have a non-vanishing Jacobian on D, and are normalized 
by 
(4) (u(0, 0), v(0,0)) = (0, 0), 
then (3) has a unique inverse 


(5) y=y(Uu, v), 


* Received October 22, 1952. 


260 


' 


RIEMANNIAN HARMONIC FUNCTIONS. 261 


where both functions (5) are of class C"**(A) on the neighborhood E, of the 
point (4), if #, denotes the image of D, in the (u,v)-plane (and 


is the image of the point (4) under the mapping (5)). Clearly, any such 
C"*!(\)-mapping transforms every (”(A)-metric (2) on Dg into a C"(A)- 
metric on Hy, say into 


(7) ds* = hy,du? + 2hyedudv + hoodv?, where = hix(u, v), 


the coefficient matrix of (7) being given in terms of that of (2) by the 


requirement that 
(8) (hix) =J(gix)J’ by virtue of (3) or (5) 


(in the sense of matrix multiplication), where J’ denotes the transposed matrix 


of the Jacobian matrix J of (3) (in particular, 
(9) det hix = (det J)? det Jiks 


where det gi, > 0 and det J Conversely, if (2) and (7%) are two 
(™(A)-metrics which become identical by virtue of a C1-transformation (5) 
of non-vanishing Jacobian, then this C’(0)-transformation must be of class 
C™*1(X). This was proved in [5] for A= 0 only, but the proof given there 
is valid for every X. 

Two continuous metrics, say (2) and (7), given on respective vicinities 
of points (6) and (4), are called isometric if these vicinities can be trans- 
formed into one another by C?-transformations, (3) and (5), by virtue of 
which the two metrics become identical. Clearly, a continuous metric (7) of 
arbitrarily smooth coefficient functions (even the Euclidean metric du? + dv") 
is isometric with certain C°-metrics (2) which are not C'-metrics. It is there- 
fore natural to consider the class, say Co, of those continuous metrics, the 
“exactly continuous metrics,” which are not isometric with any C?-metric and, 
more generally, the class, say C,, of those C”-metrics which are not isometric 


with any (”*!-metric.* The existence of an “ exactly continuous metric” is 


* There is a corresponding question for pairs of linear, instead of quadratic, differ- 
ential forms, say 
(2’) a,(x2,y)dx + a.(a, y) da, (7’) b, (u,v) du + b.(u, v) dv, 
which are isometric in the sense that (2’) is identical with (7’) by virtue of some C?- 
transformation (3) of non-vanishing Jacobian. Let a Pfaffian (2’) be called of class 
C” if its coefficients a;(a#,y) are of class C”, and let (2’) be called of class C, if it is 
of class C" but is not isometric to any Pfaffian (7’) of class C™**. The existence of 


(6) (x(0, 0), 9(0,0)) = (0,0) 
J 
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not obvious at all. That such metrics exist will follow, as a corollary, from 
Theorem (i) below, if the latter is combined with the parenthetical assertion 
of Theorem (ii) below. Similarly, Theorem (iin) below, when combined with 
(iins1), implies that the class C, is not vacuous for any n. 

If (2) is a continuous metric (on D,) corresponding to which a trans- 
formation (3) (of D, into an F,) can be so chosen that hy, and his in (7) 
become identical and h,. becomes identically 0, then (2) is said to possess a 
conformal normal form (on D,). The latter is characterized by the existence 


of a continuous function / satisfying 

(10) ds* == h*- (du* + dv’), 

where h = + (det gix,)30(u, v)/0(z, y) in view of (9), hence 
(11) h=h(u,v)>0 

without loss of generality. 


(i) If (2) ts a continuous metric on a circle (1), then, no matter how 
small the latter be chosen, there need not exist any transformation (3), of 
class C* and of non-vanishing Jacobian, which transforms (2) into a conformal 
normal form (10). 


The question as to the existence of such metrics (2) was raised in [14], 
p. 203, where it was shown (pp. 204-205) that the answer is in the negative if 
(2), instead of being definite as above (det gi > 0), is indefinite (det giz < 0) 
and, correspondingly, (10) is replaced by ds? =h?- (du*— dv’). It should 
be noted that C*-metrics cannot be admitted in (i); what is more, such 
metrics as comply with (i) cannot be C°(A)-metrics for any A> 0. In fact, 
if 0 < »<AS1, then, according to Lichtenstein [10], there belongs to every 
C°(A)-metrie (2) a transformation (3) which is of class C*(y) (hence of 
class C*) along with its inverse (5), and transforms (2) into a conformal 
normal form (10). Thus the point of (i) is that Lichtenstein’s arbitrarily 
small A > 0 cannot be replaced by A= 0. 

Since every C*-solution u* = u*(u,v), v* =v*(u,v) of the Cauchy- 
Riemann equations u*, = v*,, u*, —=—v*, is analytic, it is clear that if a 
continuous metric (2) has a conformal normal form in terms of the para- 
meters u, v, then it will have a conformal normal form in some other 
parameters u*, v* if and only if w* = u* + w* is an analytic function of 


Pfaffians of class C, is obvious only ifn > 0. That n = 0 need not actually be excluded 
(i.e., that there exist “exactly continuous ” Pfaffians), can readily be concluded from 
the result italicized in [14], Section 7, pp. 205-206. 


n 
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w=u-+iv satisfying dw*/dw~0. But this universality (with regard to 
the choice of (2)) of the analytic functions of a complex variable depends 
on the assumption that (2) has some conformal normal form. And it turns 
out that there exist cojtinuous metrics (2) for which this assumption is not 
satisfied in the neighborhood of any point; in other words, that a positive 
defimte, continuous, Riemannian metric (2) on the circle Dg: uz? + y? < a? 
need not carry any non-constant analytic function (on Dy, no matter how 
small b < a be chosen). 

The Cauchy-Riemann equations belonging to a continuous metric (2) are 


(12) = Ji2le — Jilly, GVy = — Jiotly 

(Riemann, Beltrami; cf. [8], pp. 520-521, [1], pp. 126-127), where 

(13) g = (det gu)* > 0. 

But (12) implies that the Jacobian u,v,—uyvz cannot vanish identically 


unless 


(14) u = const., v = Const. 


Hence it is clear that the last italicized statement is the substance of the 
following refinement of (i): 


(i*) There exist continuous metrics (2) for which the system (12) does 
not possess any solution distinct from (14), provided that by “a solution (3)” 
is meant a pair of functions (3) for which the partial derivatives 


(15) Ug, Uy 5 Vay Vy 


exist, satisfy (12) and are continuous. 
Beltrami’s first differential parameter belonging to (2) is V(u, u), where, 
if g is defined by (13), 


(16) 9? V (Us 2) = — 912 (Urey Uy2r) + 


(cf. [1], pp. 76-77). Hence Dirichlet’s problem belonging to a continuous 
metric (2) is 


(17) min ff gV (u, u)drdy when u(z,y) =¢ on 

Here [I] denotes the interior of a Jordan curve I contained in the domain 

(1) on which (2) is given as a continuous metric, and ¢ is a preassigned 

continuous function of position on T. What is sought for is a function u(z, y) 

which is continuous on + T, of class C1 on [I], equal to on TI, and 


h 
) 
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such as to minimize the integral (17) with reference to all such functions 
u(z,y). In view of Hilbert’s method ([7], pp. 10-14 and pp. 15-37; ef. in 
particular the general comments referred to in the footnote on p. 11 and the 
italicized statement to which it belongs on p. 11), it seems to be of methodical 
interest that (i*) implies (and is substantially equivalent to) the following 
negative result : 


(ibis) There exist on (1) continuous metrics (2) corresponding to 
which the Dirichlet problem (17) has on [1] no solution u(x, y) of class C? 
(and continuous on [T] +1) with reference to any Jordan curve T contained 
in (1) and to any continuous non-constant boundary function ¢ (if ¢ = const. 
on [T], then w(x, y) —const. is of course a solution of (17) on [fT] +1). 


It is essential that in this restatement (ibis) of (i*) no (2, y)-set of 
measure 0 is excluded from [I]; in this regard, cf. [12]. 

In order to prove (i bis), choose (2) as in (i*), suppose that the assertion 
of (ibis) is false for some I and some ¢ (+ const.) on I and denote by u(z, y) 
the (or a) corresponding solution of (17). Then, if z—<z(z,y) is any 
function of class C1 on [f]+T satisfying z=0 on TI, the value of the 
Dirichlet integral (17) is not less for w+ z than for wu itself. Hence 


(18) ff gV (u, z)dudv = 0 


IT] 

follows in the usual way (that is, from the bilinear character of the operator 
(16) and from the fact that the matrix of the bilinear form (16), being g 
times the matrix of (2), is positive definite). Insertion of (16) into (18) 
gives 
(19) ff (az, + bz,)dxdy = 0 

Ir} 
if a—a(z,y) and b =b(z, y) are defined by 
(20) = — gb = Girly — 
Hence the functions a, 6 are continuous on the open set [I] and, in view of 
the finiteness of the integral (17), Schwarz’s inequality implies that a, b are 
of class Z* (and therefore absolutely integrable) on [I] or, since meas T = 0, 
on [fT] +1. It follows therefore from (a trivial extension of) Haar’s lemma 
[3], p. 2 (where a, 6 are supposed to be continuous on [IT] +T), that the 
truth of (19) for each of the above-mentioned functions z= z(z,y) implies 
the vanishing of 


(21) f (ady — bdz), 


7 
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where the integration path is any rectifiable Jordan curve contained in [T]. 
This means that the integral (21), when extended within [T] from a fixed 
point (2, Yo) to a variable point (z,y), is a point function, say v= v(z,y). 
But the function thus defined on [IT] has the partial derivatives v, = — }, 
Vy =a, by (21). In view of (20) and (13), this means that v(z,y) is of 
class C1 on [T'| and satisfies (12). If this is compared with (i*), the assertion 
of (ibis) follows. 


Theorem (i) will be paralleled by the following: 


(ii) If (2) is a C'-metric on a circle (1), then there (exists a trans- 
formation (3) of class C* but) need not exist any transformation (3) of class 
C?. of non-vanishing Jacobian, which transforms (2) into a conformal normal 
form (10). 


As mentioned after (i), the parenthetical (positive) assertion of (ii) is 
a corollary of Lichtenstein’s theorem. In view of Riemann’s mapping theorem 
and of the remarks made before (i), this assertion of (11) is equivalent to 
the statement that all functions analytic on a circle of the ordinary complex 
(u + iv)-plane can be transferred to the circle (1) so as to become analytic 
functions with reference to the C?-metric (2). In fact, the Cauchy-Riemann 
equations (12) are then satisfied. But the main (negative) assertion of (ii) 
is that the functions (3), which represent the real and imaginary parts of 
the analytic functions on (2), will become of class C? only in the trivial case 
(14), if the Ct-metric (2) is suitably chosen. 


The analogue of the refinement (i*) of (i) is the following: 


(ii*) There are C'-metrics on which there does not exist any non- 
constant harmonic function (although all analytic functions exist on every 
(1-metric), provided that by an harmonic function of a C?-metric (2) is 
meant a function vu = u(a,y) for which the partial derivatives 


(22) Ug, Uy, Urey Uay, Uyy 


exist, are continuous and such as to satisfy the condition expressed by the 
identical vanishing of Beltrami’s second differential operator, that is, by the 
partial differential equation 


(23) { — 912Yy)/G ha + — /9 }y = 95; 


= 
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ef. [1], p. 127. Note that (23) is the (formal, whereas 


(21 bis) f (ady —bdy) =0 
r 


with (20) is the unrestricted) integrability condition (vzy = yz) of (12). 


What belongs to (ii) in the same way as (ibis) belongs to (i) is the 


following circumstance: 


(iibis) There exist on (1) metrics (2) of class C1 corresponding to 
which the Dirichlet problem (17) belonging to a smooth Jordan curve I and 
a smooth boundary function ¢ can have a solution u(x, y) of class Ct, although 
the Euler-Lagrange equation of (17) fails to have a non-constant solution of 


class 


In fact, the latter equation is (23), while the system of Haar ([3], pp. 
16-17) belonging to (17) reduces to (12). Hence the last italicized state- 
ment follows from (ii*). A corresponding situation for the hyperbolic Euler- 
Lagrange equation Uy, == 0 was pointed out by Hadamard [7], pp. 
242-243, and for the elliptic (but inhomogeneous) Euler-Lagrange equation 
Ure + Uy =f(z,y), where f(z,y) is continuous, by Lichtenstein [9] (a 
corresponding example for the homogeneous equation Uzz + Uyy + f(z, yu = 0 
follows from [13], p. 733). 

Both (i) and (ii) will be proved by choosing a suitable positive function 
g=g9(z,y) and placing 91. —1, gic = 0, Joo = g?. Then (2) becomes 


(24) ds* = dx* +- g*dy’, (g>0), 


the g occurring in (24) is identical with the square root (13). The Cauchy- 
Riemann equations (12) simplify to 


if (24) is a C°-metric (i. e., if g is continuous), and the Laplace equation (23) 
can be replaced by 


(26) + (9 *vy)y=0 


if (24) is a C*-metric (i.e., if g is a function of class C1). In fact, if the 
two linear equations (12) are solved with respect to uz, uy and, correspondingly, 
the integrability condition vz, = vy, of (12), which is (23), is replaced by 
Ury = Uyz, then what results in the case (24) of (2) is (26). 

It will be clear from the proof of (ii) that (ii) can be generalized as 
follows: 
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(iin) The assertions of (ii) remain true if the classes Ct, C? referred 
to in (ii) are replaced by C”, C"*, respectively, where n is any positive integer. 


In view of (i), this holds for n = 0 also, except that what then corre- 
sponds to the parenthetical remark of (ii) must be omitted as meaningless 
(in fact, the functions (5) cannot be substituted into (2) if they are just of 
class C®, i. e., continuous). 

In the proof of (i), the following lemma (+) on inhomogeneous Cauchy- 


tiemann equations will be needed: 
(+) If A, pm is a given pair of continuous functions on a circle 
then the system 
Vy = A(2,y), ty + =p (a, y) 


cannot possess any solution u=—u(2,y), v= v(2@ of class C1 on any circle 


D, unless 


€—+0 


b 
lim f ( cos 20 + yp sin 20) dr) dé 
0 € 


exists as a finite limit (for every and/or some, sufficiently small, value b > 0 
of the upper limit of integration), where 


A cos 6, r sin @), » cos 8, rsiné). 
It will be convenient to prove the above statements in the following 
order: (ii), (i), (4), (ii*), (i*). 
Proof of (ii). Let a<1 in (1) and define on (1) a continuous func- 
tion h by placing 


(27) h(a, y) if 0<r<a, and h(0,0) =0, 


where r == (x? + y?)4= 0 (this is the function used by Petrini [11], p. 138, 
to show that Poisson’s equation 


(28) Vee + Vyy = f (2, 


need not have a solution v(x,y) of class C? if f(—h) is just continuous). 
It turns out (cf. [6], p. 136) that the function 


(29) g(2,y) f h(t y)at 


@ 
0 
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is of class C*. Clearly, it is positive on (1) if a@ is sufficiently small. Thus 
(24) is a C1-metric on the circle Dy: x? + y? < a? if a is small enough. 

In order to prove (ii), it will first be shown that the case (29) of the 
Laplace equation (26) cannot have on D, (for any sufficiently small a) any 
solution y) of class C? satisfying 


(30) v,(0,0) =1 and v,(0,0) =0. 
This will be concluded by adapting the arguments used in [13], pp. 736-738 
as follows: 


Let v =v(2,y) be any function of class C? satisfying (26). Then, for 
this v, (15) can be written in the form of a Poisson equation (28), in which 


f=f(«,y) is 


(31) 

if the four functions f;—=f;(z,y) are defined by 
(32,) (1—Q) (322) fe = (1— 9") Oy; 
(323) fs= (324) fs=— Gods. 


But if f(z, y) is any function continuous (and, say, bounded) on a circle (1), 
then results of Zaremba [15] imply (cf. [13], p. 735) that the corresponding 
Poisson equation (28) has on (1) no continuous solution v (that is, there 
exists on (1) no continuous v possessing second derivatives ¢zr, dyy the sum 
of which is f) unless such a v is represented by the logarithmic potential, 
say v* = v*(z, y), belonging to the density (27)~“*f(z, y) ; in which case every 
such v is of the form v = v* + w, where w is a regular harmonic function on 
(1) (in the sense of the euclidean metric, i. ¢., Wer + Wyy = 0). On the other 
hand, Petrini has shown ([11], pp. 131-134) that the partial derivative v*z, 
and/or v*,, of the logarithmic potential v*(z, y) will exist at (z, ¥) = (0, 0) 
if and only if 


9. 
« 


T a 
(33) lim ( dl r*f(r cos 6, r sin 6) dr) cos exists 


€—+0 « 


(as a finite limit) for the function f f(z, y) defining v* and occurring in 
(28). Hence, if (33) is satisfied by each of the three functions f,, f2, fz but 
is not satisfied by f,, then the case (31) of (28) cannot have any solution v 
of class C? on (1), which means that the same is true of (26). Consequently, 
in order to prove that (26) has no solution v of class C? satisfying (30), it is 


— 
— 
| 
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sufficient to show that the first three of the functions (32,)-(324) which belong 
to such a v must, but the fourth of them cannot, satisfy condition (33). 

First, since the function (29) is of class C1 and becomes 1 at (2, y) 
= (0,0), it is clear that 1— g—O/(r), where r= (a? + y?)4-—>0. Hence 
(32,), (32.) and the continuity (in fact, just the boundedness) of Vaz, Vyy 
imply that f, = O(r), f2—=O(r). Consequently, (33) is satisfied by f = fi 
and by f=f.. On the other hand, since v is of class C*, hence v, of class 
C1, the second of the assumptions (30) implies that v,=O(r). It follows 
therefore from (32;), where g >1 and g, > g,(0, 0) as r— 0, that f; = O(r), 
and so (38) is satisfied by f = f; also. It remains to show that (33) is violated 
by f = fs. 

To this end, note that, since v, is of class C', the first assumption in (30) 
and the definition (32,) imply that f, = (—1-+ O(r))gz. It follows therefore 
from (29) that f, =—h-+ O(r). Hence f =f, violates (33) if f =—h does. 
But the function f =h, defined by (27), is precisely Petrini’s example of a 
continuous function violating (33) ; cf. [11], p. 1388. 

This proves that (26) cannot have a solution v of class C? satisfying (30). 
Hence, in order to prove (ii), it is sufficient to ascertain that the negation of 
the statement of (ii) implies the existence of such a v. Suppose therefore 
that (ii) is false with reference to the C*-metric (24), defined by (29). Then, 
if a is small enough, there exists for the circle (1) a transformation (3) which 
is of class C? along with its inverse (5) and which transforms (24) into 
du? + dv* times a positive function of (u,v) (in view of (8), this positive 
function is of class C?). Hence the C?-mapping (3) transforms every function 
t==t(u,v), which is a regular harmonic function (i.e., function of class C? 
satisfying the Laplace equation t,, == 0) in a vicinity of the point (4), 
into a function 
(34) y) =t(4u, v) 


which, in a vicinity of the point (6), is of class C? and a solution v =7 of 
the Laplace equation (26) (the v in (26) will not be confused with the v 
in (3) or (5)). Sinee the regular harmonic function ¢(u,v) is arbitrary 
in (34), and since the Jacobian of (3) does not vanish, it is clear that a 
t(x,y) can be so chosen that the initial values 7,(0,0), ry(0,0) of its first 
partial derivatives become preassigned numbers. Consequently, both (26) 
and (30) can be satisfied by a function v = 7(z, y) of class C?. This contra- 
diction completes the proof of (ii). 

Proof of (i). Let a<1 in (1) and define the continuous function h 
on D, again by (27) (that is, by 


(35) h(x, y) =4(1-+ cos 20) /log r?, where h(0,0) =0 
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and z= rcos6,y=rsin@), but let (29) now be replaced by 


(36) g(#,y) y) (g(0,0) =1). 


Then, if a is small enough, g(z,y) is positive, hence (24) is a continuous 
metric, on Dy. It will be shown that this metric has the property claimed 
by (i). 

To this end, it will first be shown that the case (36) of the system (25) 
cannot possess on D, any solution w—wu(z,y), v=v(z,y) of class C 
satisfying 
(37) u,(0,0) 1, Uy(0,0) = 0. 


In order to prove this, let wu, v be any pair of functions which are of class 

Ct, and satisfy (25) identically in (x,y), on Dg. These two (2, y)-identities 

can be written in the form u,—vy=—A, Uy where A—=A(zZ, 
= p(x,y) denote the functions defined by 


(38) A= (1— 9) uz, p= (1—g") uy; 


functions which are continuous on Dy, since Uz, uy and g(> 0) are. It follows 
therefore from the statement of Lemma (7), italicized before (27), that the 
system (25) cannot have any solution of class C’ satisfying (37) if the limit 
of the double integral, occurring in (7), fails to exist (as a finite limit) 
for the functions (38). Hence it is sufficient to show that the condition 


b 
f | r*(A cos 20 + psin as e>+ 0, 
0 € 


is satisfied by the functions (38) and by some and/or all, sufficiently small, 
value of b >0. In particular, it is sufficient to show that the integral is of 
the form 


b 
(r log 4x + 0(1) ar, 


where the 0(1) ~o(r)/r refers to r—0. Consequently, it is sufficient to 
ascertain that, if e—rcos and y—rsin@é in A=A(z,y), p—p(Z,Y), 
and if r— 0, then, uniformly in 8, 


= — 4(1-+ cos 20)L + 0(| Z|) and »—o0(| L|), where L = (log r?)-*. 


But the latter pair of relations is readily verified. In fact, (37) means that 
the (continuous) functions wz, uy are of the respective forms 1 + 0(1), 0(1). 


( 
( 
t 
€ 
e 
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It follows therefore from (38) and (36) that A is —h-+ho(1) and that » 
is 1— (1+ h)* times 0(1). Hence the pair of relations claimed by the 
last formula line follows from (35). This proves that (25) cannot have any 
solution of class C* satisfying (37). 

In order to conclude from this that the continuous metric (24) defined 
by (36) has the property claimed in (i), suppose that it does not. The 
transformation supplied by this negation, a transformation of class C* and 
of non-vanishing Jacobian, can be used in the same way as, at the end of the 
proof of (ii), the corresponding transformation of class C? was used in con- 
junction with (34). In fact, it is sufficient to replace there the (real) har- 
monic functions ¢, occurring in (34), by the analytic functions s + i which 
are regular at the origin of a complex plane. By virtue of the C1-transforma- 
tion of non-vanishing Jacobian, the real and imaginary parts of all these 
regular function elements become functions w=u(#,y), v=v(z,y) of 
class C+ satisfying the Cauchy-Riemann equations (25) on a vicinity of 
(x,y) = (0,0). Since the class of these functions clearly contains pairs u, v 
for which uw, and wu, attain preassigned values at the origin, (37) is satisfied. 
But it was proved above that this is impossible. 

This contradiction proves (i). But the proof depended on Lemma (7), 
which therefore remains to be proved. 


Proof of (+). Let [I] be the interior of a Jordan curve [' which is 
sufficiently smooth (say, piecewise of class C*), and let 


(39) u=u(z,y), v== 


be a pair of real-valued functions which, on [T], are of class C1, uniformly 
continuous and such as to satisfy the pair of partial differential equations 


(40) Ug — Vy = Y); Uy + V2 = p(2, 


where A, » are given functions which are uniformly continuous of [T] (so 
that they, as well as the functions (39), possess continuous boundary values 
on I). Then the assertion of (f) is equivalent to the statement that, at 
every point (x,y) of [I], the functions A, » must behave in such a way that, 
whenever } > 0 is small enough, 


2r b 


(41) lim f ( cos + psin exists 
€>+0 « 
0 


(as a finite limit), where the argument of both A and is (x + pcos, 
y+psind). The proof (41) proceeds as follows: 
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If @ denotes the operator ( )z+7%( )y, then (40) can be written in 
the form dw =o, where w =u - iv and o=A-+ ty (so that w is a complex- 
valued function of class C! of the real variables z,y on the domain [T], 
on which both w and o are uniformly continuous). Let z=x-+ ty and 
¢=—€-+ in, and put 
(42) —=G= G(z,y) = G(a, 0) 


if z~¢. Then dG = 0 is an identity in (x,y) for fixed £2. Hence the 
equation 0w =. can be written in the form 0(wG) =oG. Consequently, an 
application of Green’s theorem gives 


f wGdz =i f f wGdady, 
B 


T+C 
where I is positively oriented, C = C'(e; é,7) denotes the negatively oriented 
circle of (small) radius « about the point £=£&-+ i and B= B(e;€,7) is 
the annular domain between [ and C. But it is clear from (42) that 


wGdz — 2xiw(é,n) as 0. 


Hence, by letting «— 0 in the preceding relation also, it follows that 


(43) w(x, y) + (2m) f = f 

r 
holds for every point (x,y) of [fT]. (Except for the notations, (43) is the 
same as formula (3) of Carleman [2], p. 473; ef. formulae (28) of Lichten- 
stein [10]). 

It is clear from (42) that the function of (z,y) represented by the line 
integral on the left of (43) is regular analytic in za +- iy on [I] (hence 
such as to annihilate the operator 0). Since w is of class C1 and satisfies 
dw —w on [T], it follows from (43) that w* is of class C1 (and satisfies 
dw* —w) on [TI], if w*—w*(z,y) denotes the expression on the right 
of (43). 

With reference to a sufficiently small b > 0 (which can be kept fixed for 
every closed (x, y)-subset of [T]), let D = D(a, y) denote the interior of the 
circle of radius b about (z,y). Then, since w*(z,y) is of class C1, the con- 
tribution of D to the double integral w*(z,y) also is a function of class C’. 
In particular, both partial derivatives f,, f, of the function 


(44) —Jf f in 
D 
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where D= D(z, y) and A+ —o(é,7), must exist. Hence the same 
is true of the corresponding partial derivatives of Rf(z,y) and Bf(z,y). 
But if 

(45) E=xr+pcosd, y=—y+t+psing, 


it is seen from (44) and (42) that the functions Rf(z,y), —Of(z,y) are 
identical with 


b 


b 2r 
cos + psin ¢)dpde, sin — p cos ¢)dpde 


(46) f 


(where A=A(é,7), 7), whilst are given by (45)). Functions 


of the type 


b 


+ 00s + p sin 6) dedg, 


where e(¢) cos ¢ or —sing and or v=yp, are precisely those 
treated by Petrini [11], pp. 128-130 (such functions are, in the main, partial 
derivatives of the first order of logarithmic potentials; cf. ibid., p. 129). 
Petrini’s proof ([11], pp. 131-132) of his theorem (pp. 132-133) implies that 
the partial derivative of Rf with respect to a (at the point (z,y)) will exist 
if and only if condition (41) is satisfied. This proves (7). 


Proof of (ii*). In order to prove (ii*), it will be convenient to re- 
examine the proof of (ii). Consider the case (24) of (2), where g is the 
function of class C' given by (29). Suppose, if possible, that the corresponding 
Laplace-Beltrami equation (26) has, on a vicinity of (z,y) = (0,0), a 
solution v = v(2,y) of class C? satisfying 


(47) vz"(0,0) + v,?(0,0) 0. 


Since (26) is the integrability condition of (25), it follows that (25) defines 
a function vu = u(a, y), unique up to an additive constant. It is clear that u 
is of class C*, since v is of class C? and g is of class C*. It also follows 
from (25) that uzvy — Uyvs= giv,” + gv,?, which, in view of (47) and 
g(0,0) = 140, implies that 0(u, v)/0(x, y) does not vanish at, hence near, 
(x,y) = (0,0). This contradicts the proof of (ii). Consequently, any C?- 
solution of (26) on a vicinity of (x,y) = (0,0) fails to satisfy (47). 

The proof of (ii), and hence the last conclusion, is based essentially on 
two properties of g, namely, that 


(48) g (0, 0) = 9" (0, 0) =1 


0 

27 

0 0 
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and that, for some b > 0, 

b 
(49) lim f J cos 20 h(rcos 6, rsin @)drd6 does not exist 

€-0 
as a finite limit, where h —g. If the 1 in (29) is replaced by a c(> 0), so 
that (48) does not hold, then, in the proof of (ii), the Poisson equation (28) 
becomes replaced by c¢?vz2-+ Vyy=f. This can be reduced to a Poisson 
equation by a change of the independent variables (cx, y) (x,y). The 
condition corresponding to (49) holds if, for example, 
2r 

(50) lim f f r* 26 h(cr cos 6, r sin 0) = —o. 

0 


€ 


In the proof of (ii*), it is sufficient to observe that (50) holds for all ¢ near 1. 
In order to see this, note that the integral occurring in (50) is an absolutely 
convergent double integral over a region bounded by the circles re and 
r=b, where r?> =2z?-+ y*. If the inner boundary is replaced by the ellipse 
c’a + y*? =«*, the domain of integration is changed so that the area of the 
region added or subtracted is | 1 — c™ | we*, while the integrand in this region 
is O(e")/loge as e—> 0; cf. (27). Hence the difference between the two 
integrals is O(e)/loge=0(1), as e—0. Thus, in proving (50), the inner 
and, of course, the outer boundary can be supposed to be changed to the 
ellipses c?x* + y? =’, c°a? + y? = b’, respectively. The integral to be con- 


sidered is then 
2a b 
r-1(cos* 6 — c? sin? 8)(cos* 6 + c? sin? 6)-*h(r cos 6, 7 sin 6)drdé, 
€ 
or, in view of (27), 
or 
( f log r? dr)cos? 6(cos* 6 — c? sin? 8)(cos? 6 + c? sin? 6)-7dé. 
0 € 


Hence, (50) holds whenever 
f cos” 6(cos? 6 — c? sin? 6)(cos? 6 + c? sin? 6)-*dé > 0. 
This is the case if c =1 and hence if ¢ is sufficiently near 1. 
The proof of (ii*) can now be completed along the lines of [13], pp. 
736-737, by the usual type of “ Lebesgue construction,” as follows: 
Let a > 0 be chosen in (1) so small that the function g defined by (29) 


t 
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is positive (and of class on (1). Let 41), (2, Y2),* be a sequence 

of distinct points of Dy, dense on Di, and let 3,7 be fixed positive numbers. 

For n=1 and n >1, respectively, put An = 1 and 

(51) 2” max h(a, —a@n + er cos 0, ¥x — Yn + 7 4) 


— h(x; — Xn, Yx — Yn) | ard, 


where = E(k, n,c) indicates the (1, 6)-set for which the argument of h is 
a point of D,. Clearly, 0 < An < const. 2 and the series 


(52) y) = 6 Ang — — Yn) 


n=1 

defines a function which is positive and of class C' on Djq. In addition, (52) 
can be differentiated term-by-term. Let 4 > 0 be chosen so that (50) holds 
for every c on the range |c—1]|<y and let 8>0 be chosen so that 
g*(0,0) =1. Then | g*(z,y) —1|7 if (x,y) is on Dg for some suffi- 
ciently small a(< 4a). 

Let ¢ = cy = 9* (tz, yx) if (x, Yx) is on Da; so that |c—1|Sy. Ifg 
is replaced by g* in (26), the resulting equation cannot have, in a vicinity 
of y) = yx), a solution v= v(a,y) of class C? satisfying 


(Lx, Yx) Vy? (Lr, 0 
if, for some b > 0, 


2r 
(53) lim f cos 20 + cr cos 0, y, + 7 sin 6)drdé = —o. 
€30 e 
0 


In order to verify (53), note that if the series (52) is differentiated term- 
by-term with respect to x and if the result is substituted into (53), then the 
integral occurring in (53) can be written as the sum of & integrals and a 
remainder term. The latter is majorized, uniformly in e¢, by 


> = const. > 


n=k+1 n=k+1 
where J, —I,(k) is the integral occurring in (51). Of the first & integrals, 
the first —1 tend, as 0, to finite limits, since (2%, yx) Yn) for 
it << n, while the k-th integral is, up to a constant positive factor, the integral 
occurring in (50) and tends therefore to —o, as e—> 0. 

Hence, if (26), where g is replaced by g*, has a solution v = v(z, y) 
of class C? on a subdomain of Dg, then Y¥x) = Vy (Le, Yx) for every 
(tx, on the domain of existence of v. Since (21, 91), (2, Y2),° contains 
a subsequence dense on Dag, it follows that v,==v,=0. Thus (ii*) is proved. 
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Proof of (i*). The proof of (i) implies that if g in the Cauchy-Riemann 


equations (25) is defined by (36) and if u=u(z,y), v=v(z,y) is a C'- 
solution of (25) in a vicinity of (0,0), then u,=—uy—vz,=—v,=—0 at 
(x, y) = (0,0). This conclusion depended on (48) and (49), where g =1 + h. 
If the 1 in the last relation is replaced by a c(> 0), then the corresponding 
equations (25) can be written as a system occurring in (+) after the change 
of independent variables (cz, y) (z,y). The condition corresponding to 
(49) is implied by (50). Thus, it is clear that the proof of (i*) can be 
completed by arguments analogous to those used in the proof of (ii*). 
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ON THE SINGULARITIES IN NETS OF CURVES DEFINED 
BY DIFFERENTIAL EQUATIONS.* 


By Puitie HartMAN and AUREL WINTNER. 


1. Various questions in the differential geometry of surfaces are known 
to depend on a differential equation of the form 


(1) adx* +- 2bdxdy + = 0, 


where a, b, c are continuous functions of (z,y). If the discriminant ac — b? 
is negative at a point (2%, Yo), then (1) is equivalent (after a rotation of 
the (z,y)-plane) to two non-singular differential equations of the form 
dy/dx = f(x,y), where (z,y) is confined to a sufficiently small vicinity of 
Yo). If ac—b? is negative near (2%, yo) and vanishes at (Zo, Yo) but 
a, b, c do not vanish simultaneously, then (1) is still “ equivalent” to two 
non-singular differential equations. In the latter case, the solution curves of 
(1) passing through (2, yo) have the same tangent, whereas there are two 
distinct such directions when ac — b? is negative at (Xo, Yo) also. 

The first part of the present paper will be concerned with (1) in the 
case of an isolated singular point (2, y¥). By this is meant that ac— b? 
is negative near (29, Yo) but vanishes at (2, ¥%) in such a way that both 
a and c, and therefore all three coefficients of (1), vanish at (2%, Yo). The 
results will then be applied to the lines of curvature at an isolated umbilical 
point (which can be either a spherical or a flat point) of a surface (Section 11), 
and also to the asymptotic lines at an isolated umbilical point (which must be 
a flat point) of a surface of non-positive curvature (Section 12). 


2. On a vicinity of (x,y) = (0,0), let the coefficient functions of (1) 
be continuous functions of the form 
(2) a=qr+Bythfi, b=a.t + Boy = fo, c= azt + + fs, 
where az, 8, are six constants and each of the three functions f;, = f;(2, y) 


satisfies 


(3) y) =0(r), (& = 1, 2,3), 


* Received May 16, 1952. 
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as r—> 0, where r= (2? + y’)4. Supose further that 
(4) ac— b*=0 according as 27+ y°= 0. 


By a solution path of (1) will be meant a set of points (z,y) which can 
be represented as a locus y=y(r), where x(r), are con- 
tinuously differentiable functions satisfying (1) on a 7-interval and neither 
(x(r),y(r)) nor (dx/dr, dy/dr) becomes the vector (0,0) at any point of 
that interval. The set of the solution paths of (1) contained in a vicinity of 
a point (z°, y°) ~ (0,0) can be divided into two well-distinguishable systems, 
since, in a vicinity of (2°, y°) A (0,0), the differential equation (1) splits 
into two non-singular differential equations the solution paths of which, in 
view of (4), have two distinct tangents at (2°, y°). It follows that, despite 
the singularity of (1) at (0,0), all solution paths of (1) can be divided into 
two distinct systems, say S, and 8). 

By a solution path of (1) reaching to the origin will be meant a solution 
path x(7r), y= y(r) defined on an interval of the form 0 =r < 7) (So) 
in such a way that 


(5) (x(r), y(r)) > (0,0) as r—> 79. 

If r and 6 denote polar coordinates, 
(6) r= (ar? + y’)8, 6 = are tan y/z, 
then, since (2, y) ~ (0,0) on a solution path, (6) defines continuously differ- 
entiable functions r—r(r) > 0, when r—2(r), y=y(r) is a 
solution path. 

In terms of the six constants occurring in (2), define three linear 
trigonometric forms by 
(7) = a; cos 6 + sin 8, (& = 1, 2,3), 
and then a quadratic trigonometric polynomial by 


(8) Q(0) = L.?(0) — L, (6) L3(6) 


and a cubic trigonometric polynomial by 


(9) M (0) = L,(6) cos? 6 + 2L.(9) sin cos 6 + L; (6) sin? 6. 


8. The following theorem will first be proved: 


(*) On a vicinity of (x,y), let a(x,y), b(2,y), c(z,y) be continuous 
functions satisfying (2), (3), (4) and the following three conditions: 
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(7 bis) L,(6), L2(6), L3(6) have no common zero; 
(8 bis) Q(6) (9 bis) M(6) #0. 
Then, if S,; and S. are defined as in Section 2, 


(1) each of the systems 8;, Sz of solution paths of (1) contains at least 
one solution path satisfying (5) ; 

(II) there belongs to every solution path of (1) satisfying (5) an angle 
6, such that both 


(10) 6—> 6, where =arc tan y/2, 
and 
(11) where —arce tan dy/dz, 


hold, as (x,y) — (0,0). 
The proof of this theorem (*) will be based on the results of [8]. 


Remark 1. In view of (3), it is clear from (4) that 


(12) Q(0) =0. 
But if (12) is strengthened to 

(13) Q(8) >0 

(for all @) or, what is the same thing, if (4) is strengthened to 

(14) ac — b? < — const. r?><0, where z?+ 

then (7 bis) and (9bis) are automatically satisfied; cf. (7), (8), (9). 
Accordingly, 

(14*) (7 bis), (8 bis), (9 bis) are implied by (14). 


?emark 2. If the o(r)-terms (3) are neglected in (2), then the coeffi- 
cients of (1) become the linear forms aa + Bxy. Hence it is seen from (7) 
and (9) that assumption (9bis) of the italicized Theorem (*) can be 
formulated as follows: The “ linear ” approximation to (1) is not of the form 


Biydx? — (Bix + azy)drdy + a,rdy’? = 0. 


On the other hand, every half-line issuing from the origin of the (2, y)-plane 
is readily seen to be a solution path of every differential equation of the 
latter form. If the analogy of the corresponding differential equations of 
first order 
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ai2y) dy (aot a. ) dx 0 


is considered, every half-line issuing from the point (0,0) will be a solution 
path if and only if the binary matrix (a) (which should not be the zero 
matrix) has a multiple characteristic number but no multiple elementary 
divisor. Hence, in view of a counter-example which is known in this case 
for the (non-linear) first degree analogue of (non-linear) differential equation 
(1) of second degree (cf. [3], p. 123), assumption (9 bis) of (*) seems to 
be indispensable for the truth of (*). 

In this connection, it is worth emphasizing that the assumptions of (*) 
do not preclude the case in which, when the terms (3) of (2) are omitted, 
(1) factors into 


dx: {(Bx + ay)dx — (ax — Br) dy} — 0, 


where both constants a, 8 can be distinct from 0. But then the vanishing of 
the second factor is a linear differential equation { }—0O for which the 
point (0,0) is a vortex. 


4. If 6=6 and 6=6,+ 7, where 1 =iSh, denote the 2h distinct 
(mod 27), real roots of (6) —0 (so that h —1,2 or 3), then it will be 
clear from the proof below that the assertions of (*) above can be amplified 
as follows: The numeration of these roots can be chosen in such a way that, 
if S, and S., denote the systems defined above (before formula (5), in 
Section 2) and if the limit @) occurring in (10)-(11) is not a zero of Q(6), 
then 4) will be (mod 27) a root 6; or a root 6;-+ m according as the solution 
path considered in (10)-(11) belongs to S; or to S,. In addition, if 6 = 4, 
is a root of odd order of 1/(6) = 0, then one of the two systems 8,, S. must 
contain a solution path satisfying (5) and (10), while the other system must 
contain a solution path satisfying (5) and what results if 6, is replaced by 
6,-++7 in (10). Finally, if two solution paths reaching to the origin belong 
to one and the same 6) (mod 27) in (10), and if Q(@,) 0, then both paths 
are contained in one and the same S; (j = 1, 2). 

Since (*) requires only the continuity of the functions (3), there is 
assumed no local uniqueness (say a Lipschitz condition) for the solution paths 
of either system S; at points (z, y) distinct from (0,0). But this generality 
will not be the only new aspect in the proof below, since the literature con- 
sulted fails to contain a proof of (*) even for the case in which the functions 
(2) are analytic and (14) holds. In fact, the situation is as follows: 


values of the six constants in (7), the assertions of (*) 


For “ generic ’ 
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were obtained by Picard [5], p. 224 (cf. Liebmann’s report [4]) under the 
assumption that the functions (3) are regular power series about the origin 
(actually, somewhat less is used loc. cit.). A careful perusal of Picard’s 
considerations shows however that this proof is wrong (even if the functions 
(3) are polynomials). For, in order to show that in the case of (14) no 
solution path reaching to the origin is a spiral (i.e., that | 0(r)|—>0o cannot 
take place as r—>7), Picard assumes (loc. cit., p. 221) that one of the two 
systems S;, say S,, contains two solutions reaching to the origin in such a 
fashion that one of the solutions satisfies (10) for some 6) and the other 
solution satisfies the relation which results from (10) if that 6) is increased 
by w. Actually, such an assumption cannot be made; in fact, as observed 
above, when Q(6@,) #0, it is impossible that the latter of the solution paths 
be in S;, since the former is assumed to be in 8;. Incidentally, if this result 
is granted, the error could be eliminated by using (via analyticity or less) 
the local uniqueness of solution paths passing through any point distinct from 
(0,0), since then it is easy to see that no solution path reaching to the origin 
can be a spiral. 

An objection can also be made to the passage in which Picard assumes 
(loc. cit., p. 219) that a:8;—a38;: ~0 holds for the constants occurring in 
the above relations (2). This assumption is always violated in the principal 
application made by Picard (loc. cit., p. 225) of his result, namely, in the 
case in which (1) is the equation of the lines of curvature on a surface on 
which (x, y) = (0,0) is an isolated umbilical point. In fact, a; =— a; and 
8, =— B; always hold in this geometrical problem; so that a;8; — a38; = 0 
for any choice of the coordinate axes in the (2, y)-plane. 


5. Assumption (7 bis) of (*) is violated if and only if there exist a 
homogeneous linear trigonometric form 
(15) =acosé+ (i.e., a? + B?~0) 
and three constants c;, satisfying 


(16) L;,(8) = ¢,L (6), (k=—1, 2, 3), 


which implies, by (8) and (9), that 


(17) Q(0) = — ¢,¢3) L? (6) 
and 
(18) M (6) = (c, cos? 6 + cos 6 + sin? 6) L(4), 


where, in view of (12) and (8 bis), 
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(18 bis) Co? — C,C3 > 0. 


We were unable to decide whether or not (*) remains true in this case, 
that is, when assumption (7 bis) is omitted. We shall prove however, by a 
method which combines that proving (*) with that of “the curves of zero 
slope” (cf. [8]), that if the coefficient functions of (1) are of class Ct 
(instead of being, as in (*), just continuous), then, if condition (7 bis) of 
(*) fails to hold, the assertions of (*) remain true at least in the following 


sense 


(§) Assertion (1) of (*) remains true, as does that part of assertion 
(II) which concerns (10); the remaining part of (11), that which concerns 
(11), is true at least if the limit @) occurring in (10) ts not a zero of (15). 


The proof of this variant of (*), being made quite elaborate by the 
necessity of involving the “curves of zero slope,” will be deferred to Section 
15. On the other hand, it will be shown in Section 14 that, even when the 
C1-assumption of the variant is omitted, statement (§), the last italicized 
statement, holds if (7 bis) is replaced by the assumption that all (real) zeros 
of (9) are simple (i. e., if and di (@)/dé do not vanish simultaneously). 
In contrast to the former variant of (*), the latter variant of (*) can be 
proved with not more effort than (*) itself. 


6. Ifthe (x, y)-plane is rotated about (0,0) by any fixed angle, say by 
6*, the form of the equations (1)-(3) remains unchanged. In fact, if L;.* (6), 
Q*(@), M*(@) denote the trigonometric polynomials by which (7), (8), (9) 
become replaced after the rotation 


(19) (x, y) (x cos — y sin x sin 6* + y cos 6*), 


then it is readily verified from (1)-(3) and (6)-(7) that, in vector and 
matrix notations, 


(201) 


L,* (6) | 6* sin 26* + 6*) 
= | — 26* cos 20* — 4sin 26* | | 6*) 
Ls* (8) | sin?6* —sin26* cos?6* { 
and therefore, from (8) and (9), 
(20.) Q*(8) =Q(0 + (20,) + 6%). 


While a rotation (19) leaves the zeros of M(6) invariant in the sense of 
(20;), the positions of the zeros of the functions Z;(@) do not remain 
invariant relative to the position of the zeros of M(@); cf. (20,). This is 
the reason for the possibility of the following consideration. 


ON THE SINGULARITIES IN NETS OF CURVES. 283 


It is clear from (7) that, when @ is fixed, L,*(@—6*) is a quadratic 
form in (cos 6*, sin@*). If k=83, the coefficients of this quadratic form 
are seen to be L;(@), —L.(@), L1(@). Hence the assumption (7 bis) means 
that for no fixed 6 will L;(@— 6*) vanish identically in 6*. In view of (8), 
(8 bis) and (20,), the function L,* (6 — 6*) of 6* has, for a fixed 6, exactly 
one zero or exactly two zeros (mod 7) according as @ is or is not a zero of the 
quadratic form Q(@) in (cos 6, sin @). 

Suppose that 0) is a zero of M(6). Thus, (203) shows that 0 = 6) — 6* 
is a zero of M*(6). Hence, in view of the preceding remarks on L,* (0 — 6*), 
it is seen from (9 bis) that, when 6* is suitably chosen, Z,*(0) and M*(@) 
will not have a common zero, which means that L;*(0) ~0 holds at 
§ = 6, — 6* whenever M(6.) =0. It also follows that if # is any pre- 
assigned angle, then @* in (19) can be chosen in such a way that L,*(@) ~0 
whenever + #0) = 0, that is, whenever 0 = 0, — 6* —# and M(6,) =0. 

Consequently, if the rotation (19) is suitably chosen and then the asterisks 
are omitted, it follows that there is no loss of generality in assuming that 


(21) #0 if =0 
and that, with reference to a preassigned #, 


The hypothesis of (21)-(22) is always satisfied by some 4). In fact, 
since (9) is a cubic form in (cos 6, sin @), it must have a (real) zero, say Oo. 
In adidtion, (9 bis) shows that M(6) will change sign at 6 if 0 is suitably 


chosen. 


7. Starting with the coefficients of (1), which (for small 2? + y*) are 
continuous functions satisfying (4), consider either of the binary differential 
systems 


where j = 1, 2, the prime denotes differentiation with respect to a variable ¢ 
which does not occur explicitly in (23;), and the exponent 4 refers to the 
non-negative determination of the square root. 

In contrast to the definition of a solution path of (1), given in Section 2, 
where neither (x(r), y(r)) = (0,0) nor (dx(r)/dr, dy(r)/dr) = (0,0) has 
been allowed, let a solution path (a(t), y(t)) of either system (23;) be 
defined so as to exclude (x(t), y(t)) = (0,0) for every ¢, without excluding 
(x’(t), y’(t)) = (0,0). Clearly, (6) and every solution path of (23;) deter- 


(22) + 0) if =0. 
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mine two continuously differentiable functions r= r(t) > 0, 6=6(t) (with 


0= 6(t°) < 2m at a given 7°). If a solution path of (23;) is given for 
0OSt<t(Se) or and if it satisfies 


(24) (x(t), y(t)) > (0,0) as toh, 


then it will be called a solution path of (23;) reaching to the origin. 

The pair of alternative systems (23,)-(23.) of first order is formally 
equivalent to the single equation (1) of second order. But from the point 
of view of solution paths, the equivalence is not evident at all. In fact, a 
solution path of (1), as defined in Section 2, depends on the idea of a 
(locally) Jordan are, of class C’, on which the parameter + is in the main 
the are length, whereas the ¢ in (23;), where ’ —d/dt, is committed by the 
assignment of the slope functions of both z a(t) and z= y(t) in a (f, z)- 
plane. Correspondingly, when proving that every solution path of (1) satis- 
fying (5) can be thought of as a solution path of either (23,) or (232) and 
vice versa, one meets the actual difficulty at the points (z,y) at which 
(x’(t), y’(t)) = (0,0) by virtue of (23;). 


8. Let the functions F and G,, Gz be defined by 


(25) F (0) = Ls(8) 
and 
(26;) =— L.(6) + (—1)4 Q4(8), 


where @3 denotes the non-negative square root of (8). Then it is clear from 
(2)-(3) and (7)-(8) that 1/r times the functions on the right of the equations 
(23;) tend, uniformly in @, to the limits /'(@) and G;(@), as r—-0. The set 
of @-values on which F? + G;? vanishes is contained in the set of 6-values on 
which F vanishes, and the latter set is a sequence of the form 6 = 06° + mm 
(n=0,+1,+,:--), by (25) (and since ZL; is a homogeneous linear trig- 
onometric polynomial which, in view of (21), does not vanish identically). 
If 
(27;) J;(0) = G;(6) cos 6 — L;(@) sin 8, (L; =F), 


then it is seen from (9) that 
(28) M (0) L;(0) =J,(0)J2(6). 


Since (9 bis) and the preceding parenthetical remark imply that the trigono- 
metric polynomial MZ, does not vanish identically, it follows from (28) that 
the zeros 6 of neither function J; have a finite cluster point. This proves 
that assumption (+) of [3], p. 118, is satisfied. 
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It follows that, in order to make the three Theorems (i), (iii), (iv) of 
[3], pp. 118-119, applicable to both of the above systems (23), it is sufficient 
to show that, whether j —1 or 2, the function J; must change sign at some 
§ = 6.3, while L;(0./) #0. If the existence of 6)/ is shown, then the theorems 


just mentioned imply that 


(I,) the system (23;) has solution paths reaching to the origin and 


satisfying (10), where 0) = ; 


(II,) to every solution path of (23;) reaching to the origin, there 
belongs a number 6 satisfying (10) and J;(6.) = 0; 


(III,) the limit 0) in (10) satisfies (11) whenever L3(6).) #0. 


After the proof of the existence of 0)’, there will remain to be shown that 
these results can be transferred from (23;) to (1). That (I,) above implies 
(I) in (*) will be verified at the beginning of Section 10; that (II,) and 
(III,) imply (II) in (*) will be shown at the end of Section 10 on the 
basis of some facts to be collected in Section 9. 

In the proof for the existence of a 0 = @,/ at which J;(@) changes sign, 
recourse can be had to the identity 


(29) J:(0) 


which is clear from (27;) and (26;), where Q3 = 0. 

As mentioned at the end of Section 6, there exist values 6) satisfying 
(21) and having the property that M(6) vanishes at 6) in an odd order. 
This means that the product M(6)Z3(6) must change sign at 4. Hence the 
same is true, by (28), of either J,;(@) or J2(6@). It follows therefore from 
(29) that each of the functions J;(@) has a zero (6) or 0) + 7) at which it 
changes sign. Thus a 6,/ with the desired properties exists and can be 
identified with 0, for one choice of 7 1,2, and with 6,-+ 7 for the other 
choice. Hence (I,), (Ilo), (11I,) are applicable to the system (23)). 


9. It is clear from the proofs of Theorems (i)-(iv) in [8,] pp. 119-122, 
that if 6° (in contrast to 6)) is any angle satisfying J,(6°) #0, then there 
exists an s > 0 having the following property: If 


IIA 


(30) y=y(t), where 


is any solution of (23,) and is within the circle C,: 2? + y? =r? < s* for 
every ¢ between ¢, and f., then, as ¢ increases, the arc (30) can cross the 
half-line 


6 
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(31) 0 (0<r<o) 


only in one and the same direction, that is, either with increasing 6(t¢) only 
or with decreasing 0(¢) only, where 6(¢) — arctan y(t)/xz(t). Moreover (cf. 
loc. cit.), if 


(32) (mod 2z), (0<r<o), 


is a wedge in the (z, y)-plane having the property that the function J;(@) 
changes sign on the interval 6' < 6 < 6°, and if (30) is any solution arc of 
(23,) which is within the circle C, and enters the wedge (32) at some ¢-value, 
then it cannot leave (32) at a larger ¢-value. Analogous remarks apply to 
J2(@) and the solution paths of (232). 


10. As in Section 2, let S,, S. denote the two systems of solution paths 
of (1). It is seen from (4) that, after a suitable numeration (j = 1,2) of 
these systems, it can be assumed that if (z(r),y(r)) is a solution path 
belonging to S; and if it does not pass through a zero (2, y) ~ (0,0) of the 
coefficient ¢ = c(z, y) of (1), that is, if e(x(r), y(7)) #0, then this solution 
path of (1) can be reparametrized into a solution path (x(t), y(¢)) of (235). 
Conversely, if (z(t), y(t)) is a solution path of (23;) and satisfies (10) 
with a 6, subject to the restriction L;(@).) 40, then c(x(t), y(t)) AO holds 
as soon as (x(t), y(t)) is close enough to (0,0). In fact, if (x, y) — (0,0) 
and c(z,y) =0, then arctany/z—>6° where L;(0°) —0. This follows 
from (2), (3) and the case k —3 of (7) (unless L;(0) =0, a possibility 
which, in view of Section 6, can be disregarded). Finally, it is clear that if 
(x(t), y(t) ) is a solution path of (23;) satisfying c(x(t), y(t) ) through- 
out, then it is a solution path of (1) contained in the system Sj. 

In view of result (I,) of Section 8 on the solution paths of (23;), this 
proves assertion (I) of (*) for the solution paths of (1). It remains to 
show that assertion (II) of (*) can be deduced from the analogous state- 
ments (II,), (III,). 

Consider a solution path (x(7), y(r)) of (1) which belongs, for example, 
to S, and tends, as r—>7,—0, to the origin (0,0) in such a way that 
¢ =c(x(r),y(7)) becomes 0 for certain z-values arbitrarily close to ro. Let 
6° be an angle (mod7z) satisfying L;(6°) 0 and having the property that 
the function J,(@) changes sign at some point of the interval 0° < 0 < @° +z, 
say at the point 6=6). Finally, let « be any (sufficiently small) positive 
number satisfying J,(6° + «) and J,(0°+a+e) Then it follows 


from Section 9 that, when 7 is close enough toro, either every or no point of 
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the path (x(7),y(r)) is within the wedge (32) belonging to 6* = 6° +., 
6> = 6° +2—e. But it is clear from (1) and (4) that the first of these 
two cases is impossible, since c(x(7), y(r)) is supposed to become 0 at certain 
z-values arbitrarily close to Consequently, as t To, 


(33) 6(r) < 6° +2—e does not hold for any 


where 2(r) —r(r) cos 0(r), sin @(7r); cf. (5)-(6). 
Since « > 0 can be chosen arbitrarily small, the boundaries of the wedge 
prohibited by (33) can be made to be arbitrarily close to the half-lines 
6—6—eandd—@+2-+c. Consider, for instance, the former half-line. 
Then, if the path (x(r), y(r) ) crosses at all this half-line (belonging to 0° — e) 
at a certain t= 71°(< 79) close to ro, then it follows from Section 9 that 
the path cannot recross the half-line 6 = 6° —e at any later (> 7°) unless 
the solution path (a(r), y(7)) contained in S, cannot be reparametrized into 
a solution path (x(t),y(t)) of (23); that is, unless both functions c, 
— — (b?—ac)* of (x,y) vanish at some point of the path (a(r),y(r)), 
where 7° <r <7. Hence, if (x(r), y(7)) crosses the line 6 = 6°—e at a 
7 == 7° close to 7) in such a way that 6(7) is decreasing, then it cannot recross 
the line at a later r(> 7°) before it has crossed the half-line 6 = 0° +7 -+«. 
In this argument, the half-lines 6 = 0° — « and 6° + 2 - «can be interchanged. 
It follows that the solution path (x(r),y(7)) of S, either satisfies 
c(x(r), y(r)) ~0 for 7 near 7, (hence is a solution of (23,)) or one of the 
following three contingencies must take place: 
(34’) O(r) > 0, +7, 
(35) 6° = lim inf < limsup = +7, 
where 7p. 

In the first case, (II,) of Section 8 implies that there exists a number 4, 
satisfying (10) and J,(@).) =0. At this stage of the proof, it is conceivable 
that the limit 6) is the number 6° or 6°-+ 7, so that (34’) or (34”) holds. 
It will however be shown that, for a solution path (r(r), y(r)) of S; reaching 
to the origin, none of the possibilities (34’), (34), (35) can hold. The 
elimination of (35) implies, therefore, that (10) holds. The elimination of 
(34’) and (34”) implies that the limit 4) in (10) does not satisfy L;(6@)) = 0. 
Consequently, (III,) in Section 8 shows that (11) is a consequence of (10). 
Hence, the proof of (*) will be complete if it is shown that each of the three 
contingencies (34’), (34”) and (35) leads to a contradiction. 

Ad (34’)-(34”). The angle 6°, introduced before formula (33) above, 
was chosen so as to satisfy the condition L;(6°) —0 and therefore, in view of 
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(7), the condition L,(6° + 7) —0 as well, and (34’) or (34”) means that 
(10) is satisfied (by 0. = 6° or 0. = 6° +7). Let 0 be a zero of M(6) and 
let d = 6° — 6, or 0 = & + 7— 6, according as (34’) or (34”) holds. Then, 
after-a suitable rotation (19), it can be supposed that (22) holds; thus 


L3(0 +9) and M(6,+8) 40. 


Furthermore, since the limit of @(r) is invariant under rotations, 
as Since +7 and +0) it follows 
that c(x(r), y(r)) 40 for sufficiently near 75. Hence (z(r),y(7r)) can 
be reparametrized as a solution of (23,). But then (II,) in Section 8 is 
applicable and claims that 6,-+% must be a zero of the function J,(6@). 
It follows therefore from (28) that (6, + +0) —0. Hence, the 
last formula line contains a contradiction. 

Ad (35). This contingency can be ruled out in the same way as (34’)- 
(34”) above. In fact, the angular distance (mod 27) between a zero of L;(6) 
and a zero of M(@) is not, whereas the corresponding distance between the 


6° = lim inf 6(7) = lim inf arc tan y(r)/z(r) 


of (35) and a zero of M(6@) is, invariant under a rotation (19) of the (2, y)- 


plane. 


11. Application of (*) to lines of curvature. Let z=2z(2z,y) be a 
function of class C? in a vicinity of (x,y) = (0,0), and let K — K(z,y) 
denote the Gaussian, and H = H(z,y) the mean, curvature on the surface 
z=—=2(z,y). Then, as is well-known, H? = K, where the sign of equality is 
characteristic of points (z,y) which are umbilical (“ spherical” or “ flat” 
according as K >0 or K =0, while K < 0 is precluded by H*?=—K). It 
will be assumed that 


(36) H?(2,y) according as 27+ y7=0 
(which means that (0,0) is an isolated umbilical point) and that 
(37) K(0,0) 20 


(so that (0,0) can be either a spherical or a flat point). Note that (36) and 
(37) are compatible with the case <0, where (a, y) (0,0) (in 
which case (0,0) must be a flat point), and not only with the usual case 
K(a,y) >0 (in which case (0,0) is a spherical point or a flat point, 
depending on the alternative in (37)). 

If p—p(z,y),:*+,t—t(z,y) denote the five partial derivatives 
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Zay* * * 5 %yy, the differential equations defining the lines of curvature are 
defined by the case 


a=pgr—(1+p’)s, 2—(1+ q’)r—(1+ p’)t, 
c= (1+ q’)s— 


of (1). Condition (36) means that the resulting quadratic differential 
equation (1) can or cannot be reduced to non-singular differential equations 
in a vicinity of a point according as the latter is not or is the point (0,0). 

Suppose that z = z(za, y), instead of being just of class C?, is of class C* 
(as will be seen in a moment, somewhat less would suffice at the point (0,0), 
without any additional refinement of the C?-condition at the other points). 
Then, if the plane tangent to the surface at (0,0) is chosen to be the 
(x, y)-plane, and if the orientation of the z-axis is suitably chosen, it follows 
from (36) and (37) that, as r= (2?-+ y?)§ > 0, 


(39) a(x, y) = 3K (0, 0) (2? + + $(2,y)/6 + 0(7°), 


where, if a, 8, y, § denote the partial derivatives of third order of z(x,y) at 
(0,0), the second term on the right is defined by the cubic form 


(40) $(&, y) = ax* + 3Bx°y + + dy’. 


The C%-assumption also implies that the partial derivatives of first, second 
and third order, for (x,y) near (0,0), can be obtained by formal differen- 
tiations of the Taylor relation (40) (with o(r*) replaced by o(r?), o(r) and 
0(1), respectively). If this is substituted into (40), it is seen that (1) will 
satisfy conditions (2) and (3) of (*), the values of the six constants ax, 8; 
in (2) being those for which the three forms (7) become 


(38) 


(41) L,—4(a—y)cos 4(B — 8)sin 0. 
Since the Gaussian and mean curvatures are 

(42) K = (rt — s*)/d*, where d= (1+ p? + q’)4, 

and 

(43) H =I/d*, where I =4(1+ p?)t— pqs + 4(14+ 


it is easily verified from (38) that assumption (4) of Theorem (I) is now 
equivalent to (36). Hence, in order to render (*) applicable, only its 
assumptions (7 bis), (8 bis), (9 bis) remain to be assured. But if (41) is 
inserted into (9), it is seen that (9 bis) is satisfied if and only if 


(44) #0 
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holds for the cubic form (40). On the other hand, (8) shows that (8 bis) 
is satisfied if and only if not both linear forms (41) vanish identically, a 
condition which, in view of (40), is readily found to be equivalent to (44). 
Finally, condition (7 bis) requires the linear independence of the two linear 
forms (41), and this condition is satisfied if and only if 


(45) ay — BSA (y + 8) (y—8). 


Hence the situation is as follows: 

Let z = z(x,y) be a surface of class C* satisfying (36) and suppose that, 
when the surface is written in the form (39), the associated cubic form (40) 
satisfies (44) and (45). Then Theorem (*) of Section 3 is applicable to 
the lines of curvature near the umbilical point (0,0). 

Accordingly, every line of curvature which reaches to the umbilical point 
(0,0) has there a tangent (and the latter is the limit, as (a, y) — (0,0), 
of the tangents at the non-umbilical points (a, y) of that line of curvature). 
If S, and S, are the two families of lines of curvature in a vicinity of the 
umbilical point (cf. the remark which precedes (5) in Section 2), then both 
S, and S, contain at least one curve reaching to (0,0). (Note that the 
curves contained in either family, say in S,, are transversal to those con- 
tained in S., if the umbilical point is excluded.) Finally, if C is a line of 
curvature which has at (0,0) a continuous tangent and passes through the 
point (0,0) (instead of just reaching it), then the two arcs into which (0,0) 
divides C cannot be in one and the same family Sj. 

All of this is in agreement with (but is not of course contained in) the 
particular results derived by Darboux [1], pp. 448-465, as illustrated, in 
part, by his diagrams, p. 455; cf. also [2], pp. 84-93. 


Remark. It may be mentioned that (45) admits of a simple interpre- 
tation, as follows: While (36) requires that H?-—K should tend to 0 as 
(x, y) > (0,0), the meaning of (45) is that this limit process should not 
take place with an exceptional rapidity, but in such a way, for some positive 


constant, 
(46) H* (x,y) — K (a, y) = const. r? as r= (a? + 0. 


In fact, it is seen from (38)-(39) and (42)-(43) that (46) is equivalent to 
the refinement (13) of (12). But (8) shows that (13) will be satisfied by 
the two forms (41) if and only if the latter are linearly independent, a 
restriction which is equivalent to (45). 

Incidentally, since the functions (38) are of class C' when the surface 
is of class C*, the restriction (46) becomes superfluous if use is made of the 


\ 
v 
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(-criterion mentioned in Section 5. In fact, (46) is equivalent to (45), 
whereas (45) was seen to be equivalent to (7 bis) in the present case. 


12. Application of (*) to asymptotic lines. The assumptions (36)-(37) 
mean that (0,0) is an isolated umbilical point. If the problem of lines of 
curvature is replaced by that of the asymptotic lines, the resulting dual 
situation is as follows: (0,0) is an isolated flat point and the surface is of 
negative Gaussian curvature near (0,0). This means that 


(47) K(#,y) S 0 according as 2? + y7=0 
and that 
(48) HA, = K, = 0, 1. @., = = = 0 


(r *), Where f, denotes the value of f(z,y) at (z,y) = (0,0). 
Clearly, these two conditions mean that, if (z,y) ~ (0,0), there exist on 
the surface z= 2z(2,y) (of class C?) two distinct asymptotic directions, and 
that the latter become indeterminate (instead of uniting in a single deter- 
minate direction) at (x,y) = (0,0). 

Let the plane tangent to the surface at (0,0) be chosen to be the 
(z,y)-plane. Then %—po—Q.—0, hence the second formulation in 
(21 bis) shows that y) = o0(r?) as + y?)4 =r—0 (Taylor). Hence, 
if z(x,y) is of class C*, and if ¢(z, y) denotes the cubic form the coefficients 
of which are the same as in (39), then 


(49) = (2, y) + 0(7°), 


and the remark made after (39), concerning the formal differentiability of 
the o-term, holds for (49) also. Since the differential equations defining the 
asymptotic lines on the surfaces z = z(a,y) result by choosing 


(50) b=s8, t 


in (1), it follows that, when the surface is of class C%, conditions (2) and 
(3) of Theorem (*) are satisfied, the six constants occurring in (2) being 
given by 


(51) (a1, B13 a2, B23 as, ys) (a,8; y;y,8), 


where a, 8, y, 5 are the coefficients of the cubic (40) occurring in (49). It is 
also seen from (50) that, in view of (42) and (47), condition (4) is satisfied. 
Hence, Theorem (*) will be applicable if the four constants occurring on 
the right of (51) are subject to the conditions required by (7 bis), (8 bis), 
(9 bis). 
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First, it follows from (7), (51) and (8) that condition (8 bis) is equi- 
valent to the non-identical vanishing of the Hessian of the cubic form (40), 
that is, to the restriction 


(52) — ay? 9, 1.e., 6 Fd’, 


where A=A(z,y) denotes an arbitrary linear form (the equivalence of the 
two assumptions (52) on the cubic form ¢—¢(z,y) is Hesse’s lemma on 
binary forms ¢). On the other hand, since (7), (51), (9) and (40) imply 
that M(6) = ¢(cos 6, sin 6), condition (9 bis) is equivalent to (44) and is 
therefore implied by the preceding condition (52). Finally, this condition 
takes care of (7 bis) also. In fact, (40) shows that (52) can be written in 


the form 
(8? — ay)? + (By —ad)zy + (y? — 40, 


and is therefore equivalent to the non-vanishing of at least one of the 


determinants 

ay—f*, ps—y’, 
a condition which, in view of (7) and (51), is identical with the restriction 
(7 bis). 


13. In order to deal with the statements of Section 5, concerning the 


case in which 


(53) L, (0), L2(0), L3(@) have a common zero, 


it is convenient first to deduce a normalization which belongs to (53) in the 
same way as the normalization obtained in Section 7 belongs to (7 bis). 

Since (53) is the negation of (7 bis), the relations (15)-(18 bis) apply. 
Let P(6) denote the quadratic factor on the right of (18). Then, since 
M = PL, it is seen from (15), (18) and (18bis) that M—0O must have 
simple (real) roots only; so that, since Z is linear, P must possess at least 
one simple zero which is not a zero of L. Hence it is seen from the identity 
(20;), and from the corresponding identity 


(54) L*(0) = 6*), 


that M*(6) possess at least one simple zero which is not a zero of L*(6). 

It is readily verified from (20,) and (16) that L,*(6), L.*(6), D;*(6) 
are respectively identical with P(@*), 3dP(0*)/d6*, P(6*-+ 42) times 
L(@+ 6*). This, when combined with the preceding remarks, implies that, 
if the constant @* occurring in (19) is suitably chosen, then none of the 
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three functions Z,*(@-+ 6*) of 6 will vanish identically and the product 
L,*(0)L;*(@) will be non-positive throughout. (Note that if the zeros of 
the quadratic trigonometric polynomial P(@) differ from each other by 
multiples of 47 only, then L,*(@)L3*(@) cannot become non-negative unless 
L;*(6@) vanishes identically.) 

Let the constant 6* defining the rotation (19) be suitably chosen and 
then all asterisks omitted (so that 6*—0). Then the above remarks can 
be summarized as follows: 

If (53) holds instead of (7 bis), then there is no loss of generality in 
assuming that 


(55) #0, where k = 1, 2, 3, 
that 
(56) L,(0)L3(@) S0 for all @, 


finally that there exists a 0) satisfying 
(57) and M(@)) =0 but M,(@) 
where M,(0) = dM (6) /dé. 


14. It is now easy to prove the statement made at the end of Section 5. 
The statement deals with the case in which (7 bis) is replaced by the assump- 
tion that all (real) roots of (9) are simple (i.e., that 


(58) M,(@) whenever (6) —0, 
where M, = dM/dé), and runs as follows: 


(+) If assumption (7 bis) of (*) ts replaced by (58), then the asser- 
tions of (*) are true at least in the sense of (§), Section 5. 


Proof. Since (57) means that M(6@) changes signs at #6, while 
L(0o) #0, a major part of the proof of (*) remains applicable. In fact, 
the proof of assertion (I) remains valid, as does that portion of the proof 
of (II) according to which either the limit (10) exists or (35) holds, where 
L (0°) =0 (the first of these alternative cases includes the contingencies (34’), 
(34”) in the present situation). Also, (10) implies (11) if the limit 4) in 
(10) is not a zero of Z(6). Thus it only remains to show that (53) and 
(50) exclude the possibility of (35). 

According to the normalization (55), no c, can vanish in (15). Since 
the equations (1), (2),-- +, being homogeneous, can be multiplied by an 
arbitrary non-vanishing constant, it follows that it can be supposed that c; = 1, 


1 
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that is, that L3(0) =2L(0). Then (25) reduces to 


(59) F(6) = L(6) 
and (26) to 
(60) = L(8) (— + (— 1)’ — sgn L(8)), 


by (17). Put 

(61) N;(0) = (— + — ¢1€3)4) cos 6 — sin 6. 

Then the definition (27;) of J;(@) shows that 

(62) J;(0) = 

holds in the half-plane L(6) = 0 or L(@) =0 according as 7 =1 or j At. 
Since c; 1, it is readily verified that P N,N2, hence M—LIN,N,. It 


follows therefore from (58) that the zeros of N; are distinct from those of L. 
Consequently, (62) shows that J;(@) changes sign in both of the half-planes 


if L(6°) =0. 
Accordingly, if (x(t), y(t) ) is a solution path of (23;) on some f-interval, 


is within the circle 2? + y? < s? on this interval (for a sufficiently small s) 
and enters one of the wedges 


then it cannot leave that wedge; cf. the remarks concerning (32). This fact 
eliminates the possibility of (35), since a solution path of (1) in such a 
wedge is a solution path of (23;) (either for 71 or for 72), and 
conversely. 


15. There will now be proved the C?-criterion announced in Section 5, 
that is, the following theorem: 


(**) If assumption (7 bis) of (*) is omitted but the coefficient func- 
tions a, b, c of (1) (which in (*) are required to be just continuous) are 
assumed to have continuous partial derivatives az,- - - , Cy, then the assertions 
of (*) remain true at least in the sense of (§), Section 5. 


Proof. In view of (*) and (7), it will be sufficient to prove this theorem 
only for the case excluded by (*) and (+) together, that is, for the case in 
which neither the assumption (7 bis) of (*) nor assumption (58) of (7) is 
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fulfilled. Since there exists a 0 =, satisfying (57) in this case also, the 
proofs of (*) and (7) show that (**) will be proved if contingency (35) is 
eliminated for every solution path of (1) reaching to the origin. 


The considerations of Section 18 make it clear that there is no loss of 
generality in assuming that 6° ~ 432 (mod z) if L(6°) =0. This means that 
the coefficient 8 of sin@ in (15) is not 0. Since f,(z,y) in (2)-(3) is 
supposed to be of class C1, it follows that the partial derivative of a, b, ¢ 
with respect to y at (0,0) is 18, cB, csB8, respectively. Since c, 0 and 
8 0, continuity considerations show that a,, by, cy are distinct from 0 for 
(x,y) near (0,0). Hence, the k-th of the equations 


(631) a(z,y) (632) =0; (633) ¢(z,y) =0 
has a unique solution y= y(«) of class C* for small | z |, say the solution 
=Yx(r), where y,(0) and dy;,(0)/dr = tan @°. 


Since (4) implies that a point (x,y) ~ (0,0) of the curve (63.) cannot be 
on either of the curves (63,), (633), and since (63,) is equivalent to (64,) 
for every fixed k, it is clear that 


(65) either yo(@) > or < for all small >0 
and that 
(66) either y2(@) > y3(@) or < y3(@) for all small > 0, 
finally that such alternatives hold for all small x < 0 also. 

On a 7r-interval 0 =r < 79, let 
(67) y=y(r) 


be a solution path of (1) satisfying (5) as r—>7o, and let (67) belong, for 
example, to the family 8;. On a sufficiently small r-vicinity of any fixed 7, 
the coordinates of the solution path (67) must satisfy at least one of the 
differential equations 


(68)  dy/dx = {—b— (b?—ac)3}/c, dx/dy = c/{— b — —ac)}} 


(where { }/c is meant to represent —4a/b if c—0O and b <0, hence 
— b — (b?—ac)*=0), as well as at least one of the differential equations 


(69) dx/dy={—b-+ (b?—ac)3}/a, dy/dz = a/{— b + (b? —ac)}} 


(with an analogous interpretation of { }/a if a0 and b>0). It is 
clear from these differential equations that, at a given +, the first of the 
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function (67) has a relative extremum (maximum or minimum) if and 
only if 
(70) c(z(r),y(r)) changes signs and b(2(r), y(r)) >0 


at that 7, and that the second of the functions (67) has a relative extremum 
if and only if 


(71) a(x(r),y(7r)) changes signs and b(a(r), y(r)) <0. 


On the basis of these facts, the possibility of (35) can be ruled out as 
follows : 

Suppose, if possible, that (35) is satisfied by the solution path (67) 
of (1) reaching to the origin, as r-—>7).— 0. Then, corresponding to every 
« > 0, and for every 7 close enough to ro, the path (67) is in the wedge 


(72) (r>0), 
and (67) crosses the half-line 
(73) (r>0) 


an infinity of times as r—>7). On the half-line (73) (for small r), the 
slope dy/dx in (68) and/or (69) is of constant sign. It follows that each 
of the functions (67) has an infinity of extrema as r—> 7. These extremal 
values must be attained when (2(r), y(r)) is in one of the wedges | 6— 0°| <.e«, 
| 6° —a| <.e, since these wedges contain the arcs (64,). This follows 
from the above criteria involving (70) and (71). 

The normalization (55) and (2)-(3) imply that, if s is sufficiently small, 
the sector 


(74) M+ 0<r<s 


is divided by the arc (64,) into two domains on which a, >0 and a, < 0, 
respectively, where a; d2 = 0, a; = c. Since both (70) and (71) occur 
infinitely often as r—>7, it follows that the are (63,) is in the set b< 0 
and that the are (633) is in the set b > 0; cf. (65) and (66). Hence, exactly 
one of the functions a, c has opposite signs on the half-line (73) and on the 
arc (63.). (For example, if 6 >0 on (73) for small r>0, then c has 
opposite signs on (73) and on b = 0, while a is of the same sign.) 
According to (4), a(z, y)c(z, y) < 0 if b(z, y) =0 and (a, y) € (0,0). 


On the other hand, the normalization (56) implies that 


L, (6° + +e) <0; 
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hence, by (2)-(3), a(a, y)c(z, y) <0 on the half-line (73) for small r > 0. 
Clearly, this contradicts the fact that exactly one of the functions a, c has 
opposite signs on (63,) and on (73). 
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ON THE THIRD FUNDAMENTAL FORM OF A SURFACE.* 


By Puitip HARTMAN and AUREL WINTNER. 


Part I. 


1. Let D be an open, simply connected (and, for the purposes at hand, 
sufficiently small) domain in a (u,v)-plane, and let 911, J12 = Jo1, Jo2 be 
three functions on D corresponding to which the quadratic form 


(1) Jap (ut, u*) where ui = u, u? = v, 


is positive definite at every point of D. Suppose further that the three func- 
tions gi(u,v) are of class (” (i.e., that the partial derivatives T,, T, of the 
“ vector ” 

(2) r= (9115 912, 922) 

exist and are continuous on D). Then (1) will be referred to as a C’-metric 
(on D). Since the second derivatives of (2) need not exist, (1) will not 
in general have a Gaussian curvature K —K(u,v). On the other hand, 
since 

(3) g 0, where g = (det gix)4, 

there exist on D continuous Christoffel coefficients 


(4) Vix = (u, v) 


This implies that Levi-Civita’s parallel transport is uniquely defined along 
every oriented C’-are (contained in D) and that there exists a continuous 
geodesic curvature x =x«(s) on every C”-are. 

If 


(5) u* == (u,v), v* = v) 


is a pair of functions which is of class C’ and of non-vanishing Jacobian on 
D, and if D* denotes the (u,v)-domain on which the (sufficiently small) 
(u, v)-domain D is mapped by (5), finally if 


(6) g*ap(u**, u*?)du**du*?, where u*! u*, u*? = v*, 


* Received October 13, 1952. 
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is the positive definite form which is identical with the C’-metric (1) by 
virtue of (5), then (6) need not be a C’-metric on D*. In fact, if the 
transformation (5) and its inverse are just of class C’, then the functions 
g*ix(u*, v*), instead of being of class C’, will be just continuous on D*. 
All that follows is that if (1) is a C’-metric on D, then (6) will be a C’- 
metric on D* when the transformation (5) is of class C” and of non-vanishing 
Jacobian. Conversely, it was shown in [5] that the transformation (5) must 
be of class C” if it is of class C’, has a non-vanishing Jacobian and transforms 
a C’-metric (1) on D into a C’-metric (6) on D*. 

As mentioned above, the Gaussian curvature K = K (u,v) of a C’-metric 
does not in general exist. It is possible however to define with reference to 
every C’-metric the total curvature 


(7) 


of certain subsets EH of D, as follows: If # = H(J) is the interior of an 
oriented Jordan curve J contained in D and consisting of a finite number of 
ares each of which is of class C’, let the total curvature (7) of H be defined 
as the oriented variation (with respect to the tangent vector) of the direction 
of a vector transported parallel to itself (Levi-Civita) along J=—J(f). 
Clearly, this definition of the set function + remains invariant under one-to- 
one C’’-transformations (5) which transform the given C’-metric (1) into 
a C’-metric (6). 

If the continuous functions (4), occurring in the definition of (7), are 
expressed in terms of the partial derivatives gix u, Jix v, it is readily found that 


(8) = f (29119) (912911 u 911911 v — 2911912 u) du 
J 


+ (912911 v — 9119 22 u) dv} 


(cf. [1], pp. 123; this corrects the explicit form of the integrands in formulae 
(3)-(6) of [10], pp. 877-878). A partial integration (Green) transforms 
the explicit representation (8) of (7) into 


(9) -—ff (49°)- det (T, Ty, dudv 
E 


grew) (Joo goa x) av}, 
J 


where g® denotes the cube of (3) and T,, [', are the partial derivatives of (2). 
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Without using these explicit representations of (7), the following defini- 
tion will now be introduced: Let a C’-metric (1) on D be called a Gaussian 
metric or such as to possess a curvature K = K(u, v) if the set function (7), 
representing the total curvature of an arbitrary ZH = E(J), is absolutely con- 
tinuous, that is, if there exists on D a point function K = K(u,v) which is 
integrable (Z) on every compact subset of D and is such that, if g = g(u, v) 
is defined by (3), then 


(10) -ff Kgdudv 


E 


holds for every H=FH(J). This definition of the curvature, initiated by 
Weyl ([18], pp. 42-44; ef. [13], p. 185) leaves K (if it exists) undetermined 
on sets of measure 0. It is however clear what will be meant by a C’-metric 
which possesses a bounded curvature K (u,v), a continuous curvature K(u, v), 
etc. 

Under the assumption that the C’-metric (1) is Gaussian, let (8*), (9*) 
denote the relations which result if (10) is substituted into (8), (9), respec- 
tively. Then the above introduction of a curvature K is justified by the 
following pair of facts (neither of which is contained in the other): On the 
one hand, if the coefficient functions of (1) are of class C”, so that the 
classical formula for the Gaussian curvature defines a (continuous) function 
K = K(u,v), and if the latter is substituted into (10), then the resulting 
set function (10) satisfies (8*). On the other hand, if (1) is the C’-metric 
on a surface Y= X(u,v) of class C”’, where X = (z,y,z), and if the 
(continuous) function K —K(u,v) is defined to be the quotient of the 
determinants of the second and first fundamental forms of this embedding 
of (1), then the resulting set function (10) satisfies (9*). The first of 
these two facts follows by observing that (8*) is an integrated, form of 
Liouville’s representation of the Gaussian curvature of a C’”-metric (cf. [1], 
p. 123), while the second fact follows from the circumstance that the embedded 
form of (9*) is identical with formula (7), p. 759, of [6], a formula which 
holds on surfaces XY = X(u,v) of class C”; cf. [18], pp. 42-44 and [13], 
p-. 135 or [6], p. 760. 


2. In order to deal with questions involving the normal image on a 
sphere, or with the third fundamental form, of a surface in a manner which 
avoids the usual unnatural restrictions of differentiability (restrictions which 
lack a direct geometrical significance), the case Ky —1 of the following 
theorem will be needed: 
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(i) Jf a C’-metric (1) on D possesses a constant curvature (in the 
sense of (10), that ts, if the set function (7), where H=E (J), 1s repre- 
sentable in the form 


(11) Ky f (det tdudv, 
E 


where Ko = const. = 0), then there exists, near every point (u,v) of D, a 
transformation (5) which is of class C” and of non-vanishing Jacobian, and 
which transforms (1) into the standard analytic form 


(12) (du*? +- dv*?)/f?, where f=1- (u*? + v*?) K,/4. 


This theorem (i), which is a refinement (for the two-dimensional case) 
of the characterization of metrics of constant curvature due to Weingarten 
(cf. [2]), is contained between the lines of [19]. In fact, the situation is 
as follows: In order to prove the theorem in its preceding formulation, it is 
sufficient to show that, if the total curvature (7) of a C’-metric satisfies (11), 
then Weingarten’s system of three linear differential equations 


(13) — on + Kogix(u’, = 0 


(in which the functions (4) are just continuous and the subscripts of ¢ 
denote partial differentiations with respect to u1 = wu and u? =v) is “ total.” 
By this is meant that (13) possesses a (unique) solution 6=—¢(u,v) for 
which the function ¢ and its first partial derivatives ¢;, ¢2 reduce to arbi- 
trarily given values, ¢° and ¢,°, $2°, at an arbitrary point (w°,v°) of D. For, 
if this is assured, then the above theorem (i) follows by the arguments used 
in [19], Sections 4 and 7. But the system (13) of three equations of second 
order will be “total” if it is “total” when written in the form of six 


equations of first order, 
(14) = Yi, Opi —= — K 


In view of theorem (II) in [6], this requires that the system (14) should 
satisfy the set of the integrability conditions to which the last two formula 
lines of theorem (II) in [6], p. 761, reduce in the present case, represented 
by (14). Since (14) is a homogeneous system in three unknown functions 
¢, ¥1, w2 and two independent variables, there are 9 (= 3*) such integrability 
conditions. A direct calculation shows that one of these reduces to the 
identity 0 = 0; two are satisfied by virtue of and Ti, two 
are equivalent to the conditions 
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f Kogixdu* —ff Ko (0gi2/0u' — where 1—1, 2, 
J E 
which are satisfied if and only if Ky is a constant; and the last four are 


represented by the equations 


Ti,,du" = — + (— 1) Kog?) du'du’, 

J E 
where i, j = 1,2 and (g**) = (gi,)~1.. These four relations are equivalent, by 
virtue of the Lemma in [6], p. 761, to four others in which the line integral 


on the left is replaced by f 9G jxViindu", where 1,4 Among these 
J 


last four integral conditions, two are trivially satisfied and two reduce to (9), 
provided that the C’-metric (1) has the curvature Ky. Since this is precisely 
the assumption of (i), the proof of (i) is complete. 

The proof of (i) has the following consequence: 


(ibis) Let (1) be a C’-metric on a simply connected domain D; Tiix 
the Christoffel symbols of the second kind belonging to (1); finally, Ky a 
continuous function on D. For every point (Uo, Vo) of D and every set of 
three numbers $°, 1°, 2°, there exists a solution 6=¢(u,v) of class C” 
on D of (13) satisfying $( to, Yo) = $°, $1 (Uo, Yo) = b2(Uo, Yo) = 
if and only if K, is a constant and the metric (1) has a curvature K, which 
is the constant K = Ky. 


The proof of (II) in [6], pp. 763-765, on which the proof of (i), (i bis) 
is based, shows that if I¥,, gi, are arbitrary continuous functions in (13), 
then (whether or not (13) is “ total”) (13) has at most one solution ¢$(u, v) 
of class C” satisfying given initial conditions $( Uo, Vo) = $°, d1(Uo; Vo) = 1°, 


(Uo, Vo) = 
Part II. 


3. A set S of points in the euclidean space XY = (2, y,z) will be called 
a surface of class C", where n= 1, if there exist some (u,v)-domain D and 
some vector function X(u,v) of class C" on D such that the vector product 
[X,,X.], where XY, = 0X/du, = 0X /dv, does not vanish and X X (u, v) 
is a one-to-one mapping of D onto S. The vector function X = X(u, v) will 
be said to be a C"-parametrization of S. The classes C1, C*, C* will be denoted 
Suppose that S is of class C”, and let Y—X(u,v) be a C”-para- 


| 
| 
ii 

( 
a 
( 
( 
W 
tl 
b 
( 
a 
t] 
( 
t] 
fy 
WwW 
(; 


ON THE THIRD FUNDAMENTAL FORM. 303 


metrization of S. Then the unit normal vector 


(15) N = [X1, X2]/|[%1, X2] X2] 
is a function N(u,v) of class C’ on D. If the binary symmetric matrices 
(16) a= (dx), (17) B= (bx), (18) y= 

are defined by 

(19) ay Xz, (20) bx Ni: Xz, (21) 


then a—a(u,v) is of class C’, while B= B(u,v) and y—y(u,v) are con- 
tinuous (on D) and 
(22) | dX |? =aydutdu*, 23) —dX-dN = dizduidut, 
(24) | dN |? 
are, respectively, the first, second, third fundamental forms on 
S: X X(u', u?*), 

where = u, =v. 

For reasons which will become obvious in a moment, the coefficients of 
the second fundamental form are defined by (20), and not by the formula 
bi, = N - Xi, involving the second derivatives of X. However, the possibility 


of so defining them (for the case at hand) shows that 8 is a symmetric matrix. 
The Gaussian and mean curvatures, K and H, are defined by 


(25) K = det(Ba™), (26) H = ttr(Ba") 

and are continuous functions on D. The reciprocal a of (16) exists, since 
the parenthetical assumption of (15) means that 

(26) (22) is positive definite. 

On the other hand, 


(27) (24) is positive definite at non-parabolic points only, 


that is, if and only if K+ 0. In fact, (27) follows from (24), (22) and 
from the identity 


(28) No] = K[Xi, Xe], ([X1, X2] £0), 
while (28) follows from (25) and (19)-(20) if use is made of Weingarten’s 


derivation formulae 


(29) N;=— bja**X,, where and (a*) =a”, 


J 
_ 
=— 
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Both (28) and (29) hold also at parabolic points (u,v), points at which 
(24) is positive semi-definite. Even at the latter points, the matrix of (24) 
is uniquely determined by the matrices of (22) and (23), since 


(30) y = Ba-*B. 


In fact, (30) follows if (29) is substituted into (21) and then use is made 
of (19) and (20); cf. [21], p. 372. 

The classical representation of the third fundamental form in the terms 
of the first and the second is not (30) but 


(31) y=— Ka+ 2HB 


with (25)-(26). The standard proof of (31) is open to objections, partly 
because it excludes umbilical points (points (u,v) at which H? = K) and 
which can form a complicated (u, v)-set even if S is of class C®, but mainly 
because it is valid only if § has a O’’-parametrization Y = X(u,v) in which 
u = const. and v = Const. are lines of curvature, whereas all that is assumed 
now is that S has some C’’-parametrization. In order to verify (31) under 
the latter assumption alone, note that, if « denotes the unit matrix, then, since 
the definitions (25)-(26) reduce the characteristic equation det (se — a8) = 0 
of a*8 to s* — 2Hs + K =0, the latter equation must be satisfied by s = a8 
(Hamilton-Cayley). If the resulting matrix relation is multiplied by a from 
the right, it follows that (31) is equivalent to (30). 

Incidentally, (30) and (25) imply (27) and also show that, at every 
point (u,v) of D, any of the three assumptions K = 0, det 8B = 0, det y= 0 
is equivalent to the other two. This implies that the first fundamental form 
is uniquely determined by the second and the third, in any (uw, v)-domain 
not containing parabolic points, since (30) can be written in the form 


(32) a= By if (and only if) K 
It also follows that, under the assumption of (32), the relations (25), (26) 
can be written as 


(33) 0 K = det(yf"), (34) H = htr(yB") 
(Weingarten). 


4. Let a sufficiently small (u,v)-domain D be mapped on a (u*, v*)- 
domain D* by a transformation (5) of class C’ and of non-vanishing Jacobian. 
Then, if Y= X(u,v) is a C”’-parametrization (on D) of a surface S of 
class C’’, the parametrization 
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(34) =X v*) =X (u(ut, v*), v(u*, v*)) 


of S (on D*) will in general be of class C’ only. Nevertheless, the unit normal 
vector 


(35) N = N(u*; v*), 


defined by that analogue of (15) in which X; is replaced by 0X /du**, 
is a function of class C’ on D* (instead of being just continuous). 
For, on the one hand, N(u*;v*) = + N(u(u*, v*), v(u*, v*)), where 
+ = sgn 0(u,v)/0(u*, v*) and, on the other hand, both N(u,v) and 
u=u(u*,v*), v=v(u* v*) are of class C’. 

Thus those analogues of (20), (21), (22) in which Xj, N;, are replaced 
by 0X /du**, dN/du** lead to continuous matrix functions 


(36) o* = (a*x), (37) B* = x), (38) y* = 

of (u*,v*) on D*. It is clear that a* and y* are symmetric matrices. In 
view of X (u,v) = X(u*;v*) and N(u,v) = N(u*; v*) sgn v)/d(u*, v*), 
the transformation rules a—a*, B—£*, y—y* are identical with the 
standard transformation rules when (5) is a substitution of class C’”; more 
precisely, 

though what would correspond to (39g) must be replaced by 

(40) B* = + ¢’Bd, with + = sgn det ¢, 

where ¢ is the Jacobian matrix 

(41) — (dut/ou**) 


and ¢’ is the transpose of ¢. The symmetry of 8 and the transformation rule 
(40) show that ®* is symmetric. In view of the definitions of a*, B*, y*, the 
analogues of the relations (25)-(34), obtained by replacing a, B, y, Xi, Nx by 
a*, B*, y*, 0X /u*+*, 0N/du**, remain valid. 


5. Let a parametrization X = X(u*, v*) of a surface 8 of class C” be 
called a normal O’-parametrization if X = X(u*, v*) is of class C’ (in con- 


trast to certain other parametrizations X = X(u,v) of 8, in which X(u, v) 
is of class CO”) and if the normal N = N(u,v) gives a C’’-parametrization 
of a portion of the unit sphere |N|—1. A normal C’-parametrization 


AX = X(A,p) of S will be called a spherical C’-parametrization if the para- 
meters A, » satisfy A? + »? <1 and are two of the three direction cosines of 
N; for example, 
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(42) N= (4,9) 
where 
(43) (44) p= (t+ 


(or N = (v,A,u) or N = (A, ¥,p)). 


(ii) <A surface S of class C” has a normal (and/or spherical) C’-para- 
metrization X = X(u*, v*) if and only if S ts free of parabolic point, that is, 


(45) (i. e., det 8 and/or det y ~0). 


(iibis) A spherical parametrization X = X (u*, v*) of 8 is of class C” 
if and only if S is of class C’” (that is, if and only if S has, besides a C’- 
parametrization X —X(u,v) which is assumed, some C”’-parametrization 
X =X(w’, v’) also). 


It is understood that S is always meant to be “ sufficiently small,” that 
is, that the assertions are local, in the sense of referring to some vicinity of 
a given point of 8. 

In order to prove (ii), let X = X(u,v) be a C’’-parametrization of 8. 
Then it is clear from (28) that VN = N(u, v) is a C’-parametrization of (part 
of) the sphere |N|—1 if and only if KAO on S. If KAO, hence 
[N,,N2] 40 in view of (15), then there exists a transformation (wu, v) 
— (u*, v*), which is of class C’ and of non-vanishing Jacobian, and in which 
(u*,v*) is or or (A,v), finally, which transforms N (u,v) into 
(42)-(43). Clearly, ¥ = X(u*,v*) is a normal C’-parametrization; in fact, 
it is a spherical C’-parametrization of S. Hence, K ~0 is sufficient for the 
existence of spherical C’-parametrizations. Incidentally, this argument makes 
it clear that spherical parametrizations of a given class C’,C”,- - - exist if 
and only if normal parametrizations of the same class do. 

The necessity of K 0 is clear from the definition of normal para- 
metrizations, in which it is required that N(u*,v*) be a C’’-parametrization 
of a portion of the unit sphere; in particular, that the vector product of 
dN /du* and dN /dv* be distinct from 0. Since the analogue of (28) holds in 
C’-parametrizations X = X(u*,v*) of a surface of class C’, it follows that 
K ~0 when S has a normal C’-parametrization. This proves (ii). 

The proof of the “if” part of (iibis) is clear from the proof of the 
first part of (ii). For if X= X(u,v) is a C’’-parametrization of S, then 
N=WN(u,v) is a C”-parametrization of part of the sphere | N | =1 and 
the above-described transformation (u,v) — (u*, v*) is of class C” and leads 


to a spherical C”-parametrization. Since a spherical parametrization is 
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derived from another (when two exist) by an analytic transformation of the 
parameters, all (one or three) spherical parametrizations are of class oO” 
when § is of class C’”. The converse, that is, the “only if” part of (ii bis), 
is contained in the following lemma as a particular case, u* =u, v* = v 


and n = 2. 


Lemma. If a surface 8, of class C" for a fixed n=1, possesses a C"- 
parametrization X = X(u,v) in which the normal N =N(u,v) becomes a 
function of class C", then S is a surface of class C™** (that is, S has some 
("parametrization X = X(w’,v’), say z= 2(z,y), where (7, 


Since this lemma is known (cf. [8], p. 163, the last paragraph of Section 
14), the proof of (ii bis) is now complete. 


Remark. A corollary of (ii) is the following statement: If S is a surface 
of class C’’, then it possesses C’-parametrizations X — X (u*; v*) in terms of 
which the normal N = N(u*;v*) is a function of class C”, too, provided 
that (45) holds on §. Since no mention is made now of normal para- 
metrizations, that is, since it is not required that [@N/du*, aN /du*| ~0, it is 
natural to ask whether the proviso (45) can now be omitted. The answer 
proves to be in the negative. In fact, an example to this effect is supplied 
by every surface S§ which is of class C’” without being of class C’” (cf. the 
case n= 2 of the above Lemma) and which is a torse containing no flat 
points (that is, if K=0A~H on 8S). Cf. Part V of [8]. 


Part III. 


6. The purpose of the following theorems is to remove from the Codazzi 
equations belonging to the third fundamental form (Weingarten) unnecessary 
assumptions of differentiability which are implicit in the standard treatment 
of this problem (cf. [1], pp. 232-234). 


(iii) Jf S is a surface of class C’” having no parabolic points and if 
X =X(u,v) is a normal C’-parametrization of S on a simply connected 
domain D, then, in these parameters, the second and third fundamental forms 


(46) biz (us, u?) dutduk, (47) Ci. (us, wu?) dutdu*, 
given by (23), (24) and (15), have the following properties: 


(+) The form (47%) is a C’-metric possessing the constant curvature 
K,=1; the coefficients bi, in (46) are of class C° (continuous) and satisfy 
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(48) det by, ~ 0; 


finally, if the 14, are the Christoffel symbols of the second kind belonging to 
(47), then both relations 


(49) ff j2 — duw'du? 1, 2) 
J E 


are identities in J, where H=EH(J) denotes the interior of any positively 
oriented, piecewise smooth Jordan curve J contained in D. 


In the classical statement of this theorem, it is (tacitly) supposed that 
S is of class If = X(u,v) is a C’’’-parametrization of 8, the matrices 
a, B, y, defined by (16)-(21), are of class C’””, C’”, C’’, respectively. In such 
a parametrization, the condition that (47) have the constant curvature Ky = 1 
is then expressible in terms of the second derivatives of the cx, while the 
“ Codazzi”’ relations (49) are expressible in terms of the first derivatives of 
the bj, (and cj). Thus (iii) improves on the classical theory by two degrees 
of differentiability—one resulting from the choice of normal parameters, and 
another from the fact that the condition on the curvature of (47) and the 
Codazzi relations (49) are used in an “integrated ” form. 

In a certain sense, conditions (7) of (iii) characterize the second and 
third fundamental forms in normal parametrizations of a surface of class C”. 
As does (iii), the following version of the ‘ 
the classical version by two degrees of differentiability. 


‘converse ” of (iii) improves on 


(iii*) Let the quadratic differential forms (46), (47) have the properties 
(+) of (iil) on a simply connected domain D. Then there exists a surface S 
of class C” having on D a normal C’-parametrization X = X(u, v) in which 
(46) and (47) become the second and third fundamental forms, respectively ; 
that is, (15) is of class C’”’ and (23), (24) hold on D. The surface S is uniquely 
determined (up to movements of the Euclidean X-space). 


The proofs of (iii), (iii*) will only be sketched. They are modifications 
of the proofs in the classical case of higher differentiability (cf. [1], pp. 232- 
235). The necessary modification of those proofs is similar to the modifica- 
tion of the proof of Bonnet’s theorem (characterizing the first and second 
fundamental forms), used in [6], pp. 761-762; the main point being that 
the standard theorem on total systems in the classical proofs is replaced by 
the theorem (II) of [6], pp. 760-761. 

If VN = N(u, v), where (u,v) = (u*, u?) is on a simply connected domain 
D, is a C”’-parametrization of a portion of the sphere | N | —1, then the 


derivation formulae of Gauss for the sphere are 
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(50) Niu. = TIN; — 


where cx is defined by (22) and I'4, are the Christoffel symbols belonging to 
(47). In view of (30), the Weingarten derivation formulae (29) for S can 
be written as 

(51) = — dyictiN;, where k=—1, 2, 


if (c‘/) =y", and if (45) and (48) hold. 

If (50)-(51) is considered as a linear system for the unknowns X, N, 
N,, N2, then theorem (II) in [6,] pp. 760-761, shows that this system is 
“total” if and only if (47) has the constant curvature K,—1 and the 
relations (49) hold as an identity in J. In fact, X, N, N,, N»2 can be con- 
sidered as scalars, since (50)-(51) consists of three identical systems, one for 
each component of the vectors. In this case (of four unknown functions 
and two independent variables), there are 16 (= 4*) integrability functions 
to be treated. When WN is a scalar, (50) is identical with the Weingarten 
equation (13) if gi, in the latter equation is replaced by cy, and Ko by 1. 
Hence, 9 of the 16 integrability conditions have been dealt with in the proof 
of (i), (ibis) and are satisfied if and only if (47) has the constant curvature 
Ayo=1. Of the 7 remaining conditions, a direct calculation shows that 5 
are trivial (of the type 0 0) and 2 reduce to the relations (49). 

Let S satisfy the conditions of (iii). Then the given parametrization 
A = \V(u,v) of S supplies an NV and an X satisfying (50), (51). Every 
surface obtained from § by Euclidean movements also gives a solution XY, N 
of (50), (51). By considering (50), (51) as scalar equations (say, as 
equations involving the first component), it is clear that from these solu- 
tions it is possible to construct solutions in which X, NV, N,, N. take arbitrary 
values at a given point of D, since (50)-(51) are linear and homogeneous. 
Hence, the necessity of the integrability conditions follows from theorem (II) 
of [6]. Since S has no parabolic points, (48) holds. Thus (46), (47) satisfy 
(+). This proves (iii). 

In order to prove (iii*), note that if (46), (47) satisfy (+), then the 
“total” character of (50)-(51) leads to solutions X, N of class C’, C”, 
respectively, uniquely determined by initial conditions. As in the classical 
case, a solution X, N satisfies (15), (19), (20) and (21), provided that the 
initial conditions of XY, N, Ni, N, do. Finally, the Lemma (above) shows 
that there exists a surface S of class C’” for which X is a normal C’-para- 
metrization. This proves (iii*). 

A corollary of the proof of (iii*) is the fact that if conditions (f) are 
unaltered except that, in addition, it is supposed that (bi) is of class C’, 


( 
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then there result surfaces S of class C’’ (instead of class C”), for which 
(46), (47) become the second and third fundamental forms in a normal C”- 
parametrization of S. The fact that no additional smoothness hypothesis is 
made on (47) seems curious at first glance. Actually, (i) shows that there 
is no loss of generality in assuming that (47) is analytic. A more inclusive 
consequence of the proof of (iii*) is as follows: 

(ii*,) If the forms (46), (47) are of class C" (or C™*), C” respec- 
tively, where n= 1, and have the properties (f) of (iii) on a simply connected 
domain D, then there exists a surface S of class C™*? (or C™*) having on D 
a C"- (or C"™1-) parametrization X = X(u,v) in which (15) is of class C™** 
and for which (20), (21) hold. 


Part IV. 


7. The point coordinates X = (2, y,z) of S will now be replaced by its 
plane coordinates or its supporting function 
(52) w=X-N 
(which, according to (15), is defined even if 8 is of class C’ only). In view 
of (iii), the result of the Appendix of [21], pp. 374-376, can be stated as 
follows : 

(iv) If S ts a surface of class C” without parabolic points and tf 
X =X(A,p) ts a spherical C’-parametrization of S, then the. supporting 
function 
(53) w= w(daA,p) =X(dA, pn) N(A, 
is of class C”’ (even though X(A, ») is of class C’, and cannot be of class C”’ 


unless S happens to be of class C’”’). 

The proof of (iv) implies the following extension of (iv): 

(ivn) The assertion of (iv) remains true if the respective classes C”, 
C’ are replaced by C", C"™1, where n= 2. 


If S is of class C” without parabolic points, then, by (iii), it posseses 
spherical C’-parametrizations Y = X(A,). After a suitable rotation of the 
X-space, it can be supposed that, in such a parametrization, (42)-(44) hold, 
where p? <1. In this case, the notation 


(54) A = A}, p=)? 
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will be used and the letters a, b, c in (22), (23), (24) will be changed to 
g, h, f; that is, the three fundamental forms on S in terms of the (spherical) 
parameters (54) will be denoted by 


(55) | dX |? = ; (56) —dX-dN 
(57) | aN |? = fixddtdr* 
(the representation — X;-N;,—=—2X;,-N; of hi, in (56) can, as in (20), 


be replaced by Xi,-N =i, only if not merely the surface S but also its 
C’-parametrization X = X(A,p) is of class C”; cf. the remark following 
(24) above). 

Substitution of (42), (43), (44) into (57) shows that the coefficients 
fi, of the third fundamental form are 


(58) fu= (1—p’)/v’, fie = Ap/v’, foo = 

where v>=1—A*—yp*. Since the function (53) is of class C”, it has 
(continuous) second covariant derivatives 


with reference to the Christoffel coefficients of the metric (57) defined by 
(58). A simple calculation shows that (59) becomes 


(60) = — (1— p’) vo, V = Wy. — 
V = Woe — (1 — A’) vo, 

where 

(61) pw. and v?—1—)?— p’. 


The subscripts of w in (59), (60), (61) (and later on) denote partial 
differentiations with respect to A =A! and p= A’. 

In addition to (59), the following notations (cf. [1], p. 87) will be 
used: A,.w will denote the Monge-Ampére operator det { (fix)“*(Vizw)} and 
A.w will be the Laplacian operator with respect to (57). In view of (58), 


this means that 


(62) Asow = v? det (63) = v?A*w, 
where 
(64) A*w = (1 — A?) — 2ApWi2 + (1 — p?) Woe. 


Under the assumptions of (iv), the mean curvature H is continuous and 
the Gaussian curvature K is continuous and non-vanishing. In terms of the 
notations (62)-(64), the product and the sum of the principal radii of 


| 
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curvature, that is, 1/K and 2H/K, are given by Weingarten’s formulae [17] 


(cf. loc. cit., p. 259), while the coefficients of the second form (56) follow 
from (42), (56) and (53), 


(66) — hi = + 


(ibid., top of p. 259). The coefficients gy, of the first fundamental form 
can be represented in terms of (58) and (52) by inserting (65) and (66) into 


In fact, (66) shows that (67) follows from (30) and (31), where a, B, y are 
the matrices of (55), (56), (57), respectively. 

Finally, the spherical parametrization XY — X(A,») of S can be obtained 
in terms of its supporting function w = w(A, w) and of (42), (58) as follows: 


(68) X =wN + fitwiNx, where (f*) = (fix) 


(ibid., p. 256 and p. 277). 
Theorem (iv) and its consequence (68) have the following converse: 


(iv*) Ona small domain of the circle + p? <1, let w= w(A, p) be 
a function of class C” satisfying 


(69) + + w?~0 


(cf. (60)-(64)) and let N= N(d,p) denote the unit vector defined by (42)- 
(43). Then there exists a unique surface S of class C” having a spherical 
C’-parametrization X =X(dA,p) with respect to which + N(A,p) is the 
normal (15) and + w(A, ») 1s the supporting function (53) (where + is the 
signature of the expression (69)). 


It is clear from (65) that the condition (69) cannot be omitted in (iv*). 
The uniqueness of § is clear from the derivation of (68). 

In order to prove (iv*), let X = X (A, ») be defined by (68) (and (58) ). 
Clearly, (68) is a function of class C’. In view of (42), (58), (60) and (61), 
the vector (68) can be written as Y¥ = (w—w)N+M, where M is the 
“vector ” (w ,W2,0). It is seen from (60) that w;— where 
k = 1,2; so that 

—o) — wy + My. 
Since the scalar product M;-N is w,d/, it follows that X, and X. are 


orthogonal to N. Actually, the vector product [X,, X.] is vtN times the 


(65) 1/K =A..w + + w’, (66) 2H/K = A.w + 2w 
(67) K 2Hwix (1 2wH ) fix. 
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expression in (69). (For the purposes at hand, it can be supposed that 
(A, #) = (0,0) is a point of D, and it is then sufficient to verify the last 
assertion at that point.) Hence, when (69) holds, X =X(A,p) is a C’- 
parametrization of a surface § having + WN as its normal (15), where + is 
the signature of the expression (69). It is clear from (68) that + w is the 
supporting function of S. The Lemma (Section 5 above) implies that S 
is a surface of class 0”, since both X(A,») and + M(A,,) are of class C’. 
It is clear from the proof that (iv*) can be extended as follows: 


(iv*,) The assertion (iv*) remains valid if the classes C’, C” are 
replaced by CO", C"*1, respectively, where n= 1. 


Part V. 


8. Theorem (iii*) concerns the “ embedding ” of a given pair of second 
and third fundamental forms. In what follows, there will be considered the 
embedding of a given (positive definite) third fundamental form and of either 
a given Gaussian curvature K (+40) or of a given mean curvature H; in 
other words, the embedding of a K (0) or H given as a function of the 
normal J. 


(v) On a small simply connected (u,v)-domain D, let (47) be, for 
some n = 1, a C"-metric having the constant curvature Ky =1. Let $(u,v) 
be a function of class C" on D. Then there exist surfaces S of class C*?, 
having a normal C"-parametrization X = X(u,v) on D, with respect to 
which (47) is the third fundamental form (24) and the given $(u,v) ts any 
of the following functions: 


(v') the mean curvature H(u, v) ; 
(v?) the Gaussian curvature K(u,v), provided that $0; 
(v°) the ratio 2H/K, the sum of the principal radu of curvature. 


The auxilary condition ¢ 0 is necessary in (v?), since it is assumed 
that (47) is positive definite. Since the metric (12), where K, 1, and 
the form in (57) with coefficients (58) are equivalent by virtue of an analytic 
transformation (u*, v*) — (A, »), it follows from (i) that it can be supposed 
that (u,v) = (A, ») and that the given coefficients cj, are those given by (58). 
In fact, the C’’-transformation (u,v) — (A, defined by (u,v) (u*, v*) 
— (A,)) will leave the assumptions of (+) on (47) and ¢(u, v) unchanged. 
It can also be supposed that a given point (u, v) corresponds to (A, ») = (0, 0). 


t 
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If w=w(A,p) is the supporting function of a surface S (the existence 
of which is to be proved), then, corresponding to (v'), (v*) or (v*), the 
function w satisfies the respective partial differential equation 


(70) Aow + 2w — 2(Asow + wA.w + w?) (A, = 0, 
(71) A.ow + wA.w + w?—1/¢(A, ») =), 
(72) Aow + 2w — (A, ph) = 0; 


ef. (65), (66). On the other hand, (iv*), (iv*,) show that the embedding 
theorems (v*), (v?), (v*) follow if it is verified that each of the partial 
differential equations (70), (71), (72) has, on a vicinity of (A, ») = (0,0), 
solutions w= of class C"*? satisfying (69). 


Ad (72). It is clear from (63), (64) that the equation (72) is linear 
in the first and the second derivatives of w and is of elliptic type. Since ¢ is 
of class C", where n= 1, it follows that (72) has solutions w= w(A, ») of 
class (in a sufficiently small vicinity of = (0,0)); cf. [15], 
pp. 91-92, and Section 9 below. Furthermore, solutions of (72) can be so 
chosen that (69) holds. 


Remark. Since (72) is a linear, elliptic, partial differential equation, 
the above proof is valid if, instead of assuming that ¢ is of class C”, it is 
only assumed that ¢ has (n—1)-st order partial derivatives which satisfy a 
uniform Holder condition. When n = 1, this means that ¢ satisfies a uniform 
Holder condition. On the other hand, it is indicated by considerations 
analogous to those concerning the Poisson and related equations (cf. [20]), 
that there exist continuous functions ¢(A,#) for which (72) has no solution 
on any (A,y)-domain. Hence, if ¢(P) is an arbitrary continuous function 
of the position P on the sphere, it is unlikely that there exists a (closed) 
surface Y of class C’” which has a normal image covering the sphere in a 
one-to-one manner and which satisfies 2H/K =, where the normal of X 
corresponds to the point P of the unit sphere. On the other hand the unique- 
ness of such a surface, if it exists, is known (Christoffel; cf. [12], p. 551). 


Ad (70) and (71). The equations under consideration are of the Monge- 
Ampére type 
A+ Br+ Cs Dt + E(rt —s?) =0, 
which is elliptic or hyperbolic according as 
C?— 4BD 4AF 


is negative or positive. 
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In the case of (71), it is seen from (60)-(64) that, at (A,u) = (0,9), 
the coefficients are A = w* —1/¢, B=w, C=0, D=w and H=1. Hence, 
the expression in the last formula line becomes —4/¢ at (A, mu) = (0,0). 
Thus (71) is elliptic or hyperbolic according as the assigned (non-vanishing) 
curvature ¢ is positive or negative. In the hyperbolic case, a known existence 
theorem (cf. [11], p. 849) shows that-(71) has solutions of class C"** when ¢ 
is of class C", where n= 1. In the elliptic case, the existence of such solutions 
can be deduced from an analogue of Lemma 2 of [7], p. 557; cf. Section 9 
below. (In the case at hand, the condition (69) holds in view of (71)). 

In the case of (70), the coefficients at (A, u) = (0, 0) are A = 2fw* — 2u, 
B= 2ow —1, C=0, D=2¢w —1 and = 2¢. Hence, the expression in 
the last formula line becomes —4; so that (70) is of elliptic type near 
(A, ) = (0,0). If ¢ is of class C”, then (70) has solutions of class ('"*? 
satisfying (69). This is a consequence of the existence theorem in Section 9 
below. 


8 bis. Theorems (v'), (v?), (v%) are special cases of an embedding 
theorem in which there are assigned as the third fundamental form a quadratic 
differential form (47) having the constant curvature K)—1, and a given 
relation (2H/K,1/K;u,v) =0 to be satisfied by 2H/K and 1/K, the sum 
and the product of the principal radii of curvature. For the sake of sim- 
plicity, this general embedding theorem will be considered only when (uw, v) 
is (A,w) and the given form (47) has the coefficients ci, fix defined by 
(58). Let F(U,V3;A,m) be a continuous function in a vicinity of a point 
(U°, V°; 0,0) and suppose that 


(73) F(U°, V°;0,0)=0, V°A~0 and (U°)?>4V*. 


The condition V° 0 corresponds to the condition 1/K ~0; the last part 
} of (73) corresponds to the inequality H? = K and assures that (77) below 
a can be satisfied by some numbers w®, w,°, W11°, Wi2°, W22°. In addition, let F 


possess continuous partial derivatives Py, Fy satisfying 
(74) VFy? + UFyFy + Fy? <0. 
In view of (65), (66) the embedding problem 


(75) F(2H/K,1/K ») =0 


depends on the partial differential equation 


(76) 


F(Agw + 2w, + + w?;A, = 0. 
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It is readily verified that, at the point (U,V;A,p) = (U°, V°;0,0), the 
equation (76) is of hyperbolic or elliptic type (that is, 40F/0w,, OF /0w2. 
— (dF /dw,2)* is negative or positive) according as the expression (74) is nega- 
tive or positive. By saying that (76) is of the hyperbolic or elliptic type at 
(U°, V°; 0,0), it is meant that if the left-hand side of (76) is considered 
to be a function of (A, wu, W, Wi, We, Wi1, Wiz, We2), then (76) is of the specified 
type at a point (0, 0, w®, w1°, w2°, Wi1°, Wi12°, satisfying 

= 2w® + + w22°, 
(77) 

V? = — (w2°)? 4. (w°)? +4 


cf. the remark following (73). 

In order to assure the existence of a surface S, say of class C”, having a 
spherical C’-parametrization 1 = X(A, 4), with respect to which + (A, p, v) 
is its normal vector and (75) is an identity in (A,m), where H = H(A, p), 
K = K(A, ») ~0, additional requirements must be imposed on F. In the 
elliptic case, it is sufficient to require that F = F(U, V; A, u) be analytic with 
respect to (U,V) for fixed (A,y), that F and its partial derivatives of first 
and second order with respect to U,V satisfy a uniform Hélder condition 
with respect to their four arguments, and that the third derivatives of F with 
respect to U,V be continuous as functions of their four arguments) ; cf. 
Part VI below. In the hyperbolic cases, it is sufficient to require that 
F'(U,V;A,p) be of class C” with respect to its four variables together; cf. 
[11], pp. 847-848. In the particular hyperbolic case in which (76) is linear 
(in W,; Wi2, W22) or, more generally, of Monge-Ampére type, the assumption 
of the class C” can be relaxed to the assumption that F’ is of class C’; cf. 
[11], pp. 848-849 and pp. 855-864. 


Part VI. 


9. The theorem referred to above, that on which the proof of (v) 
depends, is an existence theorem for solutions of an ellpitic partial differential 
equation on small domains. It is a generalization of the elliptic case of 
Lemma 2 in [7], p. 557, which is suggested by Picard’s theorem [16] on 
the existence of solutions of linear boundary value problems on small domains 
and by Lichtenstein’s theorem [15], p. 90, on non-linear elliptic partial 
differential equations involving a small parameter. The theorem in question, 
to be referred to as (§$), is as follows: 


(§) Let y, 2, p,q,7,8,t) be a function on some eight-dimen- 
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sional domain D which satisfies a uniform Holder condition of order X with 
respect to its eight variables, on every compact subset of D and, when (2, y) 
is fixed, let ® be analytic with respect to the six variables (2, p,q,1, 8, t). 
Let the first and second order partial derivatives of ® with respect to 2, p, q, 
r, 8, t satisfy a untform Holder condition, of order r, with respect to the 
eight variables (x,y, t, p, 9,7, 8, ¢), and let the third order partial derivatives 
of ® with respect to z, p, q, T, 8, t be continuous functions of (x, y, 2, P, 7,7; 8, t). 
Finally, let 

(78) 49,6, — ®,? > 0 on VS, 


and let Po = (Xo; Yos Zo, Pos Jos Tos So, to) be a point of D at which 


(79) (2, 2, 7, 8 t) == 0. 


Then, corresponding to a given neighborhood of Po, there is a neighborhood 
of (x,y) = (Xo, Yo) on which there exists a function z=2z(x,y) with the 
properties that z has second order partial derivatives satisfying a uniform 
Hilder condition of any order wp < A, the function z(x,y) satisfies the partial 
differential equation (79), and (2, y,2,p,9,7,8,t) is within the given 
neighborhood of Po. 


The proof of (§), based on the method of successive approximations which 
depends on Korn’s inequalities [14] in potential theory, will be essentially the 
same as that used in [18], pp. 64-68, and [15], pp. 90-98. 


Proof of (§). Condition (78) implies that 6,0 on P. Since (79) 
holds at Po, it follows that (79) can be written in the form 


(80) r—W(z, y, 2, p,q, 8, t) =0 


in a neighborhood of Po, where © satisfies, on some seven-dimensional neighbor- 
hood of (20, Yos os Pos Yos Sos £0), the smoothness conditions analogous to those 
satisfied by ® on PD. Consider the analytic partial differential equation 


(81) r— Yo, 2, 9, 8, t) = 9, 


which is equivalent to Yo, 2, 8, £) == 0. The equation (81) is satisfied 
at the point (2, p,q, 1, 8, t) = (Zo, Pos Tos to). Hence, by the Cauchy- 


Kowalewski existence theorem, the assignment of analytic Cauchy data 2(2, y), 

P(®o,¥) which, for y = yo, reduce to (2, Pos Gos So 0), Where qo = Zy(Xo; Yo); 

So = Py(Xo, Yo), to = Zyy(Xo, Yo), determines a unique analytic solution z = ¢(z, y) 

of (81) in a neighborhood of (2, yo). In particular, Yo, £, £2,° 5 Syy) 
Put 


(82) +u, 


8 
& 
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Then (79) becomes a partial differential equation for wu and can be written 
in the form 

(83) + + Cuy + Du, + Hu, + Fu = 

The coefficients A, B, C, D, are the respective derivatives ®,,b,, Bg, 
evaluated at (Xo, Yo, €, £25 Sy, Cry, ; So that A, B, C, D, H, F are analytic 
functions of y). The function Il = II (2, y, u, Uz, Uy,Urr, Uyy) OCCUTTINg 
in (83) is the difference of the left side of (83) and of (27, y,€-+ u,-- -, 
£yy + Uy,). The meaning of II is clear from the fact that 


P(r, yy + Uyy) — B(Lo; Yo, * Sw) 
= + Bu, +: - -+ 

Thus 
(84) II (2%, Yo, 0,0,- - 0) = 0, 
and II satisfies a uniform Holder condition of order A on a neighborhood of 
(1, Y, * * 5 Uyy) = (Xo; Yo, 0). Also, I is analytic, for fixed (2, y), 
in the independent variables (w, uz, - -,Uyy), and has with respect to these 
variables first and second order partial derivatives which satisfy a uniform 
Holder condition on a neighborhood of (2, Yo, 0,: - -,0). In addition, IT has 
continuous third order derivatives with respect to the variables (u, wz, *** , Uyy). 
The first order partial derivatives of II satisfy 


(85) /dw —0 for w = 4, tyy at (2, U, +, Uyy) = (Zo, Yo, , 0). 
Let 8>0 be so small that ¢(z,y) is defined (and analytic) on the 


closure of 

(86) Bs: + Yo)? << &. 

Let m > 0 be chosen so that II(x, y, u,---, Uyy) has the properties enumerated, 
if y) is in (86) and (u,- -, Uyy) is subject to the inequalities 

(87) |e | Sm, | | Sm,- - -, | | Sm. 


If u(x, y) is any function on (86) satisfying a uniform Hoélder condition of 
order A, let | w |, denote the least upper bound of the numbers M satisfying 


both inequalities 
(88) |u(a,y)| SM, —u(a,y)| S M(h? + 


for all (x,y), (c +h,y +k) in (86). If u(z,y) is of class C’(A) on (86) 
(that is, has second order partial derivatives on (86) which satisfy a uniform 
Holder condition of order A), put 
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| 


(89) || == max(| w |r, | we | 


Let N° denote an upper bound of the absolute value of II and its first 
order partial derivatives with respect to wu, Uz,* * *, Uyy on the product set of 
(86) and (87). Let N = N° be an upper bound for the absolute value of 
the second and third order partial derivatives of II on the domain specified. 
Finally, let VV, denote an upper bound for the numbers M satisfying the 
inequality 
(90) u,- +, Uyy) y, +, Uyy)| S M(h? + 
and the corresponding inequalities which result if II is replaced by any of its 
first and second partial derivatives with respect to u,uU:,°*-°,Uyy, for all 
(x,y), (et +h,y+k) on (86), and u,---,u,, satisfying (87). 

For any « > 0, it follows from (84) and (85) that if ’>0 and m>0 
are sufficiently small, then N° can be chosen so as to satisfy 


(91) 


Also, if 0<»<A and if m > 0 are sufficiently small, then N, can 
be chosen so as to satisfy 


(92) 0=N,<8 
(in fact, N)\ (28) is a possible choice for N,). 

If u—u(z,y) is a function of class C’(u) on (86) satisfying (87), 
then the absolute value of II(z, y) =II (a, y, u(r, y) +, does 
not exceed N°. Also, | +k) —II(z,y)| is not greater than the 
sum of 

+, Uy(ethy+k))| 
and 


y, + hy y + (e+ h,y + h)) 
— II (zx, y, u(x, y),* Uyy (2, y)) |. 
This sum does not exceed 
Ny(h? + + N° | u(a+h,y +k) —u(z,y)| 
| (2 + h, y + &) — (2, y)|. 


Hence 


| N°+ Ny, + 6N? | |p. 


(98) 
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If u(x, y) and u*(z,y) form a pair of functions, of class C’(u) on (86), 
satisfying 
(94) and |u*|,Sm, (0<m<1), 


and if II*(z,y) denotes II(z, y, then there exist 
constants a, 8, y which are independent of 6 and m (for small 6 >0 and 
m >0Q) and are such that 


(95) (2, y) (aN° + BNm + | |p. 


This can be proved by a device of Lichtenstein [15], pp. 93-94, as follows: 

Let = @(2,y,6 + +, fy, + 7Uyy) and let 6*(7) be defined 
analogously. Let X(r) = @(2o, yo, € + + and let X*(r) 
be defined similarly. Then —II(z,y) =#(1) —X’(0) and —TII*(z,y) 
== ©*(1) — X*’(0), where ’—d/dr. Since —#*(0) —0, 


(96) f { — + X*'(0) — X’(0) }dr. 


But the integrand in (96) can be written as 
(97) (u— u*) y, + ru,° 
+ u*{$.(z,y,€ + -) + 


where the last three dots indicate five more pairs of terms analogous to the 
pair displayed explicitly, and A, B,- - -, F are the coefficients of (83). Since 
the coefficient of w—u* is the partial derivative of —II with respect to 
z at the point (x,y, 7u,: -,7Uy,), the integrand of (96) has the majorant 
6N° | u—u* |, + 36N | u* ||, || w—u* Consequently, | | does 
not exceed a bound of the form occurring on the right-hand side of (95). 

For any function g—g(z,y), let — y). 
Then, for fixed + and w—z,p,-- -,8,t, 


(98) | Ab, (2, y,€ + ru,- -)| S (Nz + || w |.) (h? + ™; 
cf. the derivation of (93). Also, for h? + k? 40, 
(99) (h? + | (x, y, + ru, — Oy (2, y, + ru*,- 


does not exceed a bound of the form (a,N + B,N,)|| ||,, where 
are constants. In order to see this, let 


®7(c) = ©, (2, y,€ + ru* + or(u— u*),- 
Then ©,,(2, y,€-+ - y,€ + ru*,- -) = 7(1) — 67(0). But 
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(0) /do = — U*) (Uz — U* Pup 


where the argument of is y,€ 7u* + or(u—u*),- °°). 
Since the third order partial derivatives of ®(z, y,z,- - -,¢) with respect to 
z,p,***,¢t are bounded by N, it follows that (h? + k*)44A{d®"(c)/do} 
has a bound of the type (a.N + £.N,) || w—u* |, (cf. the derivation of 
(93) ) ; hence the same holds for (99). 

In view of (96), (97), (98) and the bound for (99), it is clear that 
there exist constants a, B, y (independent of 8) such that (95) holds. 

Theorem (§) can now be proved by the method of successive approxi- 
mations. To this end, the following consequence of a classical result of Korn 
[14] will be needed: Let A, B, C, D, HL, F be analytic functions of (a, y) on a 
set containing the circle (86), where § > 0 is sufficiently small, and let these 
functions satisfy 


(100) B?— AC <0. 


Let v(z,y) be defined on the closure of (86) and satisfy there a uniform 
Holder condition of order p. Then 


(101) + 2Bugy + Cuy + Duz+ Eu, + PF =v 


has a unique solution u=u(z,y) which is of class C’(y) on the closure of 
45 and vanishes on the boundary of @;. Furthermore, there exists a constant 
M depending on yw but independent of 8 (for small 8) such that 


(102) lu (M =M,). 


Let » be any number satisfying 0<p<aA. Let A, B, C, D, FE, F in 
(101) be identified with the coefficients of (83). With reference to the 
constant M in (102), let > 0, m > 0 be fixed so small that 


(103) M(N°+ N,+6Nm) < m 
and 
(104) M(aN° + BNm + yNy) <e <1. 


This is clearly possible in view of the remarks concerning (91), (92) and of 
the independence of the constants a, 8, y in (95) of 6 and m. 

Define on the closure of @5 a sequence of functions u°, u',- - - of class 
by induction, as follows: Let w°=0. Suppose that u°, ut,- -,u” 
have been defined, are of class C’’(u) on the closure of 65 and satisfy 


(105) Sm 


for k=1,---,n. Then, by (93), 
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(106) | |, N° + N, + 6Nm, 
where 
(107) a= y) == II (2, y, U yy). 


Let wu = u"*! be the unique solution, of class C’(p), of 
(108) 


which vanishes on the boundary of @5. Then w"** satisfies || w"** ||, MW | 1" |, 
by (102). Hence, (106) and, (103) show that (105) holds for k=n-+1; 
so that the induction is complete. 

The difference uu"? — wu" satisfies the partial differential equation 


(109) Atse + Fu=I"— 
is of class C’ (yw) on @5 and vanishes on the boundary of @5. Hence, by 
(102), wu" ||, = |,. According to (95), 


| — |, S (aN° + BNm + yN,) || — |, 


Hence, by (104), 


(110) — yn |p Sel |, for n= 1,2,---. 
It follows from « < 1 and from the definition of the norm ||- - - |, that 
the series ut + (u*—u') +-.-- is absolutely and uniformly convergent on 


4s to a function wu of class C’’(), and that this series can be differentiated 
term by term to obtain the first and second order partial derivatives of wu. 

Standard arguments show that z=¢- wu is a solution of (79) on 65. 
Since =u!" satisfies || ut1—u® ||, = m, it follows from (110) that 
|| m/(1—e), that is, that || m/(1—e). In view of the 
fact that 6 (hence m and e) can be chosen arbitrarily small, and that 
(2, yy) Teduces to (Zo, ¥o, 20, at (2, (Zo, Yo), 
the assertion (§) follows. 


Part VII. 
10. Let 
(111) ds? = giz,(u, v) dutdut, (u,v) u?), 


be a C’-metric on a vicinity D of (u,v) = (0,0) and let I, = I%,(u, v) 
be the corresponding Christoffel symbols. It is known ([3], p. 724) that 
given initial conditions need not determine a unique solution of 


(112) ui”? Tin = 0, 1= 1, 2, 
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the differential equations of the geodesics of (111). The notion of a curvature 
of a C’-metric, described in Section 1 above, makes possible the formulation 


of the following theorem: 


(1) Jf (111) is a C’-metric on a (simply connected) vicinity D of 
(u,v) = (0,0) and possesses a curvature K = K(u,v) which ts a bounded 
function, then arbitrary initial conditions determine (locally) a unique 
solution of (112). 


This theorem is implied by the proof of theorem (I) in [8], p. 723. 
The assumptions of that theorem are quite different from those of (I) above; 
however, a perusal of the proof ([3], pp. 724-726) shows that it depends 
merely on the existence of a bounded curvature K(u,v) in the sense of 
Section 1 above. 

Under the assumptions of (1), there belongs to every ¢ a unique geodesic 
J =ZJ9, say 


(113) u=u(r,o), v=v(r, >), (0=rsSconst..0=¢ < 2z), 
on which r is the are-length, 
(114) u(0,¢) =0, v(0,¢) = 0, 


and ¢ is the angle between J» and a fixed direction at (u,v) = (0,0). The 
pair of functions (113) maps every sufficiently small circle (0 =r < const., 
0 = ¢ < 2m) in a continuous one-to-one manner on a vicinity of (w, v) = (0, 0). 

If the assumption of a bounded curvature for (111) is strengthened to 
the assumption of a continuous curvature, then the assertion of (1) can be 
strengthened as follows: 


(II) Jn addition to the assumptions of (1), let it be assumed that the 
curvature K = K(u,v) of (111) ts continuous. Let (113) be the unique 
geodesic satisfying (114) and making the angle o with a fixed direction at 
(u,v) = (0,0), and let r be the arc-length on the geodesic (113). Then 
both functions (113) as well as their partial derivatives 
are of class C’, and every sufficiently small circle (0 Sr S const.,0 = ¢ < 2m) 
is mapped by (113) onto a vicinity of (u,v) = (0,0) in a one-to-one con- 
tinuous manner and in such a way that, by virtue of this mapping, (111) 
becomes of the form 
(115) ds? = dr? + g°d¢’, 


where g =g(r,¢) is a continuous function possessing a continuous partial 


? 
> 
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derivative 9, =gr(’,¢) and satisfying 
(115 bis) g(0, ¢) =9, gr(0, 6) =1, and g(r,¢) > 0 if r>0. 


This theorem is implied by the proof of theorem (III) of [9], p. 133, 
adapted from the proof of theorem 2 of [3], p. 724. It is easily seen that 
the proof of theorem (III) in [9], pp. 139-143, depends only on the existence 
of a continuous curvature, which proves (II) above. 

It should be mentioned here that the wording of theorem (III) in [9| 
is erroneous; a corrected version is given by (II) above. The assumptions 
of theorem (III) in [9] imply only that (111) has a bounded curvature A, 
whereas its proof (cf. loc. cit., the bottom of p. 141 and top of p. 142) 
requires somewhat more; for example, the continuity of A. In Section 12 
below, there will be given an example showing that theorem (III) in [9] is 
false and that the assumption of (1) above (that is, the existence and the 
boundedness of A’) do not imply the assertion of (Il) above, claiming that 
(113) must be of class C’. 


11. Under the assumptions of (II) above, it is possible to make an 
additional statement concerning the function g in (114), as follows: 


LemMa. Under the assumptions of (II), the function g=g(r,$) in 
(114) has a continuous second partial derivative grr(r,¢) with respect to r 
and satisfies the Jacobi equation 


(116) Gr + Kg =0, r>0, 
where K = K (u,v) ts considered as a function of (r,) by virtue of (113). 


Essentially, this lemma was announced in [3], where a proof is indicated. 
In view of the difficulties involved in the details, a complete verification of the 
Lemma will be given here. 

For a fixed (small) r—=c > 0, (113) is a Jordan curve J° of class C’. 
In fact, it is of class C’, although (113) need not be a C’’-parametrization of 
J” (cf. [4], or the example in Section 12 below). In order to show that J° 
is of class C”, consider the inverse of the transformation (113), 


(117) r=r(u,v), $(u, 


The transformation (117) is of class C’ and has a non-vanishing Jacobian in 
a punctured vicinity (0 < u?+ v? < const.) of (u,v) = (0,0). The trans- 
formation rule of the contravariant form of the tensors occurring in (111) 
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and (115) implies, on this punctured vicinity, the identity 
(118) = 1, v? > 0), 


where (g**) = (gi,)7? and = 0r/du, r. = Or/dv. Locally, the partial differ- 
ential equation (118) for r—r(u,v) can be written in the form 


(118 bis) ty =F (ry; u,v), 


where /’ is analytic in r, for fixed (u,v), and Ff and its partial derivatives 
with respect to 7, are of class C’ in (1,3 u,v). 

Consider a point (r,¢) = (c,¢°) on the are J*. It can be supposed 
that the geodesic arc ¢ —¢° in (113) is the areu—0, for small v= 0. 
In fact, the geodesic are consisting of the geodesics ¢ = ¢° and 6—=¢°+ 7 
in (113) has, for small | v|, a parametrization of the form u—u(v), and 
the change of parameters (u,v) ~ (u—u(v),+ 0) is of class C”, has a 
non-vanishing Jacobian, leaves the assumptions of (II) invariant and trans- 
forms the are consisting of ¢6=¢° and ¢=¢°+7 into u=0. 

On the geodesic wu = 0, the are-length r—r(0,v) is of class C” as a 
function of v. The standard existence and uniqueness theorems for the partial 
differential equation of type (118 bis) show that r—r(u,v) is of class C” 
in a vicinity of the point (u,v) = (0, v°), corresponding to (r, ¢) = (¢, $°). 
Since 1,7 + ry? ~0 at (u,v) = (0, v°?) ¥ (0, 0), it follows that the neighbor- 
hood of (0,¥v°) on the curve J°: r(u,v) —c is an arc of class C”, and so, 
since (c,¢°) is an arbitrary point on the Jordan arc J°, the latter is a curve 
of class 0”. 


Since (111) has a curvature K, the formula of Gauss-Bonnet, 


(119) f cds + ax + ff K (911922 — dudv = 2r, 

E 
is applicable to every region H bounded by a Jordan curve J which is piece- 
wise of class C” (cf. Section 1 above). Hence, an admissible domain 
E=—E(J) is 


(120) FE: (0<)nSrSr, 


if r, is sufficiently small and ¢,— ¢, < 2x. In fact, the boundary J of (120) 
consists of two geodesic arcs, 6 = ¢, and = where 7; SrSr, (hence 
r=40) and of ares of two orthogonal trajectories J°, where c= 1, 
Clearly, Sa, —= 2m in the case (120) of (119). Hence the change of the 


integration variables u, v to r, @ in the case (120) of (119) gives 
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(121) f kgds = jj Kgdrd¢, 


J E 
since ds = gd@ and g? = (911922 — giz2)*(0(u, v) /0(r, @))*. On letting ¢, 
and ¢2 tend to ¢, and then r, and r, to r (> 0), it follows from the continuity 
of K and g that x —x«(r,¢), the geodesic curvature of J” at (r,¢), has with 
respect to r a partial derivative satisfying 


(122 (xg), + Kg =0. 


Hence, in order to prove the Lemma, it remains only to show that the geodesic 
curvature «x satisfies 
(123) Kg = 9r. 

Strictly speaking, «x in (119) is defined (on smooth sub-ares of J) as 
dé/ds, where —@ is a (continuous) angle from a vector tangent to J to 
a vector in a field which is parallel in the sense of Levi-Civita along J; on 
the other hand, the geodesic curvature is | d6/ds |. 

If (113) represents a C’-parametrization of J°, so that g in (115) 
is of class C’, then (123) follows from standard formulae for d6/ds (cf., e. g., 
[1]. p. 267). The point in the relation (123) is that (123) holds despite 
the fact that g need not be of class C’. 

In order to prove (123) at a point (r,¢) = (c, ¢°), where c > 0 is small, 
it can be supposed that ¢° = 0. Put 


(124) =f Hat 


0 


for ¢ near 0. Then y is of class C’ (since g is continuous) and yg = g ~ 0. 
Hence the function (124) has an inverse of class C’, 


(125) $(¥); 

for y near 0. Consider the transformation (u,v) > (r,w), 

(126) u=u(r;y), v=r(r;y) 

which results by substituting (125) into (113). Then (111) or (115) is 
transformed into 

(127) ds? = dr? + Gdy*, where G = 


is a continuous function of (r,y) near (r,¥) = (c,0). The function G 
(as well as the other coefficients 1, 0 in (127)) can be calculated from the 


tensor transformation rule 


| 
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(128) G = gixu'yuy, where 


and = = as well as the partial derivatives u‘,, uty, 
u',, Uy =u'y, exist and are continuous, by (II). In addition, utpy(c, y) 
exists and is continuous, since (124) shows that rc in (126) gives an arc- 
length parametrization of a portion of the curve J°, which is of class C0”. 
It follows that G,(r,y~) and Gy(c,w) exist and are continuous; moreover, 
these partial derivatives can be calculated from (128) by formal rules. Thus, 
although (127) is not a C’-metric, it has Christoffel symbols, say y4ix, at the 
points (c,w), for small | y |, and these y/, can be calculated in terms of the 
Christoffel symbols T¥%, of (111) by the standard transformation rule, 


(129) + Ul jx, 


where ut = u, u? =v are given by (126), the subscripts on ué denote partial 
differentiation with respect to v? =r, v? =y, and the arguments of all func- 
tions correspond to (r,y) = (¢, yp). 

With reference to the parameters u' = u, u? = v, the differential equations 
defining parallel transport along J° are 


(130) + =0, where ’=d/dy; i—1,2. 


In view of (129), this reduces to 


(131) wl + 0 
by virtue of 


In order to see this, note that W” = wut, + wu'‘ggv®’ and that the second 
term of (130) is T*;,w%usgu*gv® ; hence (131) follows from (129) if (130) 
is multiplied by v";. Since v’ —0, v” —1, the pair of equations (131) is 
+ =0. In view of G(c,y) =1 (hence Gy(c,y) =0), it follows 
that 


Yi2=9, = — 3G, (¢, =— gr (6, $)/9 (6 4); 
= = 6) /9 (C$); = 0; 

so that (131) becomes 

(133) — (9,/g)w? = 0, w” +- (gr/g)w' = 0. 


In (123), «= d6/ds, where s is y and 6=6@(s) is the angle (in the 
metric (111)) from any solution vector (W1(s), W?(s)) 40 of (130) to the 


vector (uy, vy) tangent to J*. Since length and angles are preserved under 
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transformations of class C’ (on vectors and metrics), it follows from 
(132) that 6 can be interpreted as the angle from any solution vector 
(w*(s), w*(s)) #0 of (133) to the vector (ry, yy) = (0,1) tangent to J*. 
Consider the solution of (133) satisfying the initial condition w*(0) = 0, 
w?(0) 1. Then, if 6=6(s) is the angle from this solution vector to 
(0,1), it follows that sin@=w', hence d6/ds=w” at s=0. Thus, the 
first equation in (133) and w?(0) = 1 imply (123) at the point (c, ¢°) = (c, 0) 
of J°. This proves the Lemma. 

Since g in (115) need not be of class C’ under the assumptions of (II), 
is is not possible to consider the differential equations of the geodesics in the 
(r,@)-parameters. This defect in (II) can be remedied by an additional 


hypothesis on K, as follows: 


(III) Jn addtion to the assumptions of (II), let it be assumed that 
the curvature K = K (u,v) of (111) is of class C’. Then the functions (113) 
are of class C’, and so the function g in (115) is of class C’. 


Assuming the Lemma above, an analogous theorem was proved in [5], 
p. 223, as follows: The assumption on K and the fact that (113) is of class 
C’ imply that K in (116) is of class C’ as a function of (r,¢). Hence, 
that solution g —g(r,@) of the ordinary differential equation (116) which 
is deterimned by the initial conditions g(0,¢) —0, g,(0,¢) =1 is of 
class C’, and so (115) is a C’-metric for r >0. It follows from the theorem 
(**) in [5], p. 222, that the functions occurring in (113) are of class 
C” for small u®+ v? >0 (where 0(u,v)/0(r,¢) #0). The difficulty at 
(u,v) = (0,0) can be eliminated by first considering u, v as functions, not 
of (r,¢), but of the Riemann coordinates z —rcos ¢, y—=rsin ¢, and then 
verifying that (111) is transformed into a C’-metric in (dz, dy). 

Clearly, (i) of Section 2 above can be deduced from (III). 


(II,,)-(1II,) Let (111) be a C"-metric possessing a curvature K = K(u, v) 
of class C"* or C", where n=1. Then the functions (113) are of class C*, 
respectively, and g in (115) is correspondingly of class or 


These theorems are proved in the same way as their particular cases, 
(II) and (III). (Actually, the cases n = 2 are quite simple when compared 
to the cases n = 1). 


12. There will now be given an example of a C’-metric (111) for 
which the partial derivatives 0gi./du/ satisfy a uniform Lipschitz condition 
(which by [9], pp. 139-140, implies that there exists a bounded curvature 
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K =K(u,v)), but the corresponding functions (113) are not of class C’. 


Such a metric is, for instance, 
(134) ds* = h(v) (du* + dv*), where h(v) =1-+ 4v’ sgn v, 
if the domain D is the strip |u| <<, |v| << 2% If v0, it is readily 
calculated that (134) has the curvature 

K = — (log = — $(1 + $v? sgn (sgn v — $v”). 

It follows that (134) has on D a curvature K(u,v) which is bounded but 
not continuous (K(u, + 0) =4, K(u,—0) =4). If wu is used as a para- 
meter, then (112) becomes 
(1385) 2v”/(1+ v?) = (logh), =| v|/(1+ 4v? sgnv), where ’=d/du; 
ef. [1], p. 277. It is easily verified that the solution v = v(u) = v(uU; ¢) 
of (135) satisfying v(0) =0 and dv(0)/du = tan ¢ is given by 
(136,) vy = 23 sinh(2-4u/cos ¢)sin for u=0 when 0S ¢ < 4a, 
(136,) v = sin(24u/cos ¢)sin for u=0 when —4ir< 


Hence v(w;¢) is continuous for u= 0, | ¢| It is clear that v(u; ¢) 
has a continuous partial derivative vg for ¢~0 and that this derivative has 
the limits 

(137,) vo(u; +0) = sinh (24u) for u= 0, 


(137.) vo(u;—0) = 2 sin(24u) for w= 0. 


Thus, v(w;¢) is not of class C’ (in fact, vg(u;0) does not exist for small 
u>0). It will be shown that, for this reason, the function v = v(r, ¢) 
occurring in (113) cannot be class C’. 

According to (134), the are-length r= r(u;¢@) on the geodesic (136,) 
or (136,) satisfies the relation dr = h3(v) (1 + (dv/du)*)4du. Hence (136,), 
(136,) imply that 


(138, ) r = (cos f {1 + sinh? (2-r/cos $)sin? $}dr, 
(138,) r= (cos f {1 + sin?(2-4z/cos ¢)sin? $}dr, 


respectively. It follows that r(w;@) has a continuous partial derivative r¢ 
foru=0,|¢|< 4. This is clear for ¢ > 0 and ¢ <0 from (138,) and 
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(138.), respectively. If ¢ = 0, it is sufficient to note that ¢ occurs in (138), 
(138.) only in cos ¢ and sin? ¢; so that rg(u;0) exists and is 0. Further- 
more it is easily seen that rg(u;) is continuous at ¢—0 also. Hence, 
r(u;¢) is of class C’. Since r, ~ 0, it follows that r= r(u;¢) can be solved 
for u and gives the function u—u(r,¢) in (113). Hence u— u(r, ¢) is of 
class C’. The function v = v(r, ¢) in (113) results by substituting u = u(r, 4) 
into v—v(r,¢). Thus, for ¢~0, the function v(r,¢) has a continuous 


partial derivative, 
(139) v9 (1, $) + v9 $) 
Since v,(u;) is cosh(2-4u/cos ¢)tan ¢ or cos(2-4u/cos )tan according as 
¢ > 0 or ¢ < 0, it follows that v,(u;¢) as ¢—>0. But the continuity 
of us(r,¢) shows that vg(r,¢) has the limits 
(140) vo(r, + 0) = ve(u; + 0) and ve(r, — 0) = ve(u; — 0), 

where u = u(r, ¢$). 
Hence it is seen from (137,), (137.) that the function v(r, @) occurring in 
(113) is not of class C’ (in fact, it has at 6=—0O no partial derivative 
with respect to ¢, for small r > 0. 


Appendix.* 

The object of this Appendix is to prove the following uniqueness theorem 
on closed convex surfaces: 

(O) Let F(U,V;A,p,v) be defined and of class C” on the four- 
dimensional set 

U>0,U?24V>0, 

and satisfy 
(1) son = sgn OF /dR, £0, V = R,R,. 


Then (up to translations) there is at most one closed surface S of class C’” 
with positive Gaussian curvature such that the principal radu of curvature 
R,, R, at the point of S, where the inward umt normal vector ts (A, p, v); 
satisfies 

(2) F(R, + R., Ry R.; A, v) = 0. 


* Added January 21, 1953. 
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When F is of the form + — u,v) or p, v), then 
(C1) reduces to classical theorems (Christoffel, Minkowski), which are known 
to be valid under lighter smoothness assumptions on S, $(A, u,v) than what 
is assumed by (CD). 

The assertion ((€)) is due to Alexandrofft [7] if F and 9S are restricted 
to be analytic. It has been proved by Pogoreloff [5] under the lighter 
hypothesis that / and S are of class C’” and C’” (instead of C” and C”’, 
as in the above theorem), respectively. While the version of the theorem to be 
proved reduces by one the degree of differentiability assumed by Pogoreloff, 
it would be desirable to reduce the assumption of differentiability on S from 
c’” to C”; the class C” being the natural one, the class of lowest differen- 
tiability in which R,, R. are defined (by standard formulae) and are con- 
tinuous. But the possibility of this reduction, C’” — C”, will be left undecided. 

By the assumption that F is of class C” is meant that if, near any point 
of the sphere A* + p* + v? 1, one of the variables A, u,v is expressed as a 
function of the other two (for example, v = (1 — A? — p”)43 > 0), then F is a 
function of class C” of the four variables (U,V;A,y). Condition (1) means 
that the symbol ~ in (74) can be replaced by > and so the differential 
equation (76) is of elliptic type. 

By using Theorem (7) in [3] (for a non-analytic elliptic equation), 
instead of the Lemma of Lewy [4], pp. 259-260 (for analytic elliptic 
equations), it is possible to prove (()) by the procedure which was used by 
Lewy [4], pp. 261-262, to prove the analytic case of the theorem of Minkowski 
(/’ = R,R,—¢) and which was adapted by Lewy from arguments applied 
by Cohn-Vossen [2], pp. 125-132, in an analogous problem. 


Proof of (C1). Suppose that 8 and & are two surfaces (in an (2, y, z)- 
space) satisfying the conditions of (0). It must be shown that & is a 
translation of S. According to (ii) and (ii bis) above, in a neighborhood of 
a point of the unit sphere, say of the point (A, u,v) = (0,0,1), the surfaces 
S and 3, being of class C’”, possess spherical C’”-parametrizations X (A, ») 
and =(A,), respectively; so that (A,y,v), where v= (1—A*— > 0, 
is the inward normal vector at the point X(A,n), E(A,u) of S, %. Let 
(hiz(A, and (nix (A,#)) be the matrices of the second fundamental forms 
of § and & in terms of the parameters (A, ») = (A’, A’). 


Consider, with Maxwell, those points (A,y), called by Cohn-Vossen 
“congruence points,” at which (hix) = (yx). Then (1), (2) imply that either 
(A,#) is a congruence point or det(hiz— 7x) <0 at the point (A,,). 
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In order to see this, note that, by (33), the principal curvatures Ff,, R. of 
S and & are the characteristic numbers of the matrix products (fix)~*(hix) 
and (fix)-*(ix), respectively, where (fi) is the common third fundamental 
matrix (458) of S and &. It is convenient to replace the matrix product 
(fix) (hi) by the positive definite symmetric matrix (tix) = (fix) (fix), 
having the same characteristic numbers, where (fi) is the (unique) positive 
definite square root of (fi). Similarly, (fix)-*(mix) can be replaced by 
(tix) = (fix) 3 (nix) (fix) 4. Tf R,, (= R,) are the characteristic numbers 
of (tx) and pi, po (pi) are those of (7x), then (1) and (2) show that, 
unless and R,—p., either R; <p, and R,>p. or Ri > pi and 
R.<p2. Hence, unless (tix) = (7x), it follows that det(tix— tix) < 0 
(as can be seen by considering the ellipses ti,dAtdA* = 1 and = 1 
in the (dA‘, dd?)-plane, since these ellipses either coincide or intersect in four 
points; cf. [2], pp. 125-126, or [4], p. 262). This implies the disjunctive 
alternative: Hither (hic) = (nix) or det — nix) < 0. 
Accordingly, the (A, »)-net defined by 


(3) (hix — nix) dA*dA* = 0, 


where (A1, A?) = (A,), is real and has the congruence points as its singu- 
larities. It follows therefore by Cohn-Vossen’s arguments in [2], pp. 126- 
127, that the uniqueness assertion of (C1) will ve proved if it is shown that, 
unless § and & coincide after a translation, the congruence points are isolated 
and the index of any singular point of the net (3) is negative; cf. Lewy [+], 
pp. 261-262. 

Let w= X-N and be the supporting functions (53) of S 
and %, respectively. Then w(dA,y) and w(A,u) are of class by (ivs) 
above. Both w and o satisfy the elliptic partial differential equation (2), 
where R, + R.—2H/K and R,R,—1/K are given by (65), (66) and 
v= (1—A?— p*)§ > 0. (A, p,v) = (0,0,1) is a congruence point, it 
can be supposed that = has been translated so that (0,0) = (0,0). Then 
the difference w—o and its partial derivatives w,—o,, Wy—w, are 0 at 
(A,#) = (0,0). Theorem (+) in [3] implies that, unless S and % coin- 
cide, there exist an integer n >1 and a negative constant c such that if 
x = (A? + »’)) and 


ie”), — wix = O(y""*) and det — wiz) ~ Cy2n-2, 


where the subscripts of w and w denote partial differentiations with respect 
to At == A, A? ps. 
If the last formula line is compared with (66), it is seen that 


[ 
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det (hix nik) ~ aS 0 (x? =)? p?) 


Since ¢ < 0, the proof of the uniqueness theorem (C1) is now complete; 
cf. Lewy [4], p. 262. 
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GENERALIZED ASYMPTOTIC DENSITY:* 


By R. CrEIGHTON Buck. 


1. Introduction. In this paper, we shall discuss the properties of an 
asymptotic density in the context of a general o-finite measure space; in 
particular, we shall prove what may be called the additivity theorem. This was 
originally formulated and proved only in the very special case of asymptotic 
density of sets of integers [2]. This introduces a certain amount of unifica- 
tion into the theory of asymptotic density. In Section 3, a number of applica- 
tions will be made of the additivity theorem. 

Let X be a set on which a density function is to be defined. ‘Topological 
properties of will play no role; however, the notion of boundedness is 
important. We suppose that a countable sequence of sets K(1) CK(2)C---: 
has been chosen so that (J) K(n) =X. A set S CX is called bounded if 
S C K(n) for some n. Let pn be a sequence of measures on X, having in 
common a field % of measurable sets which contains at least the sets K(n) 
and X. We require two conditions: (i) pna(X) =1 for n—1,2,---; 
(ii) pn(K(j)) 30, as for each 7 =1,2,---. In all that follows, 
we shall be discussing sets in the class 9%. For certain of these, we define a 
density function D(S) as limy,(S), when this limit exists. For any set 8 
in 9%, upper and lower densities D(S) and D(S) are defined as the upper 
and lower limits of the sequence p,(S). Thus, S has density only when 
D(S) and D(S) agree. 

Examples of densities are easily given. If v is a measure on X for which 
=-+ while v(K(j))< for all 7, then v defines a density on XY with 
measures p, defined by pn(S) =v(S MN K(n))/v(K(n)). In particular, the 
customary asymptotic density defined for sets of integers is obtained by the 
choice of X as {1, 2,- - -} K(n) as {1, 2,- + -,n} and v as the point measure 
with mass 1 at each point. 

The density function D with measures yp, has many properties similar 
to that of a measure itself. These are summarized in the following statement: 


1) D(X) =1, and if § is bounded, D(S) = 0. 


* Received November 10, 1952. 
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2) If S has density, so does X —S and D(X —S) =1—D(S). 
3) If A and B have density, and A C B, then D(A) = D(B). 


4) If A and B have density, and are disjoint, then A U B has density, 
and D(A UB) = D(A) + D(B). 


However, in contrast, in 4) if A and B are not disjoint, then neither A U B 
nor Af B need have density. Moreover, D is not countably additive; for 
example, setting J,—K(n)—K(n—1) we have D(Jn) =0 for all n 
while D() Jn) = D(X) = 1. It is possible to overcome the latter defect 
by introducing a modified set inclusion and set union and thus obtain a true 
additivity theorem. The device is essentially that of working modulo bounded 
sets. We shall write 4 C B when A —B is bounded; there is then a value 
of j for which A— K(j) C B—K(j). If A C B, then since bounded sets 
are of zero density, D(A) [D(B) and D(A) = D(B); thus, D is still 
monotone. 

At this point we impose a further condition on the measures p» which 
is needed in the proof of the next theorem: 


(iii) the measure uw, has bounded support. 


This requires that there exist a sequence a(n) such that pna(S) —0 for any 
set § disjoint from K(a(n)). We observe that the density obtained from a 
single measure v as described above obeys (iii); the support of pn is con- 
tained in K(n) itself. 


THEOREM 1.1. Let A, C A; and let lim D(An) =A and 
lim D(A,) =8. Then, there exists a set A with D(A) =A and D(A) =6, 
such that A, C A for all n. 


1. If the sets A, have density, and A, then 
there is a set A, unique up to sets of zero density, such that A, C A for all n, 
and D(A) =lim D(A,). 


2. If are disjoint sets having density, there is 
a set C, unique up to sets of zero density, such that C D U Cr for all n, 
and with D(C) = “3 D(C;). 

Proof of the theorem. Assume for the present that the sets A, are mono- 
tone in the usual sense. Given « > 0, choose by so that py,(An) S D(An) +: 


and for all k= dn, wx(An) SD(An) +. With the sequence a(n) having 
the meaning given above, let J, = K(a(b,)), and I, = K(a(bn)) — K(a(bn-1)). 
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The set A is defined by A= WAnNIn. Since A, D A; for all n= yj, 
ANUIn=UAnNInD 1 AGN In UIn and AD From the 
n=j n=j n=j n=j 
monotone character of upper and lower density, and the definition of A and 4, 
D(A) 2A and D(A) ZS. If nj, then A, C A; so that 

or AM K(a(b;)) C A; K(a(b;)). Since the support of py; lies in K(a(k)), 
= pr (S K(a(b;))) whenever k = In particular, S 
when k = 6;. Using the definition of b;, we have p,(A) S D(A;) + for all 
= bj, and p»,(A) S D(A;) +. This immediately yields D(A) SA+<«, 
and D(A) =8-+.«. Letting « decrease, we see that D(A) and D(A) must 
equal A and 6 respectively. Returning to the original hypothesis that 
A,C A, C A, C-+-, there exist bounded sets B, such that A,—P, 
C Ans — By for each n. Set An* =A, U(B, U B,U---U B,,). Applying 
the previous argument to this sequence gives the desired result. 


The only unproved statement in Corollary 1 is the uniqueness of A. 
If A* is another set for which both D(A*) =lim D(A,) and A, C A* for 
all n, then so is the set A M A*, and since = — A*) + (A A*), 
D(A — A*) =0. Likewise D(A* — A) =0, and A and A* differ only by 
a set of zero density. 

In connection with this theorem, there is a simpler result concerned 
with a single measure on X which, especially in its applications, has a certain 
similarity. 


THEOREM 1.2. Let v be a measure on X, finite on bounded sets. Let 
A,C A.C: - be a sequence of sets of finite measure. Then gwen 8> 0, 
there is a set A with v(A) <8 and A, CA for all n. 


Let R, = X — K(n). If B is of finite measure, then r(BM R,) > 0 as 
n increases. Let k, be a value of & for which v(An NM Ry) < 8/2", and set 
I, = K(k), K (kn) — K (kn). As before let A = LU An In; we again 
have A > A; for all j. Computing »(A), we have 


v(A) S In) S 3v(An Ry) S 38/2" = 6. 


The set A cannot be taken of zero measure unless each of the sets A» 
is essentially bounded, in the sense that there is a bounded set B with 
v(A—B) =0. 
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2. Applications. We shall be chiefly concerned with real valued 
functions defined on X, measurable, and bounded on bounded sets. In 
Section 4, we shall discuss the extension to complex-valued functions. 
Although X has no topology, we can use the sets Ry — X — K(n) to define 
one ‘at infinity... We say that limf(z) = L, as ro in X, if, for any 
«> 0 there is an such that | f(x) —L|<e for all ce R,. Associated 
with the measures yp», a method of summability can be defined as follows: 
(u)-lim f(z) = LZ as if and only if lim ffdu,»—L as 


THEOREM 2.1. ()-summability is regular. If limf(x) =L then 
(u)-lim f(z) = L as ro, for L finite, or +0 or —oo. 


If L is finite, we may take L=0. Let | f(x)| <« on R;. Then, 


Hence, lim sup dy, | = and since « is arbitrary, ()-lim f(x) = 0 
as x—>0. The remaining cases are similar. 

The density of a set S C X may be alternatively defined by means of 
this generalized limit operation. If § is any set having density, it is evident 
that D(S) = (u)-lim s(x) where s(x) is the characteristic function of S. 
It is to be expected therefore that there should be close connections between 
these two. We shall say that f(x) converges to L ‘in density’ if there is a 
set A C X of zero density such that limf(z) =L, as r>0 in X—A. 
The next few theorems will show the connection between this and summability 


of f(z). 
THEOREM 2.2. If f(x) is bounded on X, and converges to a finite 


limit L in density, then (m)-lim f(r) = L. 


Take and suppose |f(x)| <<e« on Rj;—A, | <M on X. 
Then, 


Since D(A) = D(Kj) =0, we again have limsup|ffdyn| Se, so that 


(1)-lim f(x) = 0. 
When JZ is infinite, the theorem takes a slightly different form. 


THEOREM 2.3. If f(x) 1s bounded from below on X, and converges to 
+o in density, then (»)-lim f(z) =+ 0. 
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Suppose that f(z) >C for ce kj; — A, and f(z) >—M on X. Then, 
as above dun > (—M)pn(K;U A) + Cun(Rj — A) and lim inf ff dun = C. 
Since C may be taken arbitrarily large, (»)-lim f(z) =-+ 0. 

The value of (u)-lim f(z) when it exists must lie between lim inf f(z) 
and limsupf(z). Since it is in the nature of an average of the values of 
f(x) when z is ‘large,’ it might be conjectured that if (»)-lim f(a) exists 
and is either of the end points of this interval, the values of f(z) must 
themselves cluster around this value. The following theorem confirms this; 


the proof makes use of the additivity theorem. 


THEOREM 2.4. Let DZ=liminff(x) be finite, and suppose that 
(w)-lim f(x) =L. Then, f(x) conerges to L in density. 


We may take Fora given § > 0, let A= {x|f(x) > 68}. Given 
« > 0, choose 7 so that f(x) >—e on Rj. Since f is bounded on bounded 
sets, | f()| <M for all in K(j). Then, 


Sf = — Myn(K(7)) + — (425), 


as seen by splitting the integration range into K(j7), Rj; N A, Rj —A. Asn 
increases, we obtain 0 = 0 + 8D(A) —e and since « may be arbitrarily small, 
D(A) = D(A) =0. If we set the corre- 
sponding sets A, form an increasing sequence of sets of zero density. 
Applying Theorem 1.1, let B be the modified union of the sets {An}, 
obeying the conditions: D(B) =0 and B52 A, for all n. We show that 
f(z) converges to 0 off B. Given «, choose n >1/e; since BD Ap there 
is an « with B—K(i) DA,—K(t). If we R;—B then weA, and 
f(c) S1/n<e. On R, f(x) >—e. If k= max:i,j:, then | f(x)| <e 
on — B. 


Corottary. In this theorem, the hypothesis lim inf f(x) —L can be 
relaced to: (i) infy f(x) > —o, (ii) for every « > 0 the set of x for which 
f(z) > L—e has umt density. 


Again, we take L=0. Let >—e}; as decreases, 
these sets decrease, and by the additivity theorem, their modified intersection 
A is a set of unit density such that as roo in A, liminff(z) 20. To 
prove the corollary, we apply the theorem with A replacing the whole — Xx. 
Let f(x) >—M on X. Then, 


— fdin— ff dun + Mun(X—A) 
xX X-A xX 
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so that lim sup fdyr=O0. Since liminff(z) 20 we have both 
A A 


lim inf f(z) =0 and lim f f dy, 9. Applying the theorem, there is a 
A A 


set B C A of unit density in A and therefore of unit density in X, such 
that f(x) converges to 0 as roo in B. 


In the next section, we shall give an example to show that condition (ii) 
by itself is not enough to imply the conclusion. 


An analogous application of Theorem 1.2 can be made. 


THEOREM 2.5. Let v be a measure on X, finite on bounded sets, and 
let {|f|dv<a. Then, for any 8>0, there is a set A, v(A) <8, such 
that f(x) converges to 0 as ra in X—A. 


As before, let An = {x|| f(x)| >1/n}. Then, 


The sets {A,} form an increasing sequence of sets of finite measure. By 
Theorem 1.2, there is a set A, v(A) <8, such that A 5 A, for all n. 
From here on, the proof proceeds much as in the previous theorem. 


3. Special applications. In this section, we will be concerned with a 
number of illustrations which arise from results of the previous section by 
special choices of the measures p, and y involved. We take X as {1, 2, 3,---}. 
Let v be the measure on X which assigns to the point n the mass 1/n. 
For 8S CX, v(8) is finite if and only if 31/n <0, where ne S. Thus, 
sets of finite v measure are the same as sets of “zero logarithmic density.” 
With these substitutions, Theorem 2.5 becomes: 


THEOREM 3.1. If %|¢n| <<, then nc, converges to 0 except for a 
subsequence of zero logarithmic density. (See also [3]) 


This may be used in the theory of Fourier series. 
Corotuary 1. Let {dn} be orthonormal on [0,1]. Let An J 0 and let 
{Cn} be a sequence satisfying | Cn Set Fr(x) = Dd Then, 
0 


for almost every x, and except for a subsequence of zero logarithmic density, 


F(x) = 0(| m(An — Anat) |74). 


f 
i 
1 
1 
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In particular, if cy |?/n? for p>0, Fn(x) Starting 


n 
from f| Fr |? =| we have 
0 


— Anes) f | Fa [2 = — Aner) | = — Aner) 


= 3A; | c; |? Hence, for almost every 2, the series (An — | Pn(X) |? 
is convergent. Applying the theorem, our result follows. 


2. Let ad, |? <0 and suppose that the series 
n 
is (C,1) summable to a function g(x). Let Sn(x) = & 4$;(2). Then, for 


almost every x and except for a subsequence of zero logarithmic density, 
Sn(x) converges to g(a) [4]. 


For, letting on(z) = (So +: - -+S8n)/(n +1), we have 


(n + 1) (Sn—on) = Jajhj = 


with & | c, |°/n? <oo. Applying the previous corollary in the form given above 
with p = 2, and (x) = (n+ 1) (Sn(@) —on(r)) we have Spy — on = 0(1) 
for a.e. x and except for a subsequence of zero logarithmic density. Since 
on(z) > g(x) for all x, the result follows. 


Turning now to Theorem 2.4, dealing with asymptotic density, we 
make the same choice of X and the measures as before, X = {1, 2,- - -}, 
K(n) = {1, +, 2}, wn(S) =v(S K(n))/n where assigns mass 1 to 
each point. If S(m) is the number of members of S in K(n), then it is 
clear that D(S) = lim p,(S) = lim S(n)/n, which is the usual formula for 
the asymptotic density of 8S. For convenience, we shall use “ for almost all n” 
rather than “in density” in this instance. The corresponding notion of 
(w)-summability is nothing more than (C,1) summability. Thus, Theorem 
2.4 takes the form: 


THEOREM 3.2. Let liminfS,—L be finite, and (C,1)-limS, = L. 
Then {S,} converges to L for almost all n. 


Similarly, the corollary to this theorem becomes: 


CoroLuary 1. If (i) {S,} is bounded from below, (ii) for almost all n, 
lim inf S, = L, and (iii) (C,1) lim = L, then {8,} converges to L for 
almost all n. 
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As stated before, condition (i) is not superfluous. Let a, —1-+ (—1)”", 
and let b, be 2k —1 when n = k? and 0 when n is not a square. It is easily 
seen that (C,1)-lima, = (C,1) hLmb,=—1. Setting S,—a,— Dn, we see 
that (C,1)-lim S, =0 while S, = 0 for almost all n. However, both 0 and 
2 are limit points of {S,}, each of density 4, so that {S,} does not converge 
to 0 for almost all n. 


This in turn leads to a result which is quite similar to, but independent 
of Theorem 3.1. This again improves on [3]. 


CoroLtuaRy 2. Let the series % Cy, converge, and suppose that ncn ts 
bounded from below, and that for almost all n, liminf nc, 20. Then, ne, 
converges to zero for almost all n. 


Take 
Sn = and on = (So+ 81 +1). 
0 


Since Sc, converges, lim (S,—on) —0 so that (C,1)-lim nc, = 0, and the 


conclusion follows. 


Corotuary 3. Let A = {a,,d2,° - *} be a set of integers of unit density. 


Then, = 1-+ for almost all n. 


Set On 21. Since lima,/n—1, and {bn} 
converges to 1 for almost all n. However, the b, are integral so that 6, = 1 
for almost all n. 


Corottary 4. Let f(z) = Sanz" have unit radius of convergence, and 
let S| an|?<o. Let limf(z) —L as z approaches 1 from inside the circle 


<1. Let 8, Then, for almost all n, {Sn} converges to L. 
0 


We may take L —0 by altering a) only. Given « >0 choose 8 so that 
if |z—1|<8and|z| <1, then | f(z)| <«. Since f(z)/(1—z) = Spa", 
0 
we have 


where M=3|a,|\?= 2 and |z|—=r<1. Hence, 


lim sup (1— | S, |? 
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and since « may be taken arbitrarily small, lim (1—r?) | S, |? r?” exists and 
is zero. Since Abel summability is an extension of (C,1) summability, 
(C,1)-lim | 8, |? = 0, so that by the theorem, {S,} converges to 0 for almost 


all n. 


A special implication of Theorem 3.2 is that a sequence {S,} which is 
(C,1) summable to LZ, and for which Z is either the upper or lower limit, 
is necessarily bounded for almost all n. It is easily seen that when L is 
unrestricted, {S,} is bounded off sets of arbitrarily small positive density. 
However, it is not in general possible to replace “ arbitrarily small ” by “ zero.” 


THEOREM 3.3. There ts a sequence {S,} of integers with (C,1)-lim S, 


= 2 which is unbounded on every set of upper density 1. 


Let A; be the progression (2*N + , for k=1,2,---. These 
form a disjoint partition of the set of positive integers. Define the sequence 
by S, =k for all n in A;; thus, {S,} begins <1, 2,1,3,-- ->. As usual let 
A;(x) be the number of members of A; not exceeding z. Then, 


ko 
Om =1/m 8S, =—1/m kA; (m) = [m2* — 1/2] (k/m) 
1 = z 


where ky(m) = [log(m/2) /log 2] = O(log m). Clearly, om S > k2-* = 2, for 
1 
every m. In the opposite direction, 
ko 


ko 
om = > (m2* — 3/2) k/m = k2-* — 0(1) 


so that as m increases, om —> 2. Let M be a positive number and let B be a 
set of integers such that | Sn | <M for all ne Bb. B is necessarily disjoint 
from all the sets A, when k > M. Hence, 


k=M 
which proves the theorem. 
The following simple result dealing with series of positive terms is a 


slight extension of a theorem of J. Arbault [1]. 


THEOREM 3.4. Let a, >0 and suppose that 31/na, <0. Let pn be 


an increasing sequence of positive numbers, with npn = O(Pn) where Pa= p, 


+ Then, > boo. 
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Since 3 1/na, converges, {1/an} converges to 0 off a set of asymptotic 
density zero. Let D* be the density defined by the measure v* which assigns 
mass p, to the point n. Any set of asymptotic density zero is also of D* 
density zero, so that {@,} converges to +o on a set of unit D* density. 
By Theorem 2.3, (D*)-lim a, = -+ 0 which is easily seen to be exactly the 
desired result. The p, may be chosen as n” where r > 0; the special choice 
r==1 is the result obtained by Arbault. 

Our next illustration is somewhat similar to the preceding. Consider the 


n 
sequence-to-sequence transform defined by o, When p> 0, 
1 


this is convergence and boundedness preserving; however, when p S 0, this 
may transform a convergent sequence into an unbounded sequence. We prove 
that if the transform is not bounded, it must be almost convergent to infinity ; 
in particular, if the transform is bounded for almost all n, it is in fact 
bounded. 


n 
THEOREM 3.5. Let on =n with X20, and let | a,| 
1 


Then, on is either bounded, or | on | converges to +0 ona set § of upper 
density 1. Moreover, if S contains a sequence {pn} with pnii/Ppn bounded, 
hen lim | o, | = +0. 


If k =n, then | | S| | + | | 
+ (1/A)(n*—i). If R>1 and nSk=Rn, then | S| o,| 
+ (R\—1)/aA. (When =0, this last term is to be replaced by log 
GivenM > 0 let M’ = MR + (R\—1)/d. If | om | > M’, then | on | > M for 
all n such that m/RSnZ=m. Let A be the set of integers n for which 
| on | <M; assuming that {o,} is unbounded, choose m so that | om| > M’. 
The interval of integers from m/R to m is free of members of A, so that 
A(m) =A(m/R). Dividing by m/R and letting m increase along the 
sequence for which o, is unbounded, we obtain RD(A) = D(A) $1. Letting 
R increase, we have D(A) =0. As M increases, so do the sets A; appealing 
to the additivity theorem, the modified union of the sets A is a set B such 
that D(B) =0 while for any M, | o, | > M for all sufficiently large integers 
n not in B. Thus, |o,| converges to +o on the complement § of B. 
S has upper density 1. If there is a sequence {p,} such that pnii/pn = O(1) 
and | op, |—>-+0o then by the argument above, the intervals [pn/R, pn] are 
disjoint from the set A for all sufficiently large n. If R is chosen so that 
R > pnsi/Pn for all n, then these intervals overlap, and the set A is finite. 
Since this is true for any choice of M, | on | converges to +0. 
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4. Complex values. Most of the theorems of Section 2 concerning the 
behavior of f(x) as x» in X go over to complex-valued functions; one is 
of sufficient interest to require separate treatment, namely Theorem 2. 4, 
which asserts that a function which is summable to its limit superior or 
inferior must converge to that limit point on a set of unit density. We shall 
prove the complex form of this theorem, restricting ourselves for simplicity 
to the case of sequences and (C,1) summability. It is first necessary to 
choose a correct replacement for upper and lower limits for a complex 
sequence {S,}. We find this in the notion of the core of a sequence, as 
introduced by Knopp. Let C, be the closed convex hull of the infinite set 

This closed convex set is called the core of {S,}. It contains the convex 
hull of the set of limit points of {S,} and coincides with this set, if {Sy} 
is bounded. In many theorems about summability of complex sequences, 
the core replaces the oscillation set of a real sequence. For example, if 
on = (S,+--+-+8,)/n the core of {on} is a subset of the core of {Sy}. 
We recall that a boundary point of a convex set is called extreme if it is not 
the mid point of two other points of the set. We introduce the term outer 
limit point for any of the extreme points of the core of a sequence {Spy}. 
It is easily seen that these are in fact limit points of {S,}. When {S,} is 
real, the outer limit points are merely the upper and lower limits. For a 
bounded sequence, the core may then be described as the convex hull of its 
set of outer limit points. 


THEOREM 4.1. Let {Sn} be a bounded complex sequence, and let it be 
Cesaro summable to one of its outer limit points, p. Then, {Sn} converges to 


p for almost all n. 


We may assume that p —0 and that the line through p which supports 
the core C is the real axis, and lies below C. Let S,—2,+ tyn; for any 
§ > 0, all but a finite number of these lie within 6 of C. We have (C,1)- 
lim a, = (C,1)-lim y, =0 and liminf y, 20. By Theorem 3.2, {yn} con- 
verges to 0 for almost all n. Hence, for any « > 0, the set of nm for which 
Yn >« has zero density. Since 0 is an extreme point of C, the set C can 
touch the real axis on one side of the origin only. We suppose that the left 
side of C lies above this axis. Then, z, is bounded from below, and for any 
8 > 0, 2, > — 8 for almost all n. Appealing to the stronger form, Corollary 1 
of Theorem 3.2, {zn} converges to 0 for almost all n. Since the intersection 
of two sets of unit density has unit density, {S,} converges to 0 for almost 
all n. 
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We do not know if this theorem holds for unbounded sequences {Sp}. 
A slight modification of the above proof shows that the Theorem is valid in 
any case, if p is a regular extreme point of C, i.e. one for which there is a 
supporting line at p which contacts C nowhere else. In this case the Theorem 
also holds for a sequence {S,} of points in a Banach space, if in addition it is 
assumed that the closure of the set {S,, S.,- - -} is compact. The argument 
via real and imaginary parts of S, may be replaced by the use of the functional 
I’ which supports C at p with F(p) =1; one can immediately infer that 
F(S,) converges to 1 for almost all n. If a neighborhood of p is deleted, 
it is easily seen that the remaining S, form a subsequence of zero density. 
This argument does not seem suited to the more precise theorem above. In 
the case of a general density, and a complex valued function f(x), the core 
of f is to be taken as the intersection of the closed convex hulls of the 
sets f(R,). 
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SQUARE SUMMATION AND LOCALIZATION OF DOUBLE 
TRIGONOMETRIC SERIES.* 


By Vicror L. SHAPIRO. 


1. Introduction. Let ¥ aye*”* be a double trigonometric series where 
ay are arbitrary complex numbers and where M=—(m,n), X = (2,4), 


MX = mx + ny, and | M | =max(|m|,|n|). The series will be said to 
be square convergent at a point X if the square partial sums of rank # 
(1) Sr(X) > aye*MX 

[M|SR 


converge to the finite value L(X). The series will be said to be square 
summable (C,p), p > 0, to the sum L(X) if the (C,p) square means of 
rank RP, 


R 
(2) (X) = %»R-” (R? — 1?) 
0 


ayeMX (1 — 
|M|S=R 


[R] 
M |*/R*)?—= > ow, 
r-0 


converge to the finite value L(1). 

It is the purpose of this paper to study the localization theory of double 
trigonometric series for square summation. We shall use for this study the 
process of formal multiplication of series developed by Rajchman and Zygmund 
[2]. A comparison of the results obtained in this paper with those obtained 
by Berkovitz [1] for circular summation shows a decided difference between 
the two methods. 


2. Definitions and notation. The notation in this paper will be for 
the most part vectorial, thus for example the index pair (m,n) will be 
designated by M, the capital letter of the first letter occurring, and M + X 
will stand for (m+2,n+y). 

By ay = o0[(| m|-+1)7(| m|-+ 1)7] will be meant the following: Given 
an e > 0, there exists an R(e) such that if | Z| > R(e), then 


| aw | <e(| m|-+1)7(|n| +1)” 
ay = O[ (| m| +1)%(| + 1)7] will be defined in a similar manner. 


* Received November 19, 1952; revised February 12, 1953. 
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Letting T = > aye*’*, we set 8/7 /dri = (im) faye’ will 
be interpreted as 7’); so that 8/ér is the symbol of partial differentiation 
(= 0/dr). 

We shall designate the fundamental square [(7,y);0S 2S 2z, 
0<yS 2] by Q. 

f(X) will be said to be of class C™ if all its partial derivatives up to 
and including those of order & exist and are continuous. 


3. Formal multiplication. Let 7, = T, = ay*”* be two 
double trigonometric series. We define their formal product 7,7, = T; to be 


the series T; = } Aye*’*, where Ay = > apay_p. The definition only makes 
P 


sense when the Ay, called the formal product coefficients, are defined. In 
particular, if the ay are bounded and >| ey | <<, then Ay is defined for 
M 


every M. We prove the following lemma regarding formal product coefficients. 


LemMa 1. Suppose that T, is a series with coefficients ay = o(| M |), 
p=0, and T. is a series with coefficients such that >| aw || M |? <o. 
Then Ay is defined for all M and Ay is 0(| M |). 

+ > + > )|apay_p|. It is easy to 

|P|<!M|/2 
see that the first and third sum are 0(1) and the second sum is o(| M |), 
which proves the lemma. 

In proving the basic theorems concerning formal products, certain lemmas 
will be required. We shall prove them first. 


Lemma 2. Let >} aye*¥X —0 for X ina set HE where 
au O[(| m | +1)-%(| | +1), g>1. 
Then there is a K >0 such that 
(i) 


\M|SR 


(Gi) | S K(|R—|P|+1)?? uniformly for X 
\M|ER 


in E; 
(iii) if p2=qZ0, thn 
|M|SR, n?>m2 
(iv) if p=q=0, then, uniformly for X in LE, 


| = K(p—q-+1)** + K(|R—p| 


|M|SR, m?=n? 
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To prove (i), we notice that 


i=0 |M|=[R)+i 


Observing also that the inner sum on the right of (3) is O[(R +7%)~*], we 
have that the right side of (3) is O(R**). 
To prove (ii), we can assume, since >| ay | is convergent, that 


|P|2R+1 o |P|SR—1. 


If the former holds then 


[= |ay|, while 
|M|=|P|-R 

|M|SR |M|>R-|P| 


if the latter holds, because the set [M-—-P;| M| > R] lies outside of a square 
with center at the origin and side of length R—|P|. Applying (i) of this 
lemma to both cases completes the proof of (ii). 

To prove (iii), we may suppose that p >q-+ 2. Observing that the set 
[M— P;m? < n? = R?*] lies outside of a square with center at the origin 
and side of length (p— q)/2, we have that 

| ay |. 
|M|SR, n?>m? |M|=|p-q|/2 


Applying (i) of this lemma, we obtain the desired result. 
(iv) is an immediate consequence of (ii) and (iil). 


Lemma 3. Jf 
0Sy<1, and 0Sy<1, then | an | or]. 


|M|=4 
This lemma follows in an obvious manner from the fact that 
i 


n=-4 
We are now in a position to prove the following two theorems con- 
cerning formal products. 


THEOREM 1. Let T, and T, be two double trigonometric series where 
T, = and T.= > with the following properties: 


(i) y+0=1; y, 20; 
(ii) aw 
(iii) SS aye*“X —0 for X belonging to a plane set E. 
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Then the formal product T; of T, and T, is uniformly square convergent to 
zero for X in E. 


THEOREM 2. Let T, and T, be two double trigonometric series where 
T, = Dd and T, => aye*’* with the following properties: 


(i) aw = of (| m| OS 15820; 
(ii) ay = O[ (| m | +1)*(| n | -4-1)*}; 


(iii) = 0, FT ./dy* = 0, = 0,1, 2, k = 0,1, 2, for X belonging 
to a plane set E. Then the formal product T; of T, and T,. 1s uniformly 
(y+ 7)) to zero for X in E. 


square summable (C,1 


Remark 1. It will be apparent from the proofs of the theorems that 
(ii) in Theorem 1 can be replaced by ay = O[(| m | + 1)-@+O(| n | + 1)-C*9] 
and that (ii) in Theorem 2 can be replaced by 


ay = O[ (| m| + 1)-“9(| n| + where > 0. 


That the formal product coefficients are defined in both theorems follows 
from Lemma 1. For simplicity of notation in the proofs of both theorems 
we shall suppose that 0 is in # and give the proof of the theorem only for 
this point. From the method of proof the uniformity of convergence or 
summability for all points in # will follow automatically. 

Set 


(4) Au(1—| M |?/R?)4 


|M|SR 
[R]-1 [R]+1 [2R] 
|P|=0 |P|=[R] |P|=[R]+2 |P|=[2R]+1 0S|M|SR 


=A+B+C+D, where B=—0 or 1. 


Then we see from (i) of Lemma 2 that under the conditions of either 
Theorem 1 or 2, 
(5) [D|S x | |= o(R*). 

|P[>2R [M|SR 

Setting B—0O in (4) and bearing (5) in mind, we observe that to 
prove Theorem 1 it only remains to show that A, B, and C are o(1). But 
these facts follow easily from (i) and (ii) of Lemma 2 and Lemma 3, for 
by these lemmas, | A |, | B 


C | are majorized by 


[R]-1 (R]+1 [2R] 
i=0 |P|=i i=[R] i=[R]+2 


respectively, and each of these sums is 0(1). 
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To prove Theorem 2, we shall first show that under the conditions of 
this theorem the left side of (4) is o(R-%™) when B=—1. To do this, by a 
simple argument of symmetry, it is sufficient to consider ap equal to zero 
except for points in the first octant, i.e., a~7—0O unless p=q=0. 

Applying the equality m* = p? + 2p(m— p) + (m—  p)?, we observe 
that with 8 = 1 the inner sum on the right side of (4) can be written as 

| > ay_p| R* — p* — 2p(m — p) — (m — p)*]8 


|M|SR, n2=m? 
(6) 2 2 2 2 2 2 
|M|SR, n?>m?2 
and consequently, from Lemmas 2 and 3, that | A |, | B|, | C | are majorized by 


[RJ-1 [R]-1 


p=0 p=0 
[R]+1 [2R] 

p=[R] p=[R]+2 


respectively ; hence each of them is 0(R-*), 
From these last three facts and (5), we conclude that with 8 =1 the 
left side of (4) is 0(R-%*™) and consequently that 


(7) (0) = 


Theorem 2 is thus proved in the special case when y +70. Let us 
suppose for the rest of the proof that 0 <y+7n< 1. 


Observing that for an integer j, 
S3(0) = (27 +1) 70 (7 + (0) — (0)] 
we conclude from (7) that 
(8) Sn(0) = 


By (2) and (8), in order to complete the proof of Theorem 2, it remains 
only to show that 


R-1 
(9) 2(1—y— S,(0) (R? — r?)-O*Mrdr = 0(1). 
0 


R 
Observing, however, that by (7), f S,(0)rdr = 0(R*-™), we conclude 
after integrating the integral in (9) by parts that this integral is 0(R?-?v*”) 
and consequently that (9) holds, which gives us Theorem 2. 


Remark 2. From the proofs of Theorems 1 and 2 it is evident that if 
the ay were functions of X such that in Theorem 1, 
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au(X) = O[(| m| + 1)3(|n|+1)-] 
uniformly in X and in Theorem 2, 
au(X) = Of (| m| 


uniformly in Y, both theorems would still hold. 


Unlike circular summation (see Berkovitz [1], p. 330), the formal pro- 
duct theorems using square summation cannot be extended to higher orders 
of summability. We show this with the following theorem: 

THEOREM 3. Given any « >0 and any integer k >0 there exists two 
double trigonometric series T; = and T. =D aye’* with the 
following properties: 

(i) aw=o0(| 

(ii) ay —0O except for a finite number of M; 

(ili)) dT, = 0, 0S1+ 575k for X¥ =0, 
such that the formal product T, of T, and T, is square summable (C, p), 
p= 0, to infinity for X =0. 


co 
We choose for our series = Dneim@(eimy + /2 where 
m= 


b; = j€(log j)-1, 7 = 2, 3,4,- - - and T, = — eiv)k+1, Then 
Amn = bm/2 if n=m or n=m-+1 and m= 2; otherwise Ann = 0, 
Amn = (—1)™ and n=—0; otherwise = 0. 
Clearly conditions (i), (ii), and (iii) of the theorem are satisfied. 
Now 
Ay = ~ = + On@mno)/2 if n= 2; otherwise Ay — 0. 
By (2), the theorem will be proved if it is shown that 


Sr(0) 
\M|SR 


A short calculation shows that, for ¢ an integer, 


k k+1-j 
(0) y Dear Am o + 
j=1 m=0 
k+1-j 
= (t+k-+1)*[log(¢ + 4+ 1)]7K + o(t*), where K=34+> amo. 
j=1 m=0 


1 The author is indebted to the referee for suggesting a short proof to this theorem. 


| 
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It is clear that K 40, and consequently, + or S¢,4.1(0) ~ — 
according to the sign of K. 


We end this section on formal products with the following theorems: 


THEOREM 4. Let T, and T, be two double trigonometric series satisfying 
the conditions of Theorem 1, except that T, converges to a function A(X) 
which need not be zero. Then the series 


af, Ayei™*X = A(X) ps ayeiMX 


is uniformly square convergent to zero for all X. 


THrorEM 5. Let T, and T, be two double trigonometric series where 
T, =D and T, => with the following properties: 


(i) OS yt+n<1; 
(ii) oe = O[(|m| + 4+ 


(iii) —0, —0, 7 = 1,2, k=—1,2 for X wm a set 
E CQ, the fundamental square. Designate the formal product of T, and 
T. by T; and the function to which T, converges on E by A(X). Then the 
sertes T, — AT, is uniformly square summable (C,1— (y+ 7)) to zero for 
X in 


We shall only give the proof for Theorem 4, Theorem 5 being proved 
in the same manner from Theorem 2. 

Define T.* to be the trigonometric series } ay*e+*¥X where ay* = ay 
if |M|A0, a*=—a,—A(X). Since A(X) is a bounded function, 
ay*(X) = O[(| m|+1)-3(|n|]+1)-3] uniformly for all X. Setting 
Ay* = > apay_p* = Ay —A(X)ay, we have by Theorem 1 and Remark 2 


that S Ay*e*“’*X converges to zero uniformly for all X. 
\M|SR 


4, Localization. We shall now apply the results of the formal product 
theorems to the problem of localization. This application will be prefaced, 


however, by a few remarks. 


Remark 3. If f(X) is in LZ and periodic of period 2 in each variable, 
we may associate to f its Fourier series. Thus f~ > cye*“*¥ —=G[f]. In 
what follows S[f] will be used to denote the Fourier series of a function f. 
The square partial sums Spe(X) of S[f] are given by 


=z" Sf — r)Dp(v — y)du dv, 


|[M|SR 


354 VICTOR L. SHAPIRO. 


where De(t) =1/2 is the Dirichlet kernel. 
m=-[R] 


Remark 4. Let T be the double trigonometric series, 7’ = > cye**. 
An operator L*, which will be called the double integral operator, is defined 


to act on 7 as follows: 


4 2 0 


+> Con(in) + >” cu(mn)- 
M 


n=— 0 


where ’ indicates the omission of the value zero, and ” indicates the omission 


of the values (0,n) and (m,0). It is clear that L°T converges uniformly 
to a function F(X) if cy=o(1). We shall call F(X) the function asso- 
ciated with 7. 


Remark 5. We shall now discuss another essential notion, that of a 


localizing function. Let 8 be a closed domain contained in the interior of 
the fundamental square 2. Let §t® denote the interior of 8, and ®’ be 
another closed domain such that #’C #°. A function A(X) which is con- 
M\*), 
» being a sufficiently large positive integer, and such that A(X) —0 for 
not in $(mod 27) and A(X) —1 for X in R’(mod 27), is called a localizing 
function for the domains ®t and i’. That such a function can be constructed 


tinuous, of period 27 in each variable, has Fourier coefficients O( 


for given closed domains ff and §’ is a well known fact. 


We now state the theorem from which we deduce our localization theorem. 


THEOREM 6. Let T, be a double trigonometric series with coefficients 
ay 0S 0S y <1, 1. 
Then the series L*T, converges uniformly to a function F(X). Furthermore 
let A(X) be a localizing function of class C@* associated with the domains 
R and KR’ and whose Fourier coefficients are consequently 


ay = O[(| 
Then the difference 
(10) Ar(X) = > ayeiMX 


|M|SR 
0 0 


is uniformly summable (C,1—(y-+ )) to zero for X in R’. 
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By Remark 4, 


F(X) = agu*y?/4 + y?/2 


=f,+F,;+ F,-+ F;. We shall consider four different cases in the proof 
corresponding to F2, F'3, and 

For case 1, we assume that ay—0O if m=O or n=O. Then F, in 
this case, is identical with F’, and the right side of (10) is the square partial 
sum of rank F of the series T, — 8*S[FA]/8x*5y?._ By Theorem 4, the formal 
product S[F]SG[A] = S[FA]. Let Cy designate the Fourier coefficients of 
this formal product and let dy designate the coefficients of S[A]. Then 


= apdy_p(pq)?|(m — p)* + 2p(m — p) + p?] 
P 
X [(n— + 2q(n— 9) + 97] 


and consequently Ar(1) is equal to the square partial sum of rank R of 
the series 

k= = 

where p;, are constants. Now by Theorem 4 or Theorem 5 the partial sum 
of rank R of the series 7, 7,S[A] and of each of the series in the sum 
in (11) is uniformly summable (C,1— (y+ 7)) to zero for XY in WR’, and 
the proof of case 1 is complete. 

For case 2, we assume that a —0 and ay=—0 if n+0. Then 


T,= and F(X) —G(z)y?/2 —F,(X), 
where 
G(z) = 3’ 


and furthermore, we observe that the right side of (10) is given by 
T, — and that the formal product S[G]G[Ay?/2] 
= S[GdAy’/2]. Proceeding as in case 1, we obtain that Ar(X) is the square 
partial sum of rank R of the series 


(12) — T:S[8? (ay2/2) /8y?] 
4 
4=0 


‘ 
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where p; are constants. Noticing that 8°(Ay?/2)/dy? =1 on R’, we conclude 
from Theorem 4 or Theorem 5 that the square partial sum of rank FR of the 
series 7’, — T,S6[8*(Ay?/2) /dy?] and of each of the series in the sum in (12) 
is uniformly (C, 1— (y + 7)) summable to zero for X in ff’. This completes 
the proof for case 2. 

For case 3, we assume that a,=—0 and ay=0O if n~0. Then 
T,(X) = > Aone*™Y and F(X) =F3;(X), and by an argument similar to 


n=- © 
case 2, we conclude that Ar(X) is uniformly summable (C,1— (y + 7)) 
to zero for X in W. 

For case 4, we assume that ay—0 when 1 ~0. Then 7,—a, and 
F(X) = aoxr*y?/4, and consequently the right side of (10) is the square 
partial sum of rank R of the series 7, — 8*O[Ador?y?/4]/dx°Sy?, which 
clearly converges to zero uniformly for X in WV. 

Putting cases 1, 2, 3, and 4 together, we have the proof of the theorem, 
for T, can be considered a sum of four parts, one corresponding to each case. 

It is at this point that the divergence in localization between square 
summation and circular summation can be seen. Theorem 6 cannot be 
extended to trigonometric series whose coefficients are o(| M « > 9, by 
means of formal products because the key theorem in the proof is Theoerm 5, 
and Theorem 3 gives a direct contradiction to Theorem 5 for such coefficients. 
On the other hand, as Berkovitz [1] shows, no such difficulty exists in circular 
summation where the formal product theorems exist regardless of the order 
of the coefficients, and consequently, for circular summation, localization goes 
through. 

Using Theorem 6, we can now state the main theorem for localization in 


square summation. 


THEOREM 7%. Jf T and T’ are two double trigonometric series with 
coefficients o[(| m| 
and if the functions F and F’ associated with T and T’ are equal in a closed 
domain St contained in the interior of the fundamental square Q, then in 
every smaller closed domain W contained in R°, the interior of R, the series 
is uniformly square summable (C,1— (y+ 7)) to zero. The con- 
dition that F -— F’ vanish in KR can be replaced by the condition that 


27 (° 27 
A(U) | F(U)— | ad? — /dax? d?Dp(v — y)/dy? dudv 
ZO 


be uniformly summable (C,1— (y+ )) to zero in every R’ where A(X) is 


a localizing function for R and KR’ of class C°*, In particular, this latter 
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result is alway true if F —F’ is a function of class C® in a domain f° 
containing and — = 0 for X in R°. 


The last statement of the theorem follows from the fact that 


27 
a? f A(U) F(U) — F’(U) | De(u — x) /dx? d?Dr(v — y)/dy? dudv 
0 7 0 
is the square partial sum of rank R of 
— = S[8* (F — 


This latter Fourier series has coefficients o[ (| m | + 1)-?(||-+1)-?], and 
has square partial sums which converge to zero uniformly for X in WY’. 

The rest of the theorem follows immediately from Theorem 6. 

It is to be noticed, in closing, that for the orders of Cesaro sum- 
mability discussed, localization by squares except for the (C,1) case requires 
a weaker hypothesis then localization by circles since the condition 
is weaker than o[(m? + n?)-*/*] for the 
values of y and » considered in this paper.’ 
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AN IDEAL-THEORETIC CHARACTERIZATION OF THE RING 
OF ALL LINEAR TRANSFORMATIONS.* 


By KENNETH G. WOLFSON. 


Introduction. It is well known that a simple ring that satisfies the 
minimum condition on right (left) ideals is isomorphic to the complete ring 
of linear transformations of a finite-dimensional vector space ([8], p. 67). 
This determination of the structure of such simple rings also serves as an 
abstract characterization of the ring of all linear transformations of a finite- 
dimensional space. In studying the structure theory of rings not restricted 
by the minimum condition, emphasis has been placed on the notion of a 
primitive ring ([10]), a ring which is isomorphic to a dense ring of linear 
transformations of an (in general) infinite-dimensional vector space. Although 
necessary and sufficient conditions have been given ([9], [10]) that an abstract 
ring be isomorphic to a dense ring, no characterization of the complete ring 
of linear transformations of an infinite-dimensional vector space is to be found 
in the literature. This ring of linear transformations also arises in projective 
geometry since the principal left ideals of this ring form a lattice which is 
projectively equivalent to the projective geometry determined by the lattice 
of subspaces of the underlying vector space ([4], p. 173 and [17], p. 6). 
In fact, if the rank of the underlying space is at least three, then the group 
of projectivities of the vector space is essentially the same as the group of 
automorphisms of the ring, the collineations corresponding to the inner auto- 
morphisms of the ring ([4], p. 187). 

We shall determine necessary and sufficient conditions that an abstract 
ring be isomorphic to a ring 7'(/’, A), the set of all linear transformations of 
the vector space A over the (not necessarily commutative) field F. We also 
characterize the ring T,(/’, A), which is the set of all linear transformations 
of A of rank < &, over F (where 8, is some infinite cardinal). In particular, 
T,(F, A) the ring of all linear transformations of A which are of finite rank 
is characterized as a simple ring with minimal right ideals satisfying a certain 
annihilation condition on left ideals (Theorem 6. 2). 


* Received May 1, 1952. 
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If K is an abstract ring, a right annulet of A is an ideal which is the 
totality of right annihilators of a subset of K. Left annulets are defined 
similarly. Our main result (Theorem 7.5) may be stated as follows: K ts 
isomorphic to the ring T(I’, A) of all linear transformations of a vector space 
A over a field F if and only tf 


(1) Ko, the socle of K, is not a zero ring, and is contained im every 
non-zero two-sided ideal of K. 


(2) If J is a left ideal of K which is annthilated on the right only 
by zero, then J = Ko. 


(3) The sum of two right (left) annulets is a right (left) annulet. 
(4) K possesses an identity element. 


The main tool in the investigation is an extension of the Galois corre- 
spondence developed by Baer in [2], [4] between the annulets in the trans- 
formation rings and the subspaces of the underlying vector space. The main 
result in this direction is Theorem 2. 8. 

In examining the structure of the rings 7,(/’,A) an essential result 
(Theorem 5.1) is the fact that these rings are generated by their idem- 
potents. Our characterization of T(/,A) makes use of the characterization 
of the rings 7,(Ff,A) although it is clear that the theorem may be proved 
directly. We prove in Theorem 8.2 that the structure of T(/’, A) is com- 
pletely determined by its ideal theory. 


1. Basic concepts. <A linear manifold is a pair (IF, A) consisting of 
an additive abelian group A and a (not necessarily commutative) field F, 
in which the field elements operate from the left on the elements of A in 
the obvious manner. 

As usual, a basis of the linear manifold (/,A) is a maximal set of 
linearly independent elements of A. It is well known ([4], p. 14) that 
every linear manifold possesses a basis, and that the cardinal number of each 
basis is the same. The rank of the linear manifold (Ff, A) is the cardinal 
number of any basis of A. 

A linear submamfold or subspace of A is a non-vacuous subset S of A 
satisfying S-+ S—S and FS=8S. To every subspace S of A there exists 
a subspace Q of A such that SQ Q—0 and S+Q=A ([4], p. 12). We 


write A = S @ Q in this case, and call Q a complement of VS. 
We recall that an endomorphism of an additive group G is a single-valued 


mapping of @ into itself which preserves addition. A linear transformation 
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or F-endomorphism of the linear manifold (F, A) is an endomorphism of A 
which commutes with the elements of the field F. Thus a linear trans- 
formation o of (F,A) satisfies (a’ + a”)o =a’o + ao for a’, a” in A and 
(fa)o =f(ac) forain A andf inl’. The totality of linear transformations 
of the linear manifold (/’, A) is denoted by T(/,A). Defining addition and 
multiplication of linear transformations in the usual way, it is clear that 
T =T (Ff, A) is a ring, the ring of all linear transformations of the group A 
over F. Ifo is a linear transformation of (I, A) by its rank r(o) is meant 
the rank of the subspace Ac. If 8, is an infinite cardinal number, we denote 
by T,—T,(F,A) the totality of elements o in T(F,A) which satisfy 
r(o) <&,. For each ordinal v, T,(F,A) is a two-sided ideal of T(J’, A). 
If J is a non-zero two-sided ideal of T(/,A) then J =T,(/’, A) for some 
ordinal » ([4], p. 198). The same proof as given in [4] can be used to show 
that every non-zero two-sided ideal of the ring T,(/’,A) is of the form 
T,(F,A) with pS». 

We note that T,(F, A) consists of all linear transformations of A which 
are of finite rank, and that 7,(/,A) is contained in every non-zero two- 
sided ideal of T,(/’, A). 


2. The Galois theory. In this section, the subspaces of (I, A) are 
related to certain classes of ideals in the rings of linear transformations. The 
methods follow those used by Baer in [2] and [4] for the particular ring 
T(F,A). In some cases the proof may be the same but will be included 
for the sake of completeness. 

Now let K be an arbitrary ring. If S is any subset of K then the 
totality #(S) of elements x in K such that Sx = 0 is clearly a right ideal; 
and such a right ideal we term a right annulet. Likewise we denote by 2(9) 
the totality of elements y in K such that yS=0. Clearly 2(S) is a left 
ideal; and such a left ideal we call a left annulet. We have the following: 


LemMaA 2.1. Let K be an arbitrary ring. Then every right annulet 
J=R[L(J)] and every left annulet H = Q[R(A)]. 


Proof. If H is a left annulet then H = 2(Q) for some subset Q of K. 
But LLR(L(Q)) ] —L(Q) holds in any ring, and H—=[R(H)]. A 
similar proof holds for the right annulets. 

Now let EX = E(F, A) denote any ring of linear transformations of the 
linear manifold (Ff, A). If S is a subset of A, then R(S) is the totality of 
elements o in £ such that So 0, and LZ(S) is the totality of elements 7+ 
in # such that Ar= 8. If 8 is actually a subspace, then R(S) is .a right 
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ideal and L(S) is a left ideal, the annihilator of S, and the retraction on 3 
respectively. 

If J is a subset of H then N(J) is the totality of elements x in A such 
that zJ —0. By AJ is meant the set of elements aj for a in A and j in J. 
Although N(J) is always a subspace of A, in general AJ will not be a 


subspace. 


Lemma 2.2. Let H(F,A) be any ring of linear transformations of A. 
Then we have: 


(i) L(S)R(S) =0 for every subset S of A. 
(ii) L[N(J)]=X(J) for every subset J of E. 
(iii) R(AJ) =R(J) for every subset J of EL. 


Proof. (i) AL(S) =S8 by definition of L(S), and SR(S) =—0 by 
definition of R(S). 


Hence [AL(S)]R(S) =0, A[L(S)R(S)] and L(S)R(S) = 0. 
(ii) is a consequence of the equivalence of the following statements: 
ceQX(J), oJ =0, AoJ=0, AcoSN(J), oe L[N(J)]. 
(iii) follows from the equivalence of: 

ceR(J), Jo=0, AJo—0, oe R(AJ). 


Corottary 2.3. If E(F,A) is a ring of linear transformations and 
AL(S) =S holds for a subspace 8S, then R(S) = R[L(S)]. 


Proof. By hypothesis R(S) = R[AL(S)] =R[L(S)] by Lemma 2. 2. 


Coromuary 2.4. If E(F,A) is a ring of linear transformations and 
N[R(S)] =S holds for a subspace S, then L(S) = 2[R(S)]. 


Proof. Since S = N[R(S)] we have L(S) = L[N(R(S))] R(S)] 


by Lemma 2. 2. 


The ring H(F,A) is called a dense ring of linear transformations if 
given any finite set of elements a (i—1,2,---,%) in A and linearly 
independent over F, and any set b; (t—=1,2,---+,k) there exists a linear 
transformation e in H(F,A) such that aj = b; for each 1. 


Lemma 2.5. Let E(F,A) be a dense ring of linear transformations 
of A. Then AL(S) =S for every subspace 8 of A tf and only if E(F, A) 
contains a dense ring of linear transformations of A of finite rank. 


A | 
d 
t 
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Proof. Assume E(F,A) contains a dense ring of linear transformations 
of finite rank. By definition of Z(S) it follows that AL(S)=8S. Now 
let s 40 be in S. By assumption there exists a o in H(F,A) such that 
so =s and Ao has finite rank. Since so—s, se Ao. Let s,m,,---, mx be 
a basis of Ao. By density, there exists re # such that sr —s and mir = 0 
for i=—1,2,---,k. Now Aor SS and hence ore L(S). Then se F's 
= Aor = AL(S) and we have S=AL(S). Combined with the previous 
inequality, this yields AL(S) —S. 

Now assume AL(S) =—S for every subspace S of A. Let S be of 
finite (positive) rank. If L(S) =0 then S=AL(S) —0 a contradiction. 
Hence there exists e40 in L(S), and since Ae=S, e has finite rank. 
Since the set of all transformations in H(/’, A) which are of finite rank is 
clearly a two-sided ideal, and since every non-zero two-sided ideal of a dense 
ring is again a dense ring ([10], p. 313) it follows that F(F,A) contains 
a dense ring of linear transformations of finite rank. 


LemMa 2.6. If E(F,A) is a dense ring of linear transformations, then 
N[R(S)] =S holds for every subspace S of finite rank. The relation holds 
for every subspace tf, and only if, E(F,A) contains all the linear trans- 
formations of A which are of finite rank. 


Proof. Since SR(S) =0, it follows that SS N[R(S)] for every sub- 
space S. To prove N[R(S)| =S we need only show that if a is in A but 
not in S, then a doesn’t belong to N[R(S)]. Let A=S@Fra@u. lf § 
has finite rank, the density of H(F,A) implies that there exists e in H(F, A) 
satisfying and Se=0. If H(F,A) contains all the linear trans- 
formations of finite rank, and S has infinite rank, the additional stipulation 
Ue =O assures the existence of the required e in H(F,A). Since Se—0 
it follows that ee R(S). But ae~O0 implies aRk(S) ~0 and hence 
a7 N[R(S)] which completes the proof that N[R(S)] =S. 

Now assume N[R(S)] —S for every subspace S of A. Let S be an 
arbitrary hyperplane of A and assume, by way of contradiction that R(S) = 0. 
Then S=N[R(S)|]—N(0) =A a contradiction. Hence R(S) ~0 for 
hyperplanes S. Let o be a linear transformation of finite rank n. Then we 


n 
may write A= > F's; ® N(o), where the s; are linearly independent. Let 
i=1 


S; be the hyperplane }} F's; @ N(o). Then since R(S;) ~0 there exists for 


in E(F,A) such that If —0 it would 
follow Ac; 0 and hence 4,0. Now by density of H(F,A), there exists 


n 
E(F,A) such that = Clearly o = > oi7i, and since oj, are 
i=1 
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in the ring #(F,A) for each i, it follows that oe H(F,A) completing the 
proof. 


LemMaA 2.7. Let E(F,A) contain a dense ring of linear transformations 
of finite runk. Then every left annulet H = L(AH) and every right annulet 
J = R[N(J)]}. 


Proof. Let H be a left annulet, so that H = 2(Q) for some subset Q of 
E(F,A). But 2(Q) = L[N(Q)] by Lemma 2.2. Hence AH = AL[N(Q)] 
= N(Q) by Lemma 2.5. Finally H = L(AH). 

If J is a right annlet then 


J =R[2(J)] = R[AR(J)] R[AL(N(J))] = 


We note that under the conditions imposed here on E(F',A), AH is a sub- 
space of A, whenever H is a left annulet. 


A projectivity is a one-one mapping of one partially ordered set upon 
another partially ordered set which preserves the order relation. 


A duality is a one-one mapping of one partially ordered set upon another 
partially ordered set which inverts the order relation. 


If the partially ordered sets under consideration are lattices, it is clear 
that projectivities will also preserve cross-cuts and joins, while dualities will 
interchange cross-cuts and joins. 

We now state the essential result of this section. 


THEOREM 2.8. Let E(F,A) contain all those linear transformations of 
A which are of finite rank. Then 


(i) The correspondences R(S) and N(J) are reciprocal dualities 
between the subspaces S of A and the right annulets J of E. 


(ii) The correspondences L(S) and AH are reciprocal projectivities 
between the subspaces 8S of A and the left annulets H of EL. 


(iii) The correspondences 2(J) and R(H) are reciprocal dualities 
between the right annulets J and the left annulets H of E. 


Proof. (i) By Lemmas 2.6 and 2.7 and Corollary 2.3 we have 
S=N[R(S)] andJ=—R[N(J)], R(S) =R[L(S)]. Hence the correspon- 
dence is one-one between the class of all right annulets of # and the totality 
of subspaces of A. If SQ are subspaces of A then R(S)=R(Q). If 
U SV are subsets of H(F, A) then N(U) = N(V), and hence the correspon- 


dences are dualities. 


= 
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(ji) Follows similarly from Lemmas 2. 5 and 2.7 and Corollary 2. 4. 
(iii) Follows directly from Lemma 2. 1. 


Remark 1. If H(f,A) contains all the linear transformations of A 
which are of finite rank, the totality of left (right) annulets of E(F, A) 
forms a complete complemented modular lattice which is projectively equi- 
valent (dual) to the projective geometry determined by the linear manifold 
A). 


Remark 2. The intersection of any number of left (right) annulets is 
again a left (right) annulet. Hence to every set of left (right) annulets 
there exists a smallest left (right) annulet containing all the annulets in the 
given set: the join of the annulets in the set. Since annulets are ideals this 
join will always contain the ideal-theoretical sum, but in general it will be 


larger. 


vemark 3. If H(F,A) contains only a dense ring of linear trans- 
formations of finite rank then the statements of Theorem 2.8 remain valid 
for the set of all finite-dimensional subspaces of A and a corresponding sub- 
class of the set of all right (left) annulets of H(F,A). For, a right ideal J 
is a right annulet if, and only if, J R(S) for a subspace 8 of A. Every 
left annulet has the form L(S) for a subspace S of A, and if S is a subspace 
of finite rank then the ideal L(S) is always a left annulet. 


3. Primitive rings with minimal ideals. An abstract ring K which is 
isomorphic to a dense ring of linear transformations is called a primitive ring. 
The following is a collection of known results. 


THEOREM 3.1. Let H(F,A) be a dense ring of linear transformations 
of A. Then E contains minimal right ideals if, and only if, EF contains non- 
zero linear transformations of finite rank. In this case, the sum of all the 
minimal right ideals coincides with the sum of all the minimal left ideals, 
and with Eo(F,A) the totality of linear transformations of A of finite rank 
which are contained in E(F,A). The ring E,(F, A) 1s itself a dense ring 
of linear transformations of A which is a simple ring (not a zero ring) and 
is a two-sided ideal of E(F,A) which is contained in every non-zero two- 
sided ideal of E. 


Proof. Every primitive ring has zero Jacobson radical ([10], p. 310). 
Since the radical contains all nilpotent ideals ([10], p. 304) it follows that a 


primitive ring contains no nilpotent ideals. Hence in particular FE, is not a 
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zero ring. In any ring without nilpotent ideals the sum of all minimal right 
ideals coincides with the sum of all minimal left ideals ([11], p. 13). The 
remainder of the theorem is a restatement of Theorems 29 and 30 of [10] and 
the fact that any two-sided ideal of a dense ring is itself a dense ring. 


LemMA 3.2. If K is a simple ring containing minimal right ideals, 
then K is semi-simple if, and only if, tt is not a zero ring. In the event K 
is not a zero ring, it also contains minimal left ideals, and every right (left) 
ideal is the sum of minimal right (left) ideals. 


Proof. The sum of all minimal right ideals in any ring is a two-sided 
ideal ({7]). Since XK is simple it is equal to the sum of all its minimal 
right ideals. If K is semi-simple then certainly it is not a zero-ring. Assume 
now K?=+40 but that N ~0 where WN is the radical of K. Then since K is 
simple, N = K. Since every minimal right ideal is a left annihilator of the 
radical ([3], p. 565) it follows that K? = KN —0 a contradiction. Hence 
N=0. The fact that K contains minimal left ideals is due to Artin-Whaples 
({1], p. 92). Hence K is also equal to the sum of its minimal left ideals. 
Thus, the lattice of right (left) ideals of K is a complete modular lattice in 
which the universal bound is the join of points. It follows then from a 
theorem of Birkhoff ([5], p. 129) that each element of the lattice is a join 
of points which completes the proof. 


THEOREM 3.3. Let E(F,A) be a dense ring of linear transformations 
of A which contains minimal ideals, and let E,)(F,A) be the two-sided ideal 
of linear transformations of finite rank which are contained in E(F,A). Then 


(i) Every right (left) ideal of E,(F,A) is a right (left) ideal of 
E(F, A). 


(ii) The minimal right (left) ideals of the rings E and E, are the same. 


(iii) The minimal right (left) annulets are the same as the minimal 
right (left) ideals. 


(iv) LE, itself is a right (left) annulet if, and only if, By = E. 


Proof. (i) The ring £,(/, A) contains minimal ideals since it contains 
non-zero linear transformations of finite rank. It is a simple (non-zero) ring 
by Theorem 3.1. By Lemma 3.2 every right (left) ideal is the sum of 
minimal right (left) ideals. Thus the proof of (i) will be complete if every 
minimal ideal of H, is an ideal of #. But in any ring K a minimal right 
ideal M satisfies cither M? = 0 or M = eM where e? is in M ([8], 
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p. 64). Since FH, is semi-simple by Lemma 3. 2, it contains no nilpotent ideals 
and with e?—e in M. Clearly eH, SeH. But ee implies 
eE = EF, since £, is a right ideal of #. Hence eH =e(eH) Sek,. Thus 
M = eH, =eE and is clearly a right ideal of H. The same argument applies 
as well to the left ideals. 


(ii) This is an immediate consequence of (i) and the fact that Ey is 
the sum of all the minimal right (left) ideals of F. 


(iii) If M is a minimal right ideal then M = el with e idempotent. 
Then M = #[#(1—e)] where H(1—e) is the set of elements x — ze with 
xin #. Thus M is a right annulet, and since annulets are ideals, M is a 
minimal right annulet. Now, let M be a minimal right annulet. Now 
ME,=MQ E, and ME,+0 since if ME, we would have a 
contradiction. Thus M1 FE, is a non-zero right ideal of Hy and hence by 
Lemma 3.2 certainly contains a minimal right ideal M’ which by previous 
remarks is a minimal right annulet. Since M’= M and both are minimal 
right annulets it follows M = M’ and M is a minimal right ideal. Since the 
same argument holds for left ideals and left annulets, this completes the 
proof of (ili). 


(iv) If #2, =F then H = (0) — (0) and is both a right and left 
annulet. 

Now assume £, is a right annulet then #, —R(S) for a subspace SV. 
If S=0, = R(0) and we are finished. Assume therefore S 0. 
Let a0 be in § then aH, —0. But EF, being a dense ring we must have 
ak, = A, a contradiction. 

If HZ, is a left annulet, then H,—L(S) for a subspace S of A. If 
S—A then Fj) = L(A) Assume therefore S< A. By density of 
we have AF, = A, but AF, = AL(S) =S <A a contradiction. This com- 
pletes the proof of the theorem. 


Remark 1. Since every non-zero two-sided ideal J of H(/’, A) contains 
E,(F, A) it is clear that J is an annulet if, and only if, J = E(F, A). 


Remark 2. It is easy to see that an identity element of the ring FH or F, 
if it exists acts as an identity transformation. Hence KE, possesses an identity 


element if, and only if, the rank of A over F is finite. 


Remark 3. If H(F,A) is a dense ring and A has finite rank n, then 
E(F, A) is the ring of all linear transformations of the linear manifold (/, 4) 
or what is essentially the same thing, the ring of all n by n matrices with 
elements in the field F. 


THE RING OF LINEAR TRANSFORMATIONS. 367 


The situation as regards the relation of maximal ideals and maximal 
annulets is quite different than that of minimal ones. In fact we have the 
following : 


THEOREM 3.4. The following conditions on a ring K are equivalent: 


(1) K is a primitive ring with an identity such that every maximal 
right ideal is an annulet. 


(2) K is a primitive ring containing minimal ideals and an identity 
such that every maximal left ideal 1s an annulet. 


(3) K is a primitive ring with minimal ideals and an identity such 
that the product of two right annulets is a right annulet. 


(4) K is a primitive ring containing minimal ideals and an identity 
such that the product of two left annulets is a left annulet. 


(5) K is a primitive ring with minimal ideals and an identity such 
that the sum of any set of right annulets is a right annulet. 


(6) K is a primitive ring with minimal ideals and an identity such 
that the sum of any set of left annulets ts a left annulet. 


(7) K is a primitive ring in which every right and left tdeal is an 
annulet. 


(8) K is a primitive ring with an identity in which every left ideal 
is an annulet. 


(9) K is (for some integer n) the ring of all n by n matrices over a 
field. 


Proof. It is clear that (9) implies all the other conditions since a total 
matrix ring is primitive, contains an identity and possesses minimal ideals 
since it satisfies the minimum condition on right (left) ideals. In fact, 
every ideal is generated by an idempotent and hence is an annulet ([8], p. 65). 
The fact that (7) implies (9) is a theorem of Kaplansky ([14], p. 694). 


We shall show that each of the other conditions also implies (9). 


Assume (1), then every maximal right ideal has the form R(S) for 8 a 
subspace of rank 1. Also N[R(S)]—S holds. Thus L(S) = L[N(R(S))] 
=2[R(S)] by Lemma 2.2. If L(S) =0 we have 2[R(S)]—0. But 
R(S) =R[L(R(S))] — H(F, A) by Lemma 2.1, since R(S) is an annulet. 
But this is impossible since R(S) is a maximal ideal. Hence L(S8) #0 and 
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E(F, A) contains non-zero linear transformations of finite rank and Ly(/’, A) 
is a dense ring. If H,< H we may imbed (because of existence of an 
identity) £, in a maximal right ideal which is by assumption an annulet. 
From Remark 1 following Theorem 3. 4, it follows E, = EF and from Remark 3 
the conclusion follows. 


Assume (2). It follows immediately that every maximal left ideal has 
the form L(S) for S a hyperplane in A. Again if 2, < EF we imbed F in 
a maximal left ideal Z(S8) and the conclusion again follows. 


Assume (3), and let S be a hyperplane in A. Now R(0)R(S) = ER(S) 
is a two-sided ideal of H 0, and a right annulet, whence the conclusion 
follows. 


Assume (4), and let § be a subspace of rank 1, then D(S) is an annulet 
and L(S)L(A) =L(S)E is a two-sided ideal #0 and is a left annulet 
from which the conclusion follows. 


Assume (5) or (6). Since E> is the sum of all minimal right (left) 
annulets it follows that #, is an annulet from which the conclusion follows. 


Assume (8), then K must be a simple ring. For assume 00 is a 
two-sided ideal of K. Then Q is a dense ring ([10], Theorem 22). Since Q 
is a left ideal, it is an annulet. Let Q —2(M) —L(S) where S=N(M) 
(Lemma 2.2). If S=A, Q=L(A)=—K. Hence assume S< A. Then 
AL(S) =8< A. But since L(S) is a dense ring AL(S) =A. This con- 
tradiction shows QQ =0 and hence K is simple. It follows from a theorem 
of Kaplansky ([15], p. 25) that K consists only of transformations of finite 
rank. Since K contains an identity the theorem follows. 

This completes the proof of Theorem 3. 4. 


In the remainder of this section the ring E(F,A) will be assumed to 
contain all the linear transformations of A which are of finite rank (that is, 
E,(F, A) =T A) in our notation). 


THEOREM 3.5. Let E(F,A) contain all the linear transformations 
of A which have fimte rank. Then a left ideal J satisfies R(J) = 0 if, and 
only if, J contains all the linear transformations of A which are of finite rank. 


Proof. Assume J =T)(F,A) =F,(F,A). Then J is certainly a dense 
ring, and hence AJ = A. The fact that R(J) —0 follows from the equi- 
valence of the following statements: 


cei(J), Jo=—0, AJo—0, Aco—0, 
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Now assume 3t(J) —0. Let BSA be the subspace spanned by the set of 
elements AJ. If B< A, there exists o0 in E(/’, A) satisfying Bo = 0, 
Aco~0. Hence (AJ)o S Bo =0. 


The following conditions however are equivalent: 
(AJ)o=0, A(Jo)=0, Jo=—0, o=0, a contradiction. 


Hence {AJ} =A. Let a0 bein A. Then there must exist 
n 
42,° in A and jn in J such that a= > 
4=1 


There exist linear transformations of A of finite rank oj (t= 1,2,°--+,) in 
})(F, A) such that =a; Now for since J is a 


left ideal. Let >= and reJ. Thus ar—a( = Daji—a. 
i=1 4=1 4=1 

Now let » be any linear transformation of rank 1, and let 
A=Fa@® where an 


By the above result, there exists a in J such that bab. Since J is a left 
ideal paeJ. Thus a(po) = ba—b, N(p) pa —0. 

Hence »—ypoed. But as in the proof of Lemma 2.6 every finite 
transformation is the sum of transformations of rank 1, and therefore J 


contains all finite transformations. 


Remark 1. If H)(F,A) is merely a dense ring then J = Ey implies 
KR(F-) =O but not conversely. For, we shall show that this condition 
assures that H)(/’, A) =T,(F,A) and there exist many examples of dense 
rings of linear transformations of finite rank which do not include all the 


linear transformations of finite rank. 


THEOREM 3.6. Let E(F,A) contain all linear transformations of A 
which are of finite rank, and let M be a minimal right ideal of FE. Then if I 
is the cross-cut of M and a left ideal H of E(F,A), there exists a unique 
left annulet H* such that T=M Nn H*. 


Proof. We shall not give the proof in detail as it is essentially that 
given in [2] (Theorem 9.1) for the ring T(Ff,A). It is shown there that 
AI is a subspace of A and H* = L(A) is the required left annulet. We 
have already shown in Theorem 2.8 that the necessary properties of annulets 
hold in H(f, A) since E,)(F,A) =T,(F, A). The modification necessary to 
take care of the fact that H(F, A) need not possess an identity element is clear. 
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4. Ideal-theoretic properties of the annulets. In this section we shall 
examine the structure of annulets in the rings T,(/’, A) and relate them to 
idempotents in the ring. In addition it will be shown that the rings T,(F, A) 
are generated by their idempotents. 

Before proceeding we need the concept of rank for elements of a lattice. 
Let M be a lattice with zero element 0, and let z be an arbitrary element of 
M+A~0. By a chain between 0 and x will be meant a well ordered (by the 
inclusion relation in the lattice) set of distinct elements of M which are 
bounded above by x, whjch includes 0, but not z. The rank of z is the least 
upper bound of the cardinal numbers of all chains between 0 and 2a, if 40. 
We define the rank of the zero element to be zero. 

The totality of right (left) annulets of an arbitrary ring forms a lattice, 
and hence when we speak of the rank of a right (left) annulet we shall mean 
its lattice rank as defined above. 

Let us consider the lattice of subspaces of a vector space V. If 740 
is a subspace of V, consider any chain between 0 and z. If y,z are any 
elements of this chain and y < z, a basis of the subspace y may be extended 
to a basis of z. If we extend by one basis element at a time, and repeat this 
procedure for all such y and z, we may in this manner refine the given chain 
to a densest possible chain. The cardinal number of one of these chains, 
however, is clearly just the vector space rank of the subspace 7 Hence we 
have shown that for the lattice of subspaces of a vector space the concept of 
lattice rank of a subspace coincides with its usual vector space rank. 

Now let H(F, A) be a dense ring of linear transformations containing 
all linear transformations of A, which are of finite rank. If J is a left 
annulet of H, there exists a unique subspace § such that J —=L(S). By the 
use of the preceding arguments and the projectivity of Theorem 2.8 it follows 
that the rank of the left annulet L(S) is just the vector space rank of 8. 
Now let H = R(S) be a right annulet of £. Since the zero element of the 
lattice of right annulets is R(A), the preceding results imply that the rank 
of the right annulet R(S) is the ordinary vector space rank of the quotient 
space A/S. 

If J, J’ are right (left) annulets of aring K andJ Nn J’=0,JUJ’=K, 
we shall say that J and J’ are complementary right (left) annulets and either 
shall be called a complement of the other. 


THEOREM 4.1. (a) If J ts a right (left) annulet of T,(F,A) of rank 
<8, and J’ is a complementary right (left) annulet, then there exists an 
idempotent e in T(F, A) such that 
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J=eT, J’=(1—e)T, (respJ=—Tye, J’ =(1—e)T,). 


(b) A right (left) annulet of T,(F, A) ts generated by an idempotent 
if, and only if, it is of rank < &). 


Proof. (a) Let H be a left annulet of rank < 8,, and H’ a comple- 
mentary left annulet. Then it follows from Theorem 2.8 and our discussion 
of rank, that H—L(U), H’=L(W) where A=U @W and r(U) 
Define e as follows: ue =u if we U, We = 0, so that N(e) —W. Then e is 
idempotent and Ae=U tells us that ee T,(F,A) since r(e) <8). Since 
Ae=U we have ee L(U) =H. Since H is a left ideal Tye dH. 

Now lettre H=L(U) sothat Ar=U. Letabein A. Then ar = (ar)e 
since are U and if we U. This implies and thus HS Tye 
which combined with previous inequality gives H = T,e with e idempotent. 
Now the following statements are equivalent: 


zeT,(1—e), ze=0, Are=0, At=Ne=W, szelL(W). 


Hence H’ = T,(1—e). 

Let J be a right annulet of rank < &,, where J’ is a complementary right 
annulet. Then it follows from Theorem 2.8 and our discussion of rank that 
J =R(S), J’ =R(Q) where A —S @ Q and r(A/S) = 7r(Q) Define 
the linear transformation e as follows: Se—=0, ge=—q if qeQ, so that 
S= N(e). Then e is idempotent and Ae —Q so that ee T,(F,A). Since 
ee R(S) =ZJ which is a right ideal we have eT, = R(S). Now let fe R(S) 
so that Sf N(e)f —0. If ae A then a = ae + (a—ae) where (a — ae)e = 0 
implies a—aeeS and therefore (a—ae)f—0O. Then af —aef for each a in 
A implies f = ef so that R(S) = eT,. Combined with the previous inequality, 
we have J = e7’,, with e idempotent. Now the following are equivalent: 


ze(1—e)T,, ex=0, Aer=0, Qr=0, sreR(Q). 
Hence J’ = (1—e)T,. This completes the proof of (a). 


(b) By Theorem 2. 8, every right (left) annulet of T,(/, A) possesses 
a complementary right (left) annulet. Hence we have already shown that 
every right (left) annulet of rank < &, is generated by an idempotent element. 
Assume now #7 is a left annulet generated by an idempotent H = L(U) = Tye 
where e? ~e+~0 isin T. If a0 and ae A, we have aT, =A since T, is 
a dense ring. Then certainly AT, =A. Now U = AL(U) implies U = AT,e 
=Ae. Since ee T,, r(U) =r(Ae) <8, and by definition of rank, H is a 
left annulet of rank <&,. Now let J be a right annulet generated by an 


idempotent e so that J=eT,. By Theorem 2.8, J —=R(S), S a subspace 
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of A. Since V[R(S)]—S we have S=WN(eT,). Clearly N(e) = N(e7,). 
We have A = Ae @ Ne since e is idempotent, and thus r(Ae) = r[A/N(e) ]. 
But since ee T,(F, A), r(Ae) <8, and hence r[A/N(e)] =r(A/S) <8). 
By our discussion of rank for right annulets, we have that J is a right annulet 
of rank <&,. This completes the proof of (b). 


Remark 1. It is clear from the proof that Theorem 4.1 is also valid for 
any ring H(F,A) which contains the ring T,(F, A). 


CoroLuary 4.2. An ideal in T(F,A) is an annulet if, and only if, 
it is generated by an 1dempotent. 


Proof. If r(A) <8, then T(F,A) =To(F,A) for all ordinals o = », 
hence every annulet is generated by an idempotent. We have previously 
remarked that in any ring, ideals which are generated by idempotents are 
certainly annulets. This completes the proof. 


We note that Corollary 4.2 is proven in [4]. 


Corotuary 4.3. If J isa right (left) annulet of rank < 8, in T,(I, A) 
and J’ is a complementary right (left) annulet, then T ts the direct sum of 
the right (left) ideals J and J’. 


If J, J’ are complementary right (left) annulets of T(F,A), then T 
is the direct sum of the right (left) ideals J and J’. 


A ring K is called regular if for every a in K, there exists an x in K 
such that a= ara. Such rings were introduced by von Neumann in [16] 
where existence of an identity was also assumed. However the following 
statements which are proved there are easily seen to be true without the 
existence of an identity element. 

(1) In a regular ring, every principal right (left) ideal is generated 
by an idempotent element. 

(2) In a regular ring, the sum of two principal right (left) ideals is 
a principal right (left) ideal. 


THEorEM 4.4. For each ordinal v we have: 
(i) The ring T,(f,A) is a regular ring. 


(ii) The sum of two (and hence a finite number) of right (left) 
annulets of rank <8, is a right (left) annulet of rank < &). 
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(iii) Every right or left ideal which is finitely generated (and hence 
every principal ideal) is an annulet and is generated by an idempotent element. 


Proof. (i) The fact that T(/, A) is a regular ring has been noted by 
Baer ([4], p. 179) and Johnson and Kiokemeister ([13], p. 407). Now 
let ee T,, then e = efe for some f in T(F,A). Then e = (efe) fe e(fef)e 
and fef is in 7’, since 7, is a two-sided ideal of T. Hence 7, is a regular 
ring. This last trick has been noted by Brown and McCoy ([6], p. 165). 


(ii) An annulet of rank < &, is generated by an idempotent (Theorem 
4.1) and is thus principal. Sum of two principal ideals in a regular ring 
is principal and generated by an idempotent and thus is an annulet of rank 


<&, again by Theorem 4. 1. 


(iii) A finitely generated ideal is a sum of finitely many principal 
ideals and is principal, since T, is a regular ring. Every principal ideal is 
generated by an idempotent and is therefore an annulet. 


Corottary 4.5. (Baer) An ideal in T(F,A) 1s an annulet tf and 
only if it is finitely generated, and the sum of a fimte number of left (right) 
annulets in T(F,A) ts a left (right) annulet. 


Proof. This is a consequence of Theorem 4. 4, and Corollary 4. 2. 


Remark 1. If T,(F,A) AT (F,A) then the ring T,(F, A) possesses 
annulets which are not finitely generated. For 7, itself is both a right and 
left annulet and if it were finitely generated it would be generated by an 
idempotent (Theorem 4.4). This is impossible since such an idempotent 


would be an identity element for the ring T,(/’, A). 


Remark 2. In the rings T,(F,A) every ideal is the sum of annulets, 
since ideals are always sums of principal ideals. (Sums will, in general, be 


infinite). 


5. The idempotents. We shall show in this section that the rings 
T,(F, A) are generated by their idempotents. The theorem we obtain is the 


following : 


TuHeEorEM 5.1. Let (f,A) be a linear manifold of rank at least two. 
If E(F,A) is a ring of linear transformations which contains all idempotent 
transformations of A, of rank < &,, then H(F, A) contains the ring T,(F, A). 
In particular if E(F,A) contains all idempotent transformations of A, then 
E(F,A) =T(F, A). 
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The restriction to linear manifolds of rank at least two is essential, since 
it is clear that if (/’, A) has rank one, the theorem fails to be true. 

The proof will be given by proving three lemmas, each of which is a 
special case of the theorem. 

Lemma A. Let A=>Fa,@ N(c) where the a, are linearly inde- 

v 
pendent, and the rank of N(c) is not less than that of > Fa,, then o belongs 
v 


to the ring generated by those idempotents whose rank does not exceed that 
of 


Proof. Let ayo—b,. If the b, were dependent, then: 


m m 


Dfi(ae)—0, ( 
i=1 
v 4=1 
contradicting independence of the a;. Since the mapping of a, onto b, is one 


to one it is clear that }} Fa,, and >| Fb, have the same rank. 
v v 


Define « as follows: a,«—a, for all v, and Then is 
idempotent and has the same rank as o. 
We let b, = p,-+ n, where p, is in > Fa,, n, is in N(o), and we shall 
map the a, firstly onto the p,. Since r[N(c)] 2r(> Fa,) it follows that 


Fa, W where r(> Fk,) = r(> Fa,), the k, are linearly 
independent and each k, is in N(oc), and W= N(oc). Since >} Fa,n > Fk, 
v 
=( it follows that } F(a,—k,) N } Fk, =0, and we may write 
v 


A=DF(a,—k,) Fk, @ W. 


Define 8 as follows: (a,—k,)B=0, k,B=—k, WB=0. Then a8 
B is idempotent, and rank B=—rank o. Now since } Fk,n > Fp, —0 we 


have also F'(k,— py) NS Fp, =0. Hence we may write 
A=>D>F(k,—p,) 


and define y as follows: (ky — py)y = 0, Pry = pry, Uy =0. Then = py, 
y is idempotent, and rank y Sranko since p» Fa,. Let oBy =r. Then 


= py, and N(o)r=0. We next must find a linear transformation 
which maps the a, onto the n,. Clearly } Fa,n } Fn, =0 and therefore 
v v 
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also F(a, — ny») N Fn, =0. Hence we may write 
v v 


A=>F(a—n) XT Fn, V 
and define § as follows: (a,—n,)8=0, ndb=—n,, Vi=O0. Thus ad—n,, 
8 is idempotent and rank 6 rank o since the ny, need not be linearly 
independent while the b, are. Let 8, then ao and N(c)o=—0. 
Now, a(r + 0) =p,» +n, = and N(c) (+r + 0) = 0; therefore o=7-+ o. 
This completes the proof, since none of the idempotents used had rank 


exceeding that of o. 


Lemma B. Let o be a linear transformation of infinite rank. Then o 
belongs to the ring of linear transformations generated by all those idem- 
potent transformations whose rank does not exceed that of o. 


Proof. Let A=} Fa, ® N(c) where the a, are linearly independent 
and ao=—b,. If r[N(c)] =2r(>Fa,), the conclusion follows from the 
previous lemma. Hence we may assume r[N(c)] <r[> Fa,]. Since > Fa, 


has infinite rank it follows that r(o) =r[> Fa,] —r(A). Therefore no 


restrictions are imposed on the ranks of idempotents used. 

Now since we have infinite rank we may write } Fa, = > Fe; @ > Fad; 
where each subspace has the same rank, and the set consisting of all the ¢; 
and d; is merely the set of all the a. 

Since r[> Fd; N(c)|] —=r(A) 2 Fe;), there exists by the pre- 

j 
vious lemma a transformation « in the ring generated by the idempotents, 
which satisfies: cja = c;, [> Fd; N(c)]a—0. 

In the same manner, since N(c) |] = there exists an 

j 
appropriate @ satisfying: dj8—dj;, and [SFe;® N(c)|B=—0. Clearly 
j 
8B) for each v, (a+ 8) =0 so that 8, and the 
proof is complete. 

The results of the two preceding lemmas are not directly applicable to 
linear transformations of finite rank, but by similar arguments we shall prove 
the following: 

Lemma C. Let (f,A) be a linear manifold of rank at least two. Then 
the ring T,(F', A) coincides with the ring I generated by all the idempotents 
of finite rank. 


Proof. We show first the following: 


v 
v 
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(1) If u, v are independent elements of A, there exists a finite idem- 


potent (of rank 1)o such that uo =v. 


(2) If A—Fa@ W, there exists a finite idempotent of (rank 1)7 such 
that ar =a and Wr=0. 


To show (1) merely write A=/'u @ Fv @ U and define o by uw —v, 
va =v, Uo=0. Then a is clearly idempotent of rank 1 and has required 
property. The idempotent + needed in (2) is uniquely determined by the 
conditions imposed. 

To show that we have all finite transformations in J, it suffices to show 
that J contains all transformations of rank 1. Thus let A= Fa@ N(a), 
az =, where @ is an arbitrary transformation of rank 1. 

From (2) there exists r such that ara and N(a)r=0. Ifa, 6 are 
independent over F, then there exists by (1) o such that aa—b. Then 
a(7o) = 6, and N(a«)ro so that If a, b are dependent, ther 
b = fa where f~0 is in F. Since r(A) 22 there exists d in N(a) such 
that a and d are linearly independent. From what we have already shown 
there exists an », in J such that: aw, = d, and N(a«)o,—0. Now applying 
(1) there exists w, in J such that dw, = fa, since d, fa are independent. 
Then dw,0, = fa, and N(a«)w,0,—0. This completes the proof of the last 
lemma, since it is clear that 7 = T7)(/,A). 

Theorem 5.1 now follows immediately from Lemmas B and C. 


6. The ring T,(F,A). In this section we are interested in finding 
necessary and sufficient conditions that an abstract ring be isomorphic to the 
ring of all linear transformations which have finite rank. 

We recall that a ring P=—P(A) of endomorphisms of the additive 
abelian group A is called irreducible if, for every a, not zero in A we have 
aP == A. 

If a ring K contains minimal right ideals the socle of K is the sum of 
all its minimal right ideals. If K is without minimal right ideals then its 
socle is the zero ideal. The socle is always a two-sided ideal. (cf. Dieudonné 

THEOREM 6.1. Let K be an arbitrary ring. Then there exists a linear 
manifold (F,A) such that K is isomorphic to a ring E(F,A) of linear 
transformations of A containing the ring T)(f, A) if, and only tf, (1) and 
at least one of the conditions (2), (3), or (4) hold. 


(1) The socle Ky of K ts not a zero ring and is contained in every 
non-zero two-sided ideal of K. 


376 


THE RING OF LINEAR TRANSFORMATIONS. 


(2) If H is a left ideal of K and i(H) =0 then H= Ky. 


(3) If H isa left ideal of K and R(H) =0 then H contains a minimal 
right ideal. 


(4) If M’ is a minimal right ideal and J a left ideal of K then there 
exists a left annulet J* such that M’N J =M’N J*. 


Proof. Assume that K is isomorphic to H(F,A) where T)(F, A) 
< H(F,A) =T(F,A). Then (1) holds by virtue of Theorem 3.1 and (2) 
is a consequence of Theorem 3. 5. 

Now if (1) and (2) hold then (1) and (3) are valid since (2) 
implies (3). 

Assume now that (1) and (3) are valid. By (1) there exists a minimal 
right ideal M of K. Let J be the totality of elements x in K such that 
Mrx=0. Assume so that J= Ky by (1) and thus MK,=—0. Now 
let J’ be the totality of y in K satisfying yK =0. Then we have0O< MSI’ 
so that /’+40. It follows from (1), since I’ is a two-sided ideal, that I’ = Ky 
or that K,? 0 which contradicts (1). Hence, we conclude that J —0, 
that is R(M)—0. In particular M?+~0 so that M—eK —eM where 
e?==¢ is in M. 

For each k& in K define an endomorphism o; of the additive group M 
by vo; = xk for xe M. The mapping of & onto o;, constitutes a homomorphism 
of the ring K onto a ring P(M) of endomorphisms of the group M. If ox 
is the zero endomorphism then Mk =0 and k=O by preceding remarks. 
Hence K is actually isomorphic to the ring P(M). We wish to show that 
P(M) is an irreducible ring of endomorphisms. Let y~0 be in M. Then 
yK =M since M is a right ideal. Since yK is a right ideal we have yK = 0 
or yk =M by the minimality of M. If yK =O then yK,—0O and the 
preceding arguments lead again to the contradiction K,? Hence 
is an irreducible ring of endomorphisms. By Schur’s Lemma ([8], p. 57 
the totality of endomorphisms of M that commute with the elements of the 
irreducible ring P(M) is a field F, and by Theorem 6 of [9] the ring of 
linear transformations P(F,M) is a dense ring. Since P(M) is a ring of 
right multiplications of M, where M is generated by an idempotent, it follows 
from [11] Lemma 1 that the commuting field F is isomorphic to eKe = eMe. 
It is easy to see that e is the identity of F and that e acts as an identity 
operator on the elements of M. Since Me = (eMe)e = Fe the linear trans- 
formation o, of P(F,M) is of rank 1 so that P contains transformations of 
finite rank. By Theorem 3.1, Po(F,M) =—P,.(F,A) is a dense ring of 
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linear transformations of A which are of finite rank. We wish to show that 
P,(F,A) contains all linear transformations of A which have finite rank. 
As in the proof of Lemma 2.6 it is only necessary to show that P,(F, A) 
contains all linear transformations of rank 1, since every transformation of 
rank n is the sum of n transformations of rank 1. Since P is a dense ring, 
it is sufficient (as in Lemma 2.6) to find a non-zero element o in P which 
annihilates an arbitrary hyperplane S of A. Assume by way of contradiction 
that S is a hyperplane of M, but that R(S)=—0. By Corollary 2.3 
R(S) =R[L(S)]. Hence L(S) is a left ideal having right annihilator zero. 
It follows from (3) that Z(S) contains a minimal right ideal WM’. By our 
construction of the ring P(F’,A) = P(F,M) we have L(S) is the totality 
of « in K satisfying Mr=S, so that MM’=S8S. But MM’+S0 since 
R(M) = 0, and therefore the minimality of M implies MM’—M. Hence 
M=S which contradicts the fact that S is a hyperplane in M. Hence 
R(S) ~0 and we have shown the sufficiency of (1) and (3). 

If K is isomorphic to where SE(F,A) ST(F, A) 
then (4) holds by virtue of Theorem 3.6. Assume now (1) and (4). Then 
by virtue of (1), K is isomorphic to a ring P(F,A) =P(F,M) where 
P.(F,M) is a dense ring of linear transformations of finite rank. Let 
S <M be a hyperplane in M so that S+S=—S8 and eMeS=—=MS=—S. 
Let J be the smallest left ideal of K containing S, so that J is the totality 


of elements of the form > (kis; + nisi) where kke K, s;¢ S and n; is an 
4=1 


integer. Since S< Mand we have If re MNJ, then 
(kis; + nisi) and ex since re M—eM Hence 


r= > (ekis; + nies;) = Dd (ekis; + eMS+S=—S. 


Hence we have MM JSS, and combined with the previous inequality we 
have MNJ=—S. Now by (4), S=MN J* where J* is a left annulet of K. 
If J* = K we have S=M a contradiction. Hence J* < K. Now assume, 
by way of contradiction, that R(S)—0. Since S=J*< K we have 
R(J*) = R(K) =0. By Lemma 2.1, J*=Q[R(J*)] = Q[R(K)] =K 
and this contradicts J* < K. Hence R(S) ~0 and again it follows that 
P(eMe,M) contains the ring T,)(eMe,M). This completes the proof of 
Theorem 6. 1. 


Let o >v, then if ToT, the ring H=T./T, is a primitive ring 
containing no minimal ideals ([15], p. 18). Hence # contains no non-zero 
transformations of finite rank. Since #, 0 the ring satisfies (2) but fails 
to satisfy all of (1) since the socle is a zero ring. 
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Since the condition (2) seems more desirable than (3) or (4) we shall 
use this condition in our future characterizations. 
We are now in a position to characterize T,(F, A) itself. 


THEOREM 6.2. Let K be an arbitrary ring. Then there exists a linear 
manifold (f°, A) such that K is isomorphic to the ring T)(F, A) of all linear 
transformations of A which are of finite rank tf and only tf 

(1) K is a simple ring (not a zero ring) containing minimal right 
ideals. 

(2) If H isa left ideal of K and R(H) =0 then H=K. 


Proof. Since K is simple and possesses minimal right ideals we have 
K =k, its socle (since the socle is always a two-sided ideal). Hence K 
satisfies conditions (1) and (2) of Theorem 6. 1 and therefore K is isomorphic 
to E(F,A) where T)(F,A) SE(F,A) ST(F,A). But H(F,A) in this 
case is simple, and since 7,(F,A) is always a two-sided ideal we have 
E(F,A) =T)(F, A). 

Now T,(/’, A) satisfies (2) by Theorem 3.5 and (1) by Theorem 1 of 
[9]. This completes the proof. 


An example of a dense ring of linear transformations of finite rank 
P(F,A) which satisfies =P)(F,A) is easily con- 
structed as follows. Let (/,A) be a linear manifold with a countable basis, 
and let P(/’, A) = Po(F, A) denote the ring of linear transformations which 
consists of only those transformations which annihilate all but a finite number 
of the basis elements. Then P(/,A) is certainly a dense ring of trans- 
formations of finite rank, but does not, for example, contain the linear trans- 
formation of finite rank which maps every basis element into a fixed basis 
element b. Hence, P(F,A) satisfies (1) but not (2) of the theorem since 
P(F,A) <T,(F, A). 


7. The rings T,(F, A). In this section we shall characterize the rings 
T,(F,A) and from this derive a characterization of T(F, A). 

As ideals of T(F, A) the rings T,(/’, A) are easily characterized abstractly 
as follows: 


THEOREM 7.1. The ideal T,(F,A) of T(F,A) ts the sum of all right 
annulets of rank < &,, and the sum of all left annulets of rank < &,. (For 
the definition of rank of annulets see the beginning of Section 4). 


k 
Proof. Let => 0; where o; belongs to a right annulet of rank < §&,, 
$=1 
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k 
that is oj¢ R(S;)where r(A/S;) Now, Aoi, hence r(Ac) 
i=1 


k 
=D r(Ao;). But r(Aoi) Sr(A/Si) < and hence r(Ac) <8,. Then 


o is a linear transformation of rank < 8, and oeT,(F, A). 

Now let re T,(F,A) where @ N(r) and thus r(Ar) = 1r(Sr) 
=r(S) <8, Then re R[N(r)] a right annulet of rank < 8, and hence 
certainly belongs to a sum of such right annulets. This completes the proof 
of the assertion concerning right annulets. 


Now consider left annulets, let = o; where L(S;) and r(S;) < 
Then Ao; = 8S; by definition of L(S;), 


k 
Ac=> 


where r(S) <8, Thus the rank of o is less than 8, and oe T,(F, A). 
Again if re T,(F,A) then Ar =S where r(S) <8,. Thus re L(S) a left 
annulet of rank <8, This completes the proof. 


k 
Ag; S; S 


Remark 1. For the special case of v = 0, we have that T,)(/F', A) is both 
the sum of all the minimal right ideals, and the sum of all the minimal left 
ideals of T(F, A), which we previously had shown. 


If H(F, A) is a ring of linear transformations then the totality of linear 
transformations of rank < &, (for any infinite cardinal) contained in H(F, A) 
is a two-sided ideal. The arguments used in the preceding theorem remain 
valid in H(F,A) if E)(F, A) =T)(F,A) by Theorem 2.8. Hence we have 
also proved the following: 


CoroLuary 7.2. Let E(P,A) be a dense ring of linear transformations 
containing all linear transformations of A which are of finite rank, then the 
two-sided ideal E,(F,A) of all transformations of rank <8, in E(F, A) 
coincides with the sum of all right annulets of rank < 8, and with the sum 
of all left annulets of rank < &,. 


THEOREM 7.3. Let K be an arbitrary ring. Then there exists a linear 
manifold (F,A) such that K is isomorphic to a ring E(F,A) of linear 
transformations of A containing the ring T,(F, A) tf, and only if, K satisfies 
conditions (1), (2), (3) below. 


(1) The socle Ky of K is not a zero ring and is contained in every 
non-zero two-sided ideal of K. 
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(2) If H is a left ideal of K and R(H) =0 then H= Ky. 


(3) If J is a left (right) annulet of K of rank <8, and J’ 1s a left 
(right) annulet of K complementary to J, then there exists an tdempotent e 
in J such that J = Ke, J’ =K(1—e) (resp. J = eK, J’= (1—e)K). 


We note again that (3) is not meant to imply the existence of an identity 
element in K. As far as sufficiency is concerned either the statement regarding 
right or left annulets is enough. Of course, both statements will be shown 


to be necessary. 


Proof. The necessity of (1) and (2) follows from Theorem 6. 1. 
Condition (3) is necessary by virtue of Theorem 4.1 and Remark 1 following 
that theorem. 

Now assume K satisfies (1), (2), and (3). By Theorem 6.1, K is 
isomorphic to a ring of linear transformations H(F,A) which contains 
T,(F,A). If the rank of A over F is one, then since H(/’, A) is a dense 
ring, it is already the ring of all linear transformations of A of rank < &, 
for every ordinal »y. Hence without loss of generality we may assume 
r(A) 22. In order to show that H(F,A) =T,(F,A) it is, by virtue of 
Theorem 5.1, only necessary to show that # contains all idempotent linear 
transformations of rank <&,. If e is any idempotent in T,(/’, A), we may 
write A = Ae © N(e) where e is the identity on the subspace Ae of rank 
< §8,, and an annihilator of the subspace N(e). Hence to prove # = Ty, we 
must show that to each decomposition A —S @ Q where r(S) < §&,, there 
exists a transformation in #(F, A) which is the identity on S and annihilates 
Q. To this end, assume A = S @ Q where r(S) < 8, and assume (3) for left 
annulets. Then by Theorem 2. 8, H = L(S) U L(Q), and0=L(S) Nn L(Q), 
where L(S) is a left annulet of rank <8, Then J = Z(S) and J’=L(Q) 
are complementary left annulets satisfying the hypothesis of (3). Hence by 
(3) L(S) = He and L(Q) = E(1—e), where e? =e But S=AL(S) 
= AFe implies that the idempotent e is an identity on 8S. Now Q=AL(Q) 
= AH(1—e) implies that Qe —0 since (1— e)e = 0. 

Similarly if we assume (3) for right annulets we have FH = R(S) U R(Q), 
and 0= R(S) M R(Q), where R(Q) is a right annulet of rank < &,, so that 
by (8) there exists an idempotent e in R(Q) satisfying R(Q) =eH and 
R(S) = (1—e)F. Since ee R(Q) we have Qe=0. Now SR(S) =0 
implies S[(1—e)H#] or [S(1—e)]# =0. Hence S(1—e) since 
FE annihilates only the zero subspace. Hence if se 8, s—se—0O or s =—se, 
and e is the identity on S. Thus E(F,A) =T,(F,A) which completes the 
proof. 
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THeEorEM 7.4. Let K bearing of linear transformations which contains 

the ring T,(F,A). Then the following conditions are equivalent: 
(i) K=T,(F,A). 
(ii) K is equal to the sum of all its left (right) annulets of rank < ¥). 

(iii) The proper two-sided ideals of K form a well ordered set of order 
type v. 

Proof. Assume (i). The ring T,(/,A) satisfies (ii) by virtue of 
Corollary 7.2 applied to the ring T,(F,A). Now the ordinal number » 
represents the order type of the well ordered set of infinite cardinal numbers 
preceding 8,. Hence, by the definition of T,(/’, A), and the fact that all the 
non-zero two-sided ideals of 7, have the form To with o Sv, it follows that » 
is also the ordinal number of the well ordered set of proper two-sided ideals 
of T7,(F,A). Hence (ili) is true. 

Now assume K = T,(F, A) and (ii) holds. Then Corollary 7. 2 implies 
that K contains no linear transformations of rank = &, or K =T,(F,A). 
Clearly the assumption that K > T,(F,A) also violates (iii). Hence (iii) 
also implies that K = T,(F',A). This completes the proof of Theorem 7. 4. 


Remark 1. It is a consequence of the last theorems that the conditions 
(1), (2), (8) of Theorem 7.3 and (ii) or (iii) of Theorem 7. 4 characterize 
the ring T,(/’, A). 


THEOREM 7.5. (Martn TueroremM). Let K be an arbitrary ring. Then 
there exists a linear manifold (F,A) such that K is isomorphic to the ring 
T(F,A) of all linear transformations of A tf and only tf 


(1) The socle Ky of K is not a zero-ring and is contained in every non- 
zero two-sided ideal of K. 


(2) If H isa left ideal of K and R(H) =0 then H = Ky. 
(3) The sum of two right (left) annulets is a right (left) annulet. 
(4) K possesses an identity element. 


Proof. Let J, J’ be complementary right (left) annulets so that 
JOJ’=0 and JUJ’=K. Since by (3) sums of right (left) annulets 
are right (left) annulets, it follows that K —J @J’. Since K possesses an 
identity element it follows by a lemma of von Neumann ([16], p. 708) that 
there exists an idempotent e in K such that J = eK, J’ = (1—e)K [resp. 
J = Ke, J’ =K(1—e)]. Hence K satisfies (1), (2), and (3) of Theorem 
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7. 3 for every ordinal vy. Hence by Theorem 7. 3, K is isomorphic to EL (Ff, A) 
where T,(F, A) S E(F, A) S T(F, A) for every v and thus H(F, A) = T(F, A). 

It is clear that 7'(F', A) possesses an identity element, and satisfies (1) 
and (2) by Theorem 7.3. The fact that T(/, A) satisfies (3) is a conse- 
quence of Corollary 4.5. This completes the proof. 


vemark 1. It is clear that the full strength of (3) was not needed. 


The following is sufficient: 


(3’) If J and J’ are complementary right (left) annulets of K, then 
K is the direct sum of the right (left) ideals J and J’. 


8. Uniqueness theorems. <A _ semi-linear transformation of a linear 
manifold (F,A) upon a linear manifold (G,B) is a pair o = (0’,0”) con- 
sisting of an isomorphism o’ of the additive group A upon the additive group 
B, and an isomorphism o” of the field / upon the field G subject to the 
condition (fa)” = f?"a* for f in F and ain A. We note that o is a linear 
transformation if fF = G and o” —1. There will be no confusion if in the 
future we use the same symbol o both for the isomorphism o’ of A upon B 
and the isomorphism o” of F upon G. 

Since 7,(F,A) is for every v, a dense ring containing minimal right 
ideals, a direct application of a theorem of Jacobson ([10], p. 318) yields 
the following result: 


THEOREM 8.1. If « ts an tsomorphism of T,(F,A) upon T,(G, B), 
then there exists a semi-linear transformation o of (F,A) upon (G, B) 
such that t* =o to for every t belonging to T,(I,A). 


Hence the representations we have obtained are essentially unique. 


Let K and K’ be abstract rings. A mapping ¢ shall be called a pro- 
jection of the ideal theory of K upon that of K’ if ¢ is at the same time a 
projectivity of the set of right ideals of K upon the set of right ideals of A’, 
the set of left ideals of K upon the set of left ideals of K’, and the set of 
two-sided ideals of K upon those of K’ and which also satisfies (LR)? = L°R? 
if Z is any left ideal, and R any right ideal of K. (The statement that J is 
a left (right) ideal is not meant to preclude the possibility that J is a two- 
sided ideal). 

If # is a projection of the ideal theory of K upon that of K’ it follows 
that ¢ maps right (left) annulets upon right (left) annulets, and in particular 
the right annihilator of a left ideal onto the right annihilator of its image. 
If J is a two-sided ideal, setting L—R=TI in condition above gives 


= 
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(1?)% = (1%)? so that a two-sided ideal which is not a zero ring is mapped 

upon a two-sided ideal which is not a zero ring. ' 
If there exists a projection of the ideal theory of K upon the ideal 

theory of K’, we shall say that the rings K and K’ have the same ideal theory. 


THEOREM 8.2. Assume the linear manifold (F,A) has rank at least 
three, and that the ring K possesses an identity element. Then the ring K 
and the ring of linear transformations T(F,A) have the same ideal theory 
if and only if they are isomorphic. Moreover every projection of the tdeal 
theory of K upon the ideal theory of T(F,A) 1s induced by a unique ring 
isomorphism of K upon T(F,A). 


Proof. Isomorphic rings have the same ideal theory. Now assume K 
and 7(F,A) have the same ideal theory. It follows from Theorem 7. 5 that 
T(F,A) satisfies the condition (1), (2), (3) and (4) of that theorem. 
From our preceding remarks it follows that the ring K also satisfies the same 
conditions. Hence, Theorem 7.5 then implies that there exists a linear mani- 
fold (G, B) so that K is isomorphic to the ring T(G, B) of all linear trans- 
formations of B. It now follows from Theorem 2.8 that there exists a 
projectivity of the system of subspaces of the linear manifold (F', A) upon 
the totality of left annulets of T(/, A), and a projectivity of the system of 
subspaces of (G,B) upon the totality of left annulets of T(G,B). Since 
T(F,A) and T(G,B) have the same ideal theory, there exists a projectivity 
of the totality of left annulets of 7(G,B) upon the totality of left annulets 
of T(F,A). Thus, there exists a projectivity of (F,A) upon (G,B). 
Since r(A) = 3 it follows from The Fundamental Theorem of Projective 
Geometry (Baer, [4], p. 44) that this latter projectivity is induced by a semi- 
linear transformation o of (f,A) upon (G,B). If ne T(F,A), it is easily 
verified that the correspondence of » and o~'yo is an isomorphism of T(F, A) 
upon 7'(G,B) which is isomorphic to K. Now let the product of the pro- 
jection of 7(/,A) upon K by the isomorphism of K upon T(G,B) map 
the left annulet L(S) of T(/,A) upon the left annulet L(U) of T(G, B). 
Then the semi-linear transformation o satisfies S* =U. But the equivalence 
of the relations: 


neL(8), <An<S, Blow) SU, L(V) 


shows that the isomorphism we have constructed has the desired effect on the 
left annulets. In a similar way it has the desired effect on the right annulets. 
Since every ideal of T(F,A) is a sum of annulets, (Remark 2 following 
Corollary 4.5) it follows that the ring isomorphism induces the projection 
of the ideal theory of T(F,A) upon the ideal theory of K. 
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Now let «, 8 be two isomorphisms which induce the same projection of 
the ideal theory of T(/,A) upon that of K. Then a8 is an automorphism 
of T(f,A) which, in particular, leaves invariant every left annulet of 
T(F,A). Hence «B-*=1 ([4], p. 187) and «=. This completes the 
proof of the theorem. 


Remark 1. If the linear manifold (#7, A) has rank less than three, the 
theorem is no longer valid. Let (/,A) and (G,B) have rank one. Then 
the rings 7 (F,A) and T(G,B) are essentially the same as the fields F and 
G respectively, and hence have the same ideal theory. But the fields F and 
G need not be isomorphic. For the case of rank two, we may let (fF, A) 
and (G,B) be linear manifolds of rank two which are projectively equivalent, 
but such that there exists no semi-linear transformation of (f,A) upon 
(G,B). Examples of such manifolds are given in [4], pp. 50-51. By Theorem 
2.8 it follows that there exists a projectivity of the totality of left (right) 
annulets of the ring 7(F,A) upon the left (right) annulets of the ring 
T(G,B). Since the ranks are finite, every ideal is an annulet. Using the 
fact that these rings are simple it is easily verified that these projectivities 
actually constitute a projection of the ideal theory of T(F,A) upon that of 
T(G,B). The rings T(F,A) and T(G,B) however cannot be isomorphic, 
since according to Theorem 8.1 such an isomorphism is induced by a semi- 
linear transformation of (Ff, A) upon (G, B). 


Since the correspondence of » and o ‘yo of the theorem clearly maps 
linear transformations of finite rank, upon linear transformations of finite 
rank we also have the following: 


CoROLLARY 8.3. Assume the linear manifold (F,A) has rank at least 
three. Then every projection of the ideal theory of T,)(F,A) upon the ideal 
theory of an abstract ring K is induced by a unique ring isomorphism. 
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SYMMETRIC AND ANTI SYMMETRIC KRONECKER SQUARES 
AND INTERTWINING NUMBERS OF INDUCED 
REPRESENTATIONS OF FINITE GROUPS.* 


By Grorce W. MACKEY. 


Introduction. This paper is a continuation of part I of an earlier 
article [4]. There a number of results of Frobenius, Shoda and Artin were 
unified by deriving them as corollaries of a theorem on the structure of the 
Kronecker product of two induced representations. In the first haif of the 
present paper we supplement the main theorem of [4] with parallel results 
on the symmetric and anti symmetric components of the Kronecker square 
of a single induced representation. These results of course have corollaries 
about the symmetric and anti symmetric intertwining numbers of pairs of 
adjoint induced representations. The special cases which deal with the self 
intertwining numbers of a permutation representation admit simple direct 
proofs and in the second half of the paper we use the results in these cases 
and the methods and results of [4] to extend the unification given in [4] so 
as to encompass certain results of Frame [1], [2] and Wigner [6]. Wigner’s 
results are extended somewhat and, we think, made to seem less mysterious. 
A reader interested only in the applications in the second half may proceed 
directly from Section 1 to Theorem 2’ in Section 2; going back however to 
read Corollary 2 to Theorem 2 (which is also a corollary to Theorem 2’) 
and the discussion following this corollary. 

As with the results of [4] extensions are possible to Hilbert space 
representations of locally compact groups. We shall develop these extensions 
in detail elsewhere and confine ourselves here to a few indicatory remarks 
in a final paragraph. 

We shall assume that the reader is familiar with [4] and shall use 
terminology and notation introduced therein without further explanation. We 
shall not in general distinguish between equivalent representations and shall 


use the term ‘ 


‘restriction of a representation ” in each of the following con- 
texts: (a) To denote the representation of a subgroup obtained from a repre- 
sentation of a group by ignoring values of the group variable outside of the 


subgroup. (b) To denote the representation defined by an invariant sub- 


* Received May 23, 1952. 
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space of another representation by ignoring what the linear transformations 
do outside of this subspace. We shall speak respectively of the restriction 
to the given subgroup and the restriction to the given subspace. In one case 
we change the group being represented and in the other the representation 


space. 


1. Symmetry and anti symmetry of Kronecker squares and inter- 
twining operators. Let 9 be a finite group and let U, x — U,, be an arbitrary 
representation of & by linear transformations in a vector space &#(U) over 
a field ¥ of odd characteristic. The space of the Kronecker square U ® U 
of U is then the set of all linear transformations T from #(U) to #(U) 
and (U ® U),(T) =U,TU*,. Hence 


((U @ U).(T))* = (U,TU*,)* = U,T*U*, = (U @ U)(T*). 


Thus the involutory linear transformation 7 — T* commutes with (U & U), 
for all x. It follows that the subspaces defined by the equations 7’ — 7* and 
T —— 7* are invariant and define a two term direct sum decomposition of 
U®U. Ths where U © U is obtained by 
restricting U ® U to the set of all Te H(U ® VU) with T—=T* and U@U 
is obtained by restricting U@U to the set all TeM(U®U) with 
T =-—T*. We shall call U © U and U@U respectively the symmetric and 
anti symmetric Kronecker squares of U. 

An intertwining operator T for U and U is a member of ¥(U ® U) 
which is carried into itself by all (7 ®U).. It is easy to see that when- 
ever 7 is an intertwining operator then 7* is also. Thus the space of inter- 
twining operators for U and U splits as a direct sum of two subspaces and 
we have 2(0,U) = &s(U0,U) + Xa(0,U) where Xs(U,U) is the dimen- 
sion of the space of all intertwining operators 7 for which JT —T* and 
da(U,U) is the dimension of the space of all intertwining operators T for 
which 7 =—T*. We call &s(U,U) and &4(0,U) the symmetric and 
anti symmetric intertwining numbers of U and U respectively. It is clear 
that &s(0,U) = U) and &4(0,U) = AT,U@U) where J is 
the one dimensional identity representation of 9. 


Lemma 1. If U and V are arbitrary representations of & then 


and 
QV 


where of course V ® U could replace its equivalent U ® V. 
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Proof. It is obvious that (U + V) ® (U + V) has a natural decomposi- 
tion as a direct sum U@U+V®QV+U @QV+V where T>T* 
leaves H(U ®U) and M(V & V) invariant and maps #(U ® V) and 
linearly onto one another. Let T= T,, Ts, T, be an arbitrary 
element in BHU SV) QU). Then 
T* == T*,, T*,, T*,, T*, so that T —T* if and only if T*, —T,, T*, —T.,, 
T*,—=T, and T*;=—T, and T=—T* if and only if T*,—=—T,, 
T*,—=—T., T*,=—T, and T*,——Ty;. It follows that the space of 
(U+V) © (U+ 7) is the set of all T, T., T;, T*; where T,e H(U © VU), 
T,cH(V Thus 


where W is a representation which is equivalent to U ® V by way of the 
mapping 7T;, T*,; >T;. (U+V)@(U+V) may be treated in parallel 
fashion. 


CoROLLARY. 


As(V +V,U+V) = &s(U, 0) + As(V, V) + &(U, V) 
and 


d4(U+V,0+V) = 34(0, 0) + V) + 
Making use of the notation c(U) = &s(U, U) — &a(U,U) we have 
CorottaRy. c(U+ V)—c(U) + c(V). 


Note that if U is irreducible and ¥ is algebraically closed then 
&(U0,U) =1 or 0 according as U is or is not equivalent to U and that 
hence c(U) =1, —1, or 0. This invariant of irreducible representations 
was introduced by Frobenius and Schur in [3] in order to classify represen- 
tations over the complex field according to their “ reality.” They show that 
c(U) =1, — 1, or 0 according as U may be realized by real matrices, has a 
real character function but may not be realized by real matrices or has a non 
real character function. 


LemMaA 2. If ¥ is algebraically closed and U and V are irreducible 
representations of and then c(U V) =c(U)c(V). 


Proof. Clearly UXV=UXV. Thus UX V=U XV if and only 
if U=U and V=V. Thus c(U X V) =—0 if and only if c(U) =0 or 
c(V) =0; that is if and only if c(U)c(V) =0. If U=U and V=V 
let J be an intertwining operator for U and U and let S be an intertwining 
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operator for V and V. Then 7 X S is an intertwining operator for U X V 
and UX V. Moreover (T K S)* —=T* X S*. The truth of the lemma is 
now evident. 


Corottary. If F is algebraically closed and U and V are direct sums 
of irreducible representations then c(U K V) =c(U)c(V). 


Lemma 3. c(U) =c(U) for all U. 

Proof. 

c(U) = &s(U, 0) — &4(U, 0) = 80,0 © — 0@T) 
© U)— &(1L,0@U) = A, U © VU) — =c(U). 


Lemma 4.1 Let F be algebraically closed. Let G be a subgroup of the 
finite group & and let L be an irreducible representation of &. Suppose that 
M, the restriction of L to G, is a direct sum of non equivalent irreducible 
representations M;. Then c(M;) =c(L) for all 7. 


Proof. It is clear that every intertwining operator 7 for M and 
M is uniquely a sum of intertwining operators 7; where 7; is zero on 
H(Ms) H(Mys) - - - H(M,) and has #(M;j) 
for its range. This is so in particular for any intertwining operator which 
intertwines L and LZ. But such an operator if not zero is non singular. 
Hence no 7; is zero and we have either T = T7* and hence 7; = T*; for all 
j or we have JT =— T™* and hence 7; = — T*; for all j. 


2. Symmetric and anti symmetric squares of induced representations. 
Let G be a subgroup of the finite group 9 and let L be a representation 
of G. It follows from Theorem 2 of [4] that U“ ® U¥ is a direct sum 
over the G:G double cosets of certain other induced representations. In 
this section we shall show that U“ © U¥ and U“@ U# are also direct sums 
of induced representations and describe these representations quite explicitly. 
We assume of course that the underlying field is of characteristic different 
from two. To begin with let us recall that via the natural mapping of § on the 
diagonal subgroup ® is the restriction to & of the 
representation U" & U¥ of &§ X § and that by Lemma 2 of [4] U4 x U4 
is equivalent to ULX4. Thus we may identify the space of U4 &® U®¥ with 
the set of all functions A,7,y— A,,, from 9 & Y to the set of all linear 


1 A special case of this lemma is proved by essentially the same argument in [6]. 
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operators from #(L) to #(L) such that for all z,ye¥ XG and all 
é, ne G x G 
(T) Agz,ny = LgAgyL*n. 


Moreover it is not difficult to verify that the adjoint operation in the space 
of U4 @ U" goes over into the operation which takes A into A’ where 
= Finally ) = Acsys for all x, y, and sin §. 
For each G & G:& double coset d in & X Y let Ha be the set of all A in 
&%(U"X") which vanish outside of d. It is clear that #(U4*¥) is a direct 
sum over the double cosets of the #,z and that each 9%, is invariant under 
the transformations (U4 U”),;. This decomposition of is that 
described in Theorem 2 of [4]. In order to deal with U4 © U” and U4 @ U4 
we must alter the decomposition so that it is invariant under A — A’ as well. 
We note that (&~)’ = Me where d’ is the double coset consisting of all x, y 
with y,xed. Let us call d’ the transpose of d. Further let us denote d U d’ 
by d and let @ denote the set of all subsets of X Y of the form d. If be 
let H, = Ha or Ha Hw according as d= d’ or not. Then 
is a direct sum of the 9, for be B and each H, is invariant under A —> A’ as 
well as under the operators (U4 ® U¥),. Let #*, be the set of all A ¢ #, with 


A =A’ and let be the set of all Ac with A——A’. Let V" and 
V> be the restrictions to #*, and #-, of U4. Then © UF => V* 
beB 
and U’ @ UY => V*. These are the decompositions with which our theorem 
beB 


deals and all that remains is to identify the summands with specific induced 
representations of 9. There are three cases according as b contains two dis- 
tinct double cosets, coincides with (GX G@)% or is a single double coset 
distinct from (GX @)§. The first is readily disposed of. The second and 
third require a more elaborate discussion. 


Case I. b contains two distinct double cosets. Then Ha Hw. 
Clearly #*, consists of all A+ A’ where Ace MH, and &-, consists of all 
A—-A’ where Ac &y. Consider the linear mappings A—A-+ A’ and 
A—+A—A’. These map &, in a one to one linear manner onto #*, and 
H-, respectively and since A — A’ commutes with all (U" @ U*), they set 
up equivalences between U¥ U® restricted to and and respec- 
tively. Thus the four representations restricted to Ha 
and U" & U® restricted to Hw are all equivalent. But the latter two repre- 
sentations have already been identified in Theorem 2 of [4]. Indeed choose 
any in b. Let and yLy denote the representations Lz¢,-, 
Lyy> of ytGy. Let M = (yLy"). Then it follows 
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from the preceding discussion and Theorem 2 of [4] that V’* and V* are 
both equivalent to the representation U” of § induced by the representation 
M of y'Gy. 


Cases II and III. 6b consists of a single double coset d with d—d’, 
Let z,y be an arbitrary element of d. It follows from (+) that each A in 
H, = Hq is determined throughout b by its values on the left coset (2, y) 3. 
Given A let us define a function B4 on § as follows: B4; = Act: for all ¢ 
in 8. Then (2z,y being held fixed) B4 is determined by A and in turn 
determines A via the equation: 


(tT) Aégzt,nyt = L;:B4,L*, 


valid for all éyeG X Gand all te §. A straightforward calculation now 
shows that an arbitrary function B from § to H(L ® L) is of the form BA 
for some A in &, if and only if 


for all and that moreover if A, = (U“® U*%),A then 
BA:, = BA;,. We now investigate the effect on B4 of replacing A by A’. 
That is given B we find A so that B — B4 and then express B4’ in terms 
of B. Since A’,,—A*,. we have B’;= (by definition) A’sty: 
=A*.:. If we can find é,y¢ GX G and a mapping s of § into 9 such 
that ézs(t) = yt and nys(t) = zt for all te then 


BA", = A* = )L*n) * 
= L*y)* = (BA sty) *L*¢. 


Thus A’ will go over into B— B’ where B’; = (4) Now the 
equations érs(t) = yt and nys(t) at are equivalent to s(t) =a 
=y'y'zt. Thus we must choose é and so that and 
then set s(t) where But if 
and only if nyr*é* zy"; that is if and only if ry and its inverse 
are in the same G:G double coset. Now as was pointed out in [4] the 
G:G double cosets in § and the GX G:§ double cosets in J x § are 
in one-to-one correspondence in such a manner that GX G(z,y)% corre- 
sponds to Gry*G and it is clear that ry“ lies in a self inverse G: G double 
coset if and only if z,y and y,z lie in the same G X G@: § double coset. In 
short € and » may be found if and only if b consists of a single double coset 
and this is the case under discussion. Thus z-*Gy(M y“Gz is not empty and 
if we let z be any one of its elements we have BY; = L,B*L*~ where 


t 
7 
a 
V 
i 
a 
a 
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y= and It is convenient to summarize the argument up 
to this point in a lemma. 


LemMA a. If disaGX@: & double coset such that d=d’ and L,Y 
is any element of d then the representation of § obtained by restricting 
UL ® U¥ to Hq is equivalent to the representation U™ where M is the repre- 
sentation (xLa-*)® (yLy*) of y Gy. Moreover is 
not empty and if z is any one of tts elements then the involution B— B’ 
whose 1 and —1 spaces are the spaces of V°* and V™ respectively takes the 
following form: 

Be, == Dige-ty-1( B* ye-ty. 


We also have 


Lemma b. Let d,xz,y and z be as in Lemma a and let Go =2"'Ge 
NyiGy. Then 2 eG, and zG.21=G, so that z and Gy generate a sub- 
group G, of & which contains Go as a normal subgroup of index two. 

Proof. Since 

2ea Gyy'Ge and 2 ey Grr Gy = y Gy. 
Therefore z?¢ Moreover 
== y Gara ty = 
and 


where €e€ G and »eG. Thus the inner automorphism defined by z inter- 
changes the two groups of which G, is the intersection and hence leaves Gp 
invariant. 


Lemma c. Let the terminology be as in the two preceding lemmas. 
Then if and only if d= (GX G)§. 


Proof. Let d=(@XG)%. Then c—éa and where ac 
and é,neG G. Hence 
atGy Nn =a'Gan 


and G, a'Ga=a"Ga. It follows that ze G, and Con- 

versely if Gy = G, so that ze G, then there exists €e G so that 2*éy e27Gz 

Ny Gy. Hence ye Gr. Hence ye (GX Therefore d= (GX 
We now discuss cases II and III separately. 


Case Il. d=(G XG). Here we may choose «= y =z —e where 
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is the identity of § and the expression for B’; in Lemma a simplifies to 
B’, = B*, Thus B= BP’ if and only if B; = B*;, for all ¢ and B’ = — B if 
and only if By; —— B*, for all ¢. It should now be evident that in this 
case V+ and V* are equivalent to and respectively. 


Case III. d=d’ but (GX G)G. In this case G and G is a 
proper subgroup of G,. We know that V+ V%—U™ where M is the 
representation (yLy*) of Go. We shall identify and V by 
proving them equivalent to the induced representations U“* and U™~ where | 
M* and M~ are certain extensions of M to the group G;. To this end let T 
be the non singular linear operator in #(L ® L) = &(M) which takes 8 
into Then 


T? ( S) = Digety tL yey (S) = | (S) == M,-2 ( S) . 


Thus 7? = M,- and this suggests that we might be able to extend M to G, 
by defining M, to be T-* or —T-*. Of course an extension of M to G, is 
uniquely determined by its value Q at z and if such an extension exists we 
surely have Q? = Mz and M.¢.nQM;Q- for all eG. Conversely it is easy 
to see that given any Q satisfying these two conditions there exists a unique 
extension of M to G, such that M:—Q. Thus if we can verify that 
M-¢-2 = T"*M;T for all € € G we will be assured that there exist unique exten- 
sions M+ and M- of M to G, such that M+, — T-! and M-, —=—T-1. But 


py2-1) * S) yege-ty3 = 


Thus 7 has the required properties and may be extended to M+ and M- as 
indicated. Finally note that B’;—T(B.,) for all ¢t. Thus B’;= B; if and 
only if B..=T*(B;); that is By = M*,(B;). Similarly B’=— B; if and 
only if B.==M-.(B;). Since we know already that By, = M;,(B;) for all 
te & and all fe G, we see finally that #%(V*) is the set of all functions B 
from § to &#(M*) such that By; = M*,(B;) for all Oe G, and all te Y and 
that #(V*) is similarly related to M-. In other words we see that V* and 
V™ are equivalent respectively to the induced representations U™* and U™. 


We have now completed the proof of our main theorem which we may state 
as follows. 


THEOREM 1. Let L be a representation of the subgroup G of the finite 
group & and let the field of the vector space #(L) be of characteristic 
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different from two. Let ®, be the set of all self inverse G: G double cosets 
in & except G itself. Let B. be the set of all sets of the form dU @ where 
dis a non self inverse G: G double coset and d’ ts the inverse of d. For each 
be B, choose x and y so that xy*eb and let M be the representation 
yLy of Grn Then the induced representation UM 
of & is independent of the choice of x and y and may be denoted by V». For 
each be B, choose x and y so that tzyteb. Then «Gyn y'Ge is not 
empty. Let z be any one of its members. Let Go be as defined above and 
let G, be the subgroup generated by G, and z. Then G, 1s a normal subgroup 
of G, of index two. Let M be the representation of G, defined as described 
above and let T be the linear transformation in 8 (M) which takes S into 
Loz-ty3(S*)L*y21,3. Then there exists unique extensions M* and M- of M 
to G, such that M+, ==T-* and M-,=-—-T-1.. The induced representations 
U™* and U” are independent of x, y and z and may be denoted by V** and V™ 
respectively. Finally we have 


UL © UL = ULOL 
e Be 


beB, b 
® UL — UL@L + > Vo- + 
beB, beBe 


CoroLLaRy 1. The symmetric (resp. anti symmetric) Kronecker square 
of an induced representation is equivalent to a direct sum of «induced 


representations. 


When L is one dimensional (that is, when U” is monomial) so that L 
may be regarded as an &# valued function the descriptions of M* and M- 
may be somewhat simplified. M is then also an ¥ valued function and it 
may be extended to G, so as to be a homomorphism of G, into ¥ in exactly 
two ways; namely by defining its value at z to be L(axz*a*) or to be 
—I(xz*x-1). These two extensions are the M* and M- of the theorem. 
We note correspondingly the corollary. 


CoroLttary 2. The symmetric (respectively anti symmetric) Kronecker 
square of a monomial representation is equivalent to a direct sum of monomial 


representations. 


Because of the relationship between intertwining operators and Kronecker 
products it is easy to deduce from Theorem 1 formulae for computing 
Js(U4,U%) and &4(U4,U"). The deduction is straight-forward and we 
shall content ourselves with a statement of the result. Moreover in order to 
avoid excessively complicated statements we shall confine ourselves to the case 
in which Z is one dimensional and hence a character of G. 
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TuHrorEM 2. Let L, G, &, F¥, B,, B., be as in Theorem 1 except for 
the additional assumption that L is one dimensional. For each b € B, choose 
z and y so that rzy*eb and let M be the character (xLa-*)(yLy*). Then 
whether or not M(¢) =1 depends only upon b and we may write j(b) =1 
if M(£) =1 and j(b) =0 if M(¢)¥1. For each be B, choose x and y 
so that Then there exists zex*GyQ and tf G, is the sub- 
group generated by Go y'*Gy and z then ts a normal subgroup 
of G, of index two. If M is defined as above then M may be extended so as 
to be a character of G, in exactly two ways as follows: M*(z) = L(xz*x*), 
M-(z) =— L(az*x"). Whether or not M(£) =1 depends only upon b. 
Moreover if M() =1 so that L(axz°x*) = +1 then whether the plus or 
minus sign occurs depends only upon b. If M(€) x41 we set j(b) =0. 
If =1 we set = L(az*x"). Then 


0%) = L) + (—1 + + 


Subtracting the two equations of the conclusion of the theorem we find 
the corollary: 


Corotiary 1. =c(L) +35 j(b). 
beB, 


If in particular Z is the identity so that U¥ is a permutation represen- 
tation then j7(b) —1 for all be B, and we have 


CorotuaRy 2. If L is the identity representation of the subgroup G of 
& then c(U") is equal to the number of self inverse G: G double cosets in §. 


In the special case in which U¥ is completely reducible we know from 
the second corollary of Lemma 1 that c(U¥) is the sum of the multiplicities 
of those irreducible components V of U” for which c(V) —1 minus the sum 
of the multiplicities of those irreducible components V of U¥ for which 
c(V) =—1. Thus Corollary 2 includes the first main theorem of Frame’s 
paper [1]. It should be noted that the special case of Theorem 2 in which 
L is the identity representation can be proved directly quite easily without 
appeal to the somewhat complicated general Theorem 1. Since the applica- 
tions that we give in the present paper involve only this special case it seems 
worthwhile to give this proof explicitly. 


THEOREM 2’. Let G be a subgroup of the finite group &. Let I be the 
identity representation of G with respect to a field F whose characteristic is 
not equal to two. Let n, denote the number of self inverse G: G double cosets 
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in & and let nz denote the number of non self inverse G: G double cosets in &. 
Then &s(U!, =m +4 (nz) and &4(U', U!) =4(n). 


Proof. (direct) By the argument at the beginning of section two, the 
general linear transformation from & (U") into 9(U*) will be defined by an 
valued function A on XG such that = for all G X G 
and all z,ye 8 X §. This operator will be an intertwining operator if and 
only if Axsys=Azy for all 2, y, and s in §. In short the intertwining 
operators correspond in a one-to-one linear fashion to the ¥ valued functions 
on & X Y which are constant on the GX G:§ double cosets—or simply 
to the ¥ valued functions on the (GX G@): &% double cosets. In this corre- 
spondence the adjoint of the operation defined by d—A(d) is simply 
d—» A(d’) where d’ is the set of all x, y with y,2ed. Since A(d) =— A(d’) 
is impossible when d = d’ unless A(d’) =0 the theorem is now an obvious 
consequence of the correspondence between G:G double cosets in 9 and 
GX double cosets in & X Y. 


3. Simply reducible groups. ‘Wigner in [6] has defined a finite 
group & to be simply reducible if it has the following two properties: (a) 
Every representation Z is equivalent to its adjoint Z. (b) Every Kronecker 
product L ®) M of irreducible representations is a direct sum of irreducible 
representations each of which occurs with multiplicity one. The main result 
of [6] is the following curious characterization of simply reducible groups. 
is simply reducible if and only if where for each 

ve LE 


in &, (x) is the number of square roots of x and v(x) is the number of 
elements which commute with x. It is also shown in [6] that for arbitrarv 
groups the left hand side of the above equation is less than or equal to the 
right hand side. In this section we shall establish a somewhat different 
characterization of simply reducible groups which is like Wigner’s in that 
it is expressed in terms independent of representation theory but has the 
advantage that it is significant for infinite groups as well. In the next section 
we shall discuss the connection between the two characterizations and show 
how to derive one from the other. The chief tools in our approach are 
Theorem 2’ and the following easy consequence of Lemma 1. We shall 
assume from now on that # is algebraically closed and of characteristic which 
is not equal to two and does not divide the order of %. 


Lemma 5. Let M=M,+M,+---+M, where the M; are irreducible 
representations of the finite group ¥. Then Xs1(M,M) =0 if and only if 
for each j either 
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(a) c(M;) =1 and M; is not equivalent to M; for any kAj 
or 
(b) c(M;) =0 and M; is not a component of M. 


Proof. For each j let M°9;=M,+ Myr 4+ Ms. 
By Lemma 1, 24(M,M) = + M;) + 2(M;, M). 
Hence &4(M,M) —0 if and only if all 7 we have X4(M;, M;) —0 and for 
all k with M;, a component of M°; we have &(M;,M;,) =0. Now the first 
part of this last statement is equivalent to the statement that c(M;) =1 
or 0. Moreover if c(M;) =1 then M;— M; so the second part is equivalent 
to the statement that M; does not occur in M°;; that is that M; occurs with 
multiplicity one. If c(M;) —0 the second part is equivalent to the statement 
that M; does not occur at all. Thus the lemma is proved. 


If M = M then alternative (b) is impossible and we have the 


Corottary. If M=M then &s4(M,M) =0 if and only if M is a 
direct sum of distinct irreducible components M; with c(M;) —1. 


THEDREM 3. If I is the identity representation of the subgroup G of 
the finite group & then the following statements are equivalent: 


(a) U0") =0. 
(b) Every G:G double coset is self inverse. 


(c) The irreducible components M; of U! occur with multiplicity one 
and for all j,c(M;) =1. 


Proof. The equivalence of (a) and (c) follows from the corollary to 
Lemma 5. The equivalence of (a) and (b) follows from Theorem 2’. 


We obtain our characterization of simply reducible groups by applying 
Theorem 3 with a suitably chosen G and 9. Let §% be an arbitrary finite 
group and let §, denote the diagonal subgroup of the triple Cartesian product 

»>=4xX 4X of Y with itself; that is let G, be the set of all z, y,2 
with —y—z. Let I be the identity representation of 9, and let U! be 
the representation of §; induced by 7. The general irreducible representation 
of 8; is LX M XN where L, M, and N are arbitrary irreducible represen- 
tations of 9. Moreover by the Frobenius reciprocity theorem (which may be 
obtained as a corollary of Theorem 2 of [4]) the multiplicity of occurrence 
of LX MXN in U! is equal to the multiplicity of occurrence of J in 
L® M@®@N; that is to the multiplicity of occurrence of Z in M ® N. 
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Thus a necessary and sufficient condition that all irreducible components of 
U! occur with multiplicity one is that for all irreducible representations M 
and V of § all irreducible components of M ® N occur with multiplicity 
one. In short § satisfies (b) of the definition of simple reducibility if and 
only if U! satisfies the first part of (c) under Theorem 3. On the other hand 
since c(L &K M & N) =c(L)c(M)c(N) a necessary and sufficient condition 
that the second part of (c) should be satisfied is that c(L)c(M)c(N) =1 
whenever Z, appears as an irreducible component of M ® N. But applying 
Lemma 4 to the restriction of M X N to the diagonal in § & Y we see that 
this is the case whenever M &) N is free of multiplicities and c(M)c(N) ~0; 
that is for all M and N if 9 is simply reducible. Note next that if 
c(L)c(M)c(N) =1 whenever LZ appears in M ®@ N then c(M) €0 for any 
M. Thus the second part of (c) under Theorem 3 implies (a) in the definition 
of simple reducibility. We have now proved that 9 is simply reducible if 
and only if U’ satisfies (¢) under Theorem 3. Applying Theorem 3 we con- 
clude at once the truth of 


TuEorem 4. Let & be a finite group and let & be the diagonal sub- 
group in &8 XY XY. Then § is simply reducible if and only if every 
$;:45 double coset in § XY X Y is self inverse. 


4, Wigner’s condition. We shall relate our characterization of simply 
reducible groups to Wigner’s by interpreting the two sides of his equation. 
This will lead us to a generalization of Wigner’s inequality and to further 
theorems like Theorem 4. 


Lemma 6. Let & act as a group of permutations on a finite set 8. 
Let & contain h elements and let T be a permutation of S which commutes 
with the permutations defined by the members of &. For each ye & let 
p(y) be the number of elements s of S such that y(s) =T(s). Then 
(1/h) > p(y) is equal to the number of orbits of S under & which are 

ye 


invariant under T. 


Proof. For each s,ye SX let k(s,y) 0 or 1 according as 
y(s) AT(s) or y(s) =T(s). For each se 8S let g(s) be the number of 
elements y in such that y{s) =T(s). Then 
=X y) =D = 

G G seS S yeG seS 


ye ye seS 4 


ut g(s) is zero if T(s) is in the orbit containing s and h/n, where n, is the 
number of elements contained in orbit containing s if T(s) is not in the orbit 
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containing s. Hence } p(y) =>’ (h/ns) where the ’ indicates that all s in 
yeG seS 
non 7 invariant orbits have been omitted. Now for each JT invariant orbit 


the term h/n, occurs n, times. Hence Si p(y) is equal to h times the 
yeG 
number of 7 invariant orbits as was to be proved. 


TurorEM 5. Let & be a finite group of order h and let Bn, be the 
direct product of & with itself n+-1 times wheren=1. Let Gai be the 
diagonal subgroup of Gn». For each xe & let v(x) be the number of 
elements of & which commute with x. Then the following three numbers 


are equal: 
(a) (1/h) 
(b) The number of double cosets in 


(c) The number of orbits in &, under the group of inner auto- 
morphisms defined by members of the diagonal of Gn. 


Proof. The equality of (b) and (c) is an obvious consequence of their 
definitions and that of (a) and (c) follows at once from Lemma 6. We 
need only let S= Gn, y(%1,%2,° +, yay and 
T (21, * °°, ply) is clearly v(y)*. 


~ 


THeorEM 6. Let and be as in Theorem 5. For cach 
xe & let (x) be the number of square roots of x. Then the following three 
numbers are all equal: 

(a) (1/h) E(x)". 

(b) The number of self inverse Gnert Bnax double cosets in Bnar- 


(c) The number of self inverse orbits in $y, under the group of inner 
automorphisms defined by members of the diagonal of Gn. 


Proof. The equality of (b) and (c) is an obvious consequence of the 
definitions. Applying Lemma 6 as in the proof of Theorem 5 but now taking 
T (41, * = 271, we find that (c) is equal to f,(y)* 

yeG 


where for each y in 9, £,(y) is the number of z in 9 such that yay =a. 

But = 2" if and only if zyx —y; that is if and only if (ry)? =y?. 

Hence £:(y) =€(y*). Hence 2 (6(2))" (number 
ye ye ze 


of y with y? =z) = > (¢(z))**". 
zeG 


As an immediate consequence of Theorems 4 and 5 we derive 
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THEOREM 7. Let & be any finite group and let v, £, Bn, Bn be defined 
as in Theorems 5 and 6. Then for all n=1,2,-- + we have 


(2) < ¥ 
reG 


Equality holds if and only if every Basti Gnu double coset in Yas is self 
inverse. 


Specializing to n= 2 and applying Theorem 4 we obtain at once the 
inequality and the characterization of simply reducible groups which is 
Theorem 2 of Wigner’s paper [6]. If in Theorem 6 we set n—1 we find 


that } (x)* is the order of § multiplied by the number of self inverse 
classes in §. This is Wigner’s Theorem 1. 


It is natural to ask what equality means in terms of representation 
theory for values of n other than 2 and it turns out to be possible to give a 
complete answer. 


TuEorEM 8. The following conditions on a finite group 9 are 
equivalent 
(a) = Zo(z). 
reG veG 


(b) Every class in & is self inverse. 
(c) For every representation L of §, L and L are equivalent. 


Proof. Let & be the diagonal of &§ X §. Let I be the identity repre- 
sentation of 9. Then if Z and M are irreducible representations of 9, 
U! contains L & M as a component just as many times as ZL ®&) M contains J. 
But Z X M contains J exactly once or not at all depending upon whether or 
not Hence U'=SL XL where L ranges over all irreducible 
representations of Hence by Theorem 3 U') = 0 if and only if 
c(L XL) =1 for all L. But c(L XL) =c(L)2. Thus 07) =0 
if and only if 2 = Z for all L. It now follows from Theorem 3 that (b) 
and (c) are equivalent. That (a) and (b) are equivalent follows at once 
from Theorem 7. 

It is to be remarked that the equivalence of (b) and (c) is a well 
known result. 


THEOREM 9. The following conditions on a finite group & are 
equivalent. 


(a) For some integer n= 8, 
we 
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(b) For every positive integer n, > v(z)*. 


(c) If L is any irreducible representation of & then L ® L is the 
identity. 


(d) § isa direct product of groups of order two. 


Proof. It is obvious that (c) and (d) are equivalent and that (d) 
implies (a) and (b). It is also obvious that (b) implies (a). Now the 
condition: Every Gui: Gnu Gouble coset in Ya. is self inverse can be 
reformulated to read: Given any n elements 2, 2%2,° in there exists 
se such that for j =1,2,---,n. Thus when the condition 
holds for any n it holds for all smaller n. Thus we need only prove that if 
(a) holds for n= 3 then (d) holds. But if (a) holds with n = 3 then by 
Theorem 7 and Theorem 3 we have &4(U!,U!) =0 where U! is the repre- 
sentation of § X § X & X § induced by the identity representation of the 
diagonal ,. Hence if L, M, N and K are arbitrary irreducible representations 
of § then LXMXNXK occurs with multiplicity one or zero in U!, 
Hence in particular (LZ ® M)®(L®& 4) contains the identity at most once. 
Hence L & M is irreducible for all irreducible Z and M of §. Hence 
L ® L is irreducible for all Z. But LZ @ L always contains the identity. 
Hence LZ ®&) LZ is the identity representation. Hence all irreducible repre- 
sentations of 9 are one dimensional. Hence § is Abelian and every element 
of its character group is of order 2. Since § is isomorphic to its character 
group (d) follows and the theorem is proved. 


5. Even and odd representations. Wigner calls an irreducible repre- 
sentation even if it occurs as a component in the reduction of ZL © L for 
some irreducible Z with c(Z) —1 or in L@ L for some irreducible ZL with 


c(L) =—1. He calls it odd if it occurs as a component in the reduction 
of L@L for some irreducible Z with c(Z) =1 or? in L © L for some 
irreducible L with c(L)——1. The last theorem of Wigner’s paper 


(Theorem 3 of [6]) asserts that no representation of a simply reducible 
group can be both even and odd. In the language of intertwining numbers 
this theorem says that when §% is simply reducible and Z and M are irreducible 
then c(L)c(M) = 1 implies that © L, M@ M) = 0 and c(L)c(M) = —1 
implies that © L,M © M) = 38(L@L,M@M)=0. On the other 


* Actually this last phrase is omitted in Wigner’s definition. For reasons of sym- 
metry we believe that this omission must have been accidental. The theorem in question 
is stronger and still true when the definition is given as above. 
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hand when § is simply reducible L @ M is free of multiplicities and by 
Lemma 4 c(V) =c(Z)c(M) for all irreducible components V of L ® M. 
Thus if c(Z)c(M) =1 then &a(L & M,L ® M) =0 by the corollary to 
Lemam 5. By an obvious analogous argument if c(L)c(M) —=—1 then 
® M,L M)=0. Thus Wigner’s Theorem 3 is a consequence of 
the following lemma whose proof is an immediate consequence of the 
definitions. 


Lemma 7. Let L and M be trreducible representations of an arbitrary 
finite group Then 


(L ® L) @ (M@M) C(L@MU)@ (LON) 
(L@®L)Q@(MOM)C (L@M) © (L@MN) 
(L@L) @ (M@M) C(L@M) © (LON) 


6. The conjugating representation of a group. Let & be the set of 
all # valued functions on the finite group 8. For each se & let A, be the 
operator in & such that (As(f)) (7) =f (sas). Then A is a representation 
of § which Frame [2] has called the conjugating representation. We shall 
show that most of the results of Frame’s paper follow at once from Theorem 1 
of [4] and the first part of the proof of Theorem 8 of the present paper. 


THEOREM 10. Let & be a finite group and let & be the isomorphic 
replica furnished by the diagonal in & K &. Let I be the identity repre- 
sentation of &. Then the following representations of § are equivalent. 


(a) The conjugating representation of &. 
(b) The restriction to & of the induced representation U! of  X §. 


(c) SP. where @ is the set of all classes in & and P, is the permu- 
cee 
tation representation of & associated with the normalizer of any element in 


that class. 
(d) SL@QL where L varies over all irreducible representations of G. 


Proof. #(U") is the set of all ¥ valued functions f on 9 XK & such 
that f(tr,ty) =f(2,y) for all and (U's(f)) (x,y) =f (as, ys). 
Let (T(f)) (2,2) =f(e, 2) where e is the identity of §. Then T is one-to-one 
and linear from 9%(U') to the set of all ¥ valued functions on Y and an 
obvious calculation shows that s > TU’,7-' is the conjugating representation 
of §. Thus (a) and (b) are equivalent. Now by Theorem 1 of [4] U! 
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restricted to & is a sum over the double cosets of certain induced repre- 
sentations of 9; the induced representation associated with the double 
coset containing z,y being that induced by the identity representation of 
Bn (a, y) 7G (a, y). But this last subgroup is simply the set of all z,z 
such that = or (yx')z = 2z(yx*) ; that is the normalizer of yz". 
Since the classes in 9 and the : double cosets in 8 X Y are in one-to- 
one correspondence in such a manner that 2,,y, and 22, y2 are in the same 
doubie coset if and only if y,2~1, and y.a~*, are in the same class, the equi- 
valence of (b) and (c) follows at once. The first four sentences in the proof 
of Theorem 8 prove that U! = } L X L where the sum is over all irreducible 
representations L of &. Thus U! restricted to % is =DS LOL; that is 
(b) and (d) are equivalent. This completes the proof of the theorem. 

The equivalence of (a), (c) and (d) is established in Frame’s paper 
({2], Theorem 1). We remark with Frame that the equivalence of (a) and 
(d) furnishes a proof of the well known fact that the number of irreducible 
representations of a group is equal to the number of classes. Indeed in each 
sum every summand contains the identity exactly once. 

We not also that if s is in the center of & then f(szs') = f(x) for all f 
and x so that the conjugating representation reduces to the identity on the 
center. Hence if the center of & is non trivial no representation of the form 
L ® L where L is irreducible can be faithful. This is Frame’s Theorem 2. 


7. The infinite case. In part at least the results of the present paper 
may be extended to infinite dimensional unitary representations of locally 
compact topological groups. We have not yet actually written down the 
proof but there seems to be no difficulty in adapting the methods used in [5] 
in extending Theorem 2 of [4] to the infinite case and thus obtaining a 
corresponding extension of Theorem 1 of the present paper. The same 
remark applies to Theorem 2 and 2’ so long as we deal with strong inter- 
twining numbers in the sense of [5] or consider only almost periodic repre- 
sentations. For compact groups at least then there should be no difficulty in 
establishing the obvious generalizations of Theorems 3, 4 and 10, the equi- 
valence of (b) and (c) in Theorems 8 and that form of Theorem 9 in 
which the equation involving £ and v are replaced by statements asserting 
the self inverseness of certain double cosets. For non compact groups the 
situation is more complicated and has not yet been thoroughly explored. We 
hope to give details in the compact case and do what can be done in more 


general cases in a subsequent paper. 
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ON VALUES OMITTED BY UNIVALENT FUNCTIONS.* 


By A. JENKINS. 


1. Let S denote the family of functions f(z) regular and univalent for 
|z| <1 with the expansion f(z) =z-+ a.2°+--- about z=0. It is well 
known that f(z) eS assumes for |z| <1 all values w with |w|< . 
Further it can omit just one value w with |w|—4. The latter can occur 
only for certain well known and explicitly given functions. On the other 
hand for p=1 there exists a function f(z) eS omitting the entire circle 


|w|—p (for example f(z) =z). It seems natural to inquire how many 
values can be omitted on a circle |w|—r, }<r<1. Let L(f,r) denote 
the length of the set of values on | w | =r not covered by values of f(z) eS 


for |z|< 1. In this paper we will give the precise upper bound for L(f, 7) 
for fe S and for each value of rin} <r<1. We will then apply this result 
to improve a result of A. W. Goodman [1]. 


2. We begin by constructing an explicit conformal mapping. Regard 
in the ¢-plane the domain D bounded by | £| —1 together with the portion 


of the real axis 1 = =o and distinguish the point £ = —p (p > 1) within 
this domain. The function 7 = ¢-+ ¢*-+ 2 maps this domain on the 7-plane 
slit along the positive real axis. { goes into » ——(p+p'*—2). The 


function Wy, (taking the positive determination on the upper side of 
the positive real axis) maps the preceding domain on the upper half W-plane, 
no going into Wo p+). Finally z=—(W— W,)/(W—W,) maps 
the latter domain on | z | < 1, W, going intoz 0. An elementary calculation 
shows that df£/dz | 2-0 4p(p—1)/(p +1). On the other hand the function 
Z = p(€?+ pl)/(pE+ 1) maps D on a domain D* bounded by an arc on 
Z| =p placed symmetrically with respect to the positive real axis together 
with the portion p= of the latter. The point goes into Z—0. 
By an elementary calculation dZ/d€ | ¢-x, = p?/(p? 1). As a function of z, 
Z maps | z| <1 on the domain D*, and dZ/dz | = 4p?/(p + 1)?. 

Thus the function w = (p+ 1)*Z/4p* belongs to S. It maps |z|< 1 
on a domain D(r) bounded by an arc on the circle | w | = r= (p+ 1)?/(2p)? 


* Received October 24, 1952. 
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placed symmetrically with respect to the positive real axis, together with the 
portion r= w Soo of the latter. As p takes the values in o> p > 1, r takes 
the values in $< r<l. 

We wish now to determine the length of the are on |w|=r. The end 
points of the corresponding arc in the Z-plane are the images of the points 
on |€|=1 where dZ/d€=0 i.e. the solutions of 2+ p—0. 
These are the points £= (—1-+%(p?—1)4)/p and their images are 
Z = (p?— 2 + 2i(p? —1)4)/p. The angle subtended at the origin by this 
arc is 6 =2cos*(1—2/p?) (the principal branch of cos being used). 
Now p= (2r3—1)-? thus 6 = 2 (874 — 8r—1). Hence the length of 
the are is 2r cos!(8r3-—— 8r—1). We observe this tends to 0 as r tends to 4, 
and tends to 27 as r tends to 1. 


38. THEOREM. For i<r<l, L(f,r) S 2rcos*(8r3 — 8r—1). 


For fe S let D(f) be the image domain of | z| <1 under f. Let D*(f) 
be the domain obtained from D(f) by circular symmetrization in the following 
manner: for all s, 0<s<oo if D(f)N {| w|—s} consists of the whole 


circumference | w|—s, D*(f)M{|w|—s} shall do the same; otherwise 
D*(f)N {| w | =s} shall consist of a single arc on | w | —s of length equal 
to that of D(f)M {| w | —s} and centred at the point w——s. It is well 


known that we obtain in this way a domain D*(f) whose inner conformal 
radius with respect to w= 0 is at least 1. Unfortunately there seems no 
reference where this result is treated with complete precision. It seems to be 
most readily established by using the methods of Pélya and Szegé [3, 4]. 
A rough sketch of a proof appears in the report of Hayman [2]. For a 
careful treatment of similar problems by a different method see [5]. 

Now supose that we had L(f, r) > 2r cos-*(8r4 — 8r — 1) for some feS 
and some r, }< r<i1. Then D*(f) would be a proper subdomain of the 
domain D(r) of §2. Since the latter has inner conformal radius 1 with 
respect to the origin, we would be led to a contradiction. This proves the 
theorem. 


4. A few years ago Goodman [1] proved that the greatest lower bound 
A of Ay=area D(f)N{|w| <1} for feS satisfies 50007 A < .7728r. 
The preceding theorem enables us to improve the first bound to .538%r < A. 
Indeed the area of the part of | w|<1 omitted by f for |z| <1 cannot 


exceed 
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1 
2r cos“? (8r4 — 8r —1)dr. 
2 


Integrating this explicitly by elementary means we find its value .46137 
to that degree of accuracy. Thus the area covered is at least .5387%7. It is 


clear that this is still apreciably less than the true greatest lower bound. 
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